Proc. Indian Acad. Sci. (Math. Sci.), Vol. 93, Nos 2 & 3, December 1984, pp. 109-116
© Printed ih India. )

On the ratio of values of a polynomial

T N SHOREY

School of Mathematics, Tata Institute of Fundamental Research, Homi Bhabha Road,
Bombay 400 005, India

Abstract. For given positive integers a and b, the equation a(x+1)...(x+k) =
b(y+1)...(y+k) in positive integers is considered. More general equations are also
considered.

Keyword. Exponential diophantine equations.

1. Introduction

We shall always assume that a, b, x, y and k are positive integers satisfying b > aand
x —y > k. We consider the equation
ax+1) ... (x+k)=by+1)...(y+k). 8y

We re-write (1) as

uk+A1uk_.1+ +AkUQ=0 (2)
where i
u,=ax"—by", 0<n<k 3§
and A,, ..., A, are positive integers given by \

X+1) ... X+ =X"+A4, X"+, +4.
Let o be a real number given by
#

ax* = by*.
b x\7!
={log— d )
« (oga)(logy) >0

TueoreM 1. There exist effectively computable positive numbers Cy, C, and C,
depending only on a and b such that (1) with k > C, implies that

C,k*x ' <k—a<Csn (3)

Thus

We prove:

where

n = min (k*x ", x"113).
In particular, (1) implies
O<k—a<l, k=C,.
Thus we have:
109
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CoroLLARY 1. Equation (1) implies that either k < Cy or k = [a+1].

- For given positive integers a, b and k > 3 such that the binary form aX*—bY* is
irreducible over rationals, it follows from a theorem of Schinzel [3] that (1) has only
finitely many solutions in x and y. We remark that this result is not effective. .

We apply an estimate of Baker [1] on linear forms in logarithms to prove:

Tueorem 2. Equation (1) implies that max(x, y, k) is bounded by an effectively
computable number depending only on a, b and the greatest prime factor of xy.
It follows from theorem 1 that (1) implies

x=C.k3
where C, > 0is an effectively computable number depending only on a and b. Further
it follows from Crammer’s conjecture on distance between consecutive primes that (1)
‘implies

(log x)* = Csk

where Cs > Ois an absolute constant. We apply an inequality of van der Poorten [2] on
p-adic linear forms in logarithms to obtain the following result.

TueoreM 3. Equation (1) implies that
log x < Cgk

where Cg > 0is an effectively computable number depending only on a, b and the greatest
prime factor of y(x —y).
We state the following direct consequence of theorem 3.

CoroLLARY 2. Equation (1) implies that max(x,y) is bounded by an effectively
computable number depending only on a, b, k and the greatest prime factor of y(x — y).
Now we apply an argument of theorem 1 to a more general equation. For positive
integers m and H, denote by S(m, H) the set of all polynomials

P(X)=ByX™+B, X" '+ ... + B,

L

where B, > 0, B, > 0and B,, . . ., B, are non-negative integers not exceeding H. For
positive integers a;, by, x; and y, with by > a, and x; > y;, let B be a positive real
number given by

a;x§ = by y4.
Then we have:
Tueorem 4. Let 8 > 0 and PeS(m, H). Let a,, by, x, and y, with by > a, and
xy > y; be positive integers. For 1, € Z with
] <m ™ txp~178
suppose that
a; P(x,) = by P(y,) +1;. : @

There exist effectively computable positive numbers C,,Cg and Cqy depending only on é, a,,
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" b, and H such that for every m > C,, we have

Cegxi{! <m~B <min(Coxy’, 1) (5)
Thus (4) implies

O<m—f<1, m=Cq

By taking P(X) = X™+ X™ !+ ... +1, we see from theorem 4 that

m+1 m+1
xTT -1 yrTt—1
= l
ai xl_] b1 yl_] +1

with m > C, implies (5).

2. Linear forms in logarithms

We shall need the following results on linear forms in logarithms for the proof of
theorems 2 and 3. Let o5, ..., @, be non-zero rational numbers of heights not
exceeding 4, . . ., A, respectively, where we assume that 4; >3 for 1 <j < n. The
height of a rational number E/F with (E, F) = 1 is defined as max (|E|, |F|). Put
n—-1
Q= ]]log4; and Q=Q logA4,.
j=1

J

TueoreM A (Baker[1]). There exist effectively computable absolute constants
Ci0 > 0and Cy, > 0 such that the inequalities

0<labi...ab—1] <exp(—(C1on)1"QlogQ log B)

have no solution in rational integers by, . . . , b, of absolute values not exceeding B( = 3).

TueoreM B (van der Poorten [2]). Let p > 0 be a prime number. There exist
effectively computable absolute constants Cy, > 0 and C,3 > O such that the inequalities

00 > ord,(ad: . . . ab—1) > (C,,n)»"Q(log B)* I(_)_’;_E

have no solution in rational integers by, . . ., b, with absolute values at most B( = 3).

3. Proof of theorem 1

Denote by ¢y, ¢y, - . ., €15 effectively computable positive numbers depending only on
aand b. We may assume that k > ¢, with ¢, sufficiently large. Then, since x # y, observe
that u, u,_; # O (see lemma 1 of [4]). Further ¢; < k < x—y < x and (1) implies that

none of (x+1), ..., (x+k) is a prime number. Therefore it follows from the well-
known results on difference between consecutive primes* that
x = k32, (6)

* It is not necessary to use the results on difference between consecutive primes.
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Now we sharpen inequality (6). Denote by d the greatest common divisor of
(x+1)...(x+k) and (y+1)... (y+k). By (1), we see that (x+1)... (x+k)/d
divides b. In particular

xt<(x+1)...(x+k)<bd.
By an argument of Erdos, the contribution in d from primes not exceeding 2k is at most
Kk ( + k=0
Further, by (1), the contribution in d of primes greater than 2k does not exceed
(x—y+k*(2K)!)
By (1), we see that ax* < b(y + k)* which implies |
x—y < ek Ix+2k. (7)
Hence

X 2k
x* < bd < (c3k)* x™® (max (}6—5, 1) )

which, together with (6), implies
x>k (8)
Combining (7) and (8), we have
x-yggczk'lx. 9)

All the summands on the left side of (2) cannot be of the same sign. Therefore, since
x >y, we see that u, > 0 which, together with (9), implies

x—y =csk~x. _ (10)
Suppose that u,_, > 0. Observe that
h—Xth_y =by*"1(x "VY)v
Therefore, by (9) and (10), we see that
Uy = cgk T Ixk,

Notice that

A,s(:)k"skz", 1<ngk (11)

Re-write (1) as

uk+A1uk_1 = —Azuk._z—‘ . "—Akuo. ! (12)

The absolute value of the left side of (12) is at least
max (u, Ay, 1) = cek ™1 xk,

On the other hand, it follows from (11)and (8) that the absolute value of the right side of
(12) is at most

c,k*xk—2,
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Comparing these estimates, we obtain
x < Cg kS/vZ.

Now we apply (8) to conclude that k < ¢g which is not possible if ¢; > cq.
Hence u;, > 0 and u,; < 0. By continuity, we see that

0O<k—a<l. (13)
Re-write (1) as |
= — Aty —Apt_2— ... — Ao
Further
1| = =ty =by* T HA—=(x/y)"@7FD),
Now it follows from (9), (10), (13) and 4, = & 2+ D that

crdle—k+ Dkx*"! < Ay uy o] S egohx* N
Similarly |

|Agty— 5| S €y kP xF72
which, together with (8), implies that

|Azthe— ] S €2 X7
Further, by (11) and (8),

|[Asth—s + ... + Autho] < c1ak®xk 73 < cyax* L

Therefore u, < 2¢,0kx*~ 1. Also, by (9), (10) and (13),

k—a\ , k—a\ ,
Cis k X uk<616 k X .

Consequently k —a < ¢;,k*x™! < 1/4. Now notice that x"*u, = (2c40) 1kx"! and
hence k —o > cygk?x ™ !. Thus-we have

VAN

Cigk?x ™t <k—o < cpsk*x7!

which, together with (8), implies (3). This completes the proof of theorem 1.

4. Proof of theorems 2 and 3

Denote by vy, . . . , v, effectively computable positive numbers depending onlyona,b

and the greatest prime factor of xy. If k = 1, then we re-write (1).as
ax—by=b—a#0

which, by theorem A, implies that max(x, y) < v;. Thus we may assume that k > 1.
Further we apply again theorem A to obtain '

x—y = x(log x)~
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which, together with (9), implies
k < (log x)% (14)

Let & be the least non-negative integer such that w, _; # 0. Observe that § € {0, 1 }, since
x # y. By theorem A,

|t 5] = x*73(k log x) 2

On the other hand, it follows from (2), (11) and (14) that
[t — 5] < x*7%71 (log x)es,

Comparing these estimates, we obtain
x < kv

which, together with (14), implies that max (x, y, k) < v,. This completes the proof of
theorem 2. ' ‘

Proof of theorem 3

Denote by vg, v, . . . effectively computable positive numbers depending only on a, b
and the greatest prime factor of y(x — y). We may assume that x > vg with vg sufficiently
large, otherwise the assertion follows immediately. Suppose that

log x > k.
It follows from (1) that x — y divides
A=b—-a)(y+1)... (y+k)+0.
Thus, for a prime p dividing x — y, we have
ord,(x —y) < ord, (A).
Let 1 < ny < k satisfy
ord,(y+no) = ord,(y+n)
forn=1,...,k By theoreni B, we have

ord, (y + ny) < vy (log log x)>.
Therefore
ord, (x — y) < ord,(A) < vy (log log x)® + v, o k.
Hence ‘
log(x —y) < v, ((log log x) + k).

On the other hand we see, by (10) which is also valid for k < ¢y, that
log(x~y) > logx —logk — v, ,.

Comparing these estimates, we obtain log x < v;3k. This completes the proof of |
theorem 3. :

5. Proof of theorem 4

In the proof of theorem 4, we omit some details which already appear in the proof of
theorem 1. Denote by ¢, 4, ¢5,, . . . effectively computable positive numbers depending
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only on 8, a,, b; and H. We may assume that m > ¢, with ¢, sufficiently large. Let
PeS(m, H) be given by

P(X)=BoX™+B,; X" '+ ... +B,,.

Re-write (4) as

BoU,+B,Up_ 1+ ... +B, Uy =1, (15)
where '
U,=a;x71—byyl;, 0<n<m

Observe that (4) implies

CooM ™ 1x; < Xy —y; <Cyym™1x,. (16)
Observe that

Up—%3 Up_y = by yT 7" (x1 — y1)
which implies

-1

max(|Um Um~1‘) > cpom™ XY

2

Thus all the summands on the left side of (15) cannot be of the same sign. Then, since
x; > y;, we see that U, > 0. Suppose U, -, > 0. Then

-1
U, ZCaxT ™ ".

Further (15)implies that x; < ¢,4 Which, by (4), is not possible if ¢, 4 is sufficiently large.
Hence U,, > 0 and U,,-; < 0. Thus

O<m—-p< 1 (17)
Let N = [ (logm)*]. Using (16) and (17), we have

m—p m—
Czs( - >XT<Um<626( mﬁ)x’{‘,

p—m+1 _ - -
CZ7<T XT7H < |Up-y| < cagm™ ' xT7H,

|Up—r| S C29rm™x77", 2<r<N
and
[Upm-r| S €307, N<r<m.

In view of these estimates, (15) implies (5). This completes the proof of theorem 4.

Remark

In theorem 4, the restriction on |l | can be relaxed to |/, | does not exceed constant times

m-ixpL
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