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Sidewall inclined slot in a rectangular waveguide:

Theory and experiment

V.V.S.Prakash
S.Christopher
N.Balakrishnan

Indexing terms: Rectangular waveguides, Admittance, Edge slots, Finite difference method, Method of moments

Abstract: A novel analysis to compute the
admittance characteristics of the slots cut in the
narrow wall of a rectangular waveguide, which
includes the corner diffraction effects and the
finite waveguide wall thickness, is presented. A
coupled magnetic field integral equation is
formulated at the slot aperture which is solved by
the Galerkin approach of the method of moments
using entire domain sinusoidal basis functions.
The externally scattered fields are computed using
the finite difference method (FDM) coupled with
the measured equation of invariance (MEI). The
guide wall thickness forms a closed cavity and the
fields inside it are evaluated using the standard
FDM. The fields scattered inside the waveguide
are formulated in the spectral domain for faster
convergence compared to the traditional spatial
domain expansions. The computed results have
been compared with the experimental results and
also with the measured data published in previous
literature. Good agreement between the
theoretical and experimental results is obtained to
demonstrate the validity of the present analysis.

1 Introduction

One of the most widely used waveguide radiating ele-
ments for array antennas is the sidewall inclined slot
(narrow wall slot) in a rectangular waveguide. A
number of investigations are reported on the imped-
ance properties of these slots [1-7]. For slot lengths
corresponding to first resonance, a portion of the slot
extends onto the top and the bottom broad faces of the
waveguide and this complicates the analysis. Stevenson
[1] assumed that the slot resonates at half the free-space
wavelength (4y/2) and arrived at a simple expression for
the resonant conductance by neglecting the parts of the
slot cut on the broad walls. Das et al. [2] derived an
expression for the slot admittance using a plane wave
spectrum expansion of the slot in an infinite ground
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plane. They neglected the internal self reaction and
concluded that the slot resonant length is constant irre-
spective of the slot tilt. Hsu and Chen [3] added the
mussing internal self reaction term but made the same
approximation that the slot is cut on an infinite ground
plane. The internal self reaction was represented by a
diverging series leading to inaccurate results. Jan ef al.
[4, 5] used 90° wedge Green’s functions to account for
the waveguide corners. They neglected the mutual
interaction between the waveguide corners, which is
considerable due to the close proximity of the corners
on the narrow wall, and the finite wall thickness of the
waveguide was not considered. Recently, a more com-
plicated variational reaction formulation for edge slots
was developed by using subsectional basis functions
where account is taken of the wall thickness using the
finite element method [6]. The external fields are evalu-
ated using 90° wedge Green’s functions only, while the
internal fields are computed using Stevenson’s Green’s
functions in the spatial domain. There is around 5-10%
error in the computation of the slot admittance
between the theory and experiment. Also there is a
shift of S0MHz between the theory and experiment in
the resonant frequency. Ahn [7] used the method of
moments approach for the analysis of a narrow wall
slot on a rectangular waveguide. Wang and Sangster [8]
used the finite element technique to model a slot scat-
terer in a thick-walled waveguide. In 1997, the effect of
the waveguide outer cross-section on the broadwall
radiating slot was studied by Prakash et al. using the
spectrum of two-dimensional solutions for modelling
the external scattered fields [9].

In this paper, the slot aperture field is expanded into
entire domain sinusoidal functions. The enforcement of
the continuity of tangential field components leads to a
coupled integral equation formulation with the slot
aperture electric field as the unknown, which is solved
using the Galerkin method. The effects of the wall
thickness, waveguide corners and the folding over of
the slot on the top and bottom broadwalls are properly
accounted for using a combination of the spectrum of
two-dimensional solutions (S2DS), finite differences
(FD) and measured equation of invariance (MEI)
methods [9-13]. This procedure rigorously evaluates the
interaction between all the four exterior corners of the
waveguide. The cavity fields are evaluated by solving
Helmholtz’s equation for the vector potential using
FDM. A novel spectral domain Green’s function has
been derived for the evaluation of internally scattered
fields leading to a rapidly converging series form for
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the internally scattered fields. The admittance proper-
ties of the narrow wall slot are computed from the
aperture electric field distribution. Extensive experi-
mental studies are carried out on the isolated edge slot
in the S-band. The computed slot conductance and the
susceptance are compared with available theoretical
and experimental data. Good agreement between the
theoretical results and the experimental data has been
observed which validates the present analysis.

2 Formulation

The geometry of the edge slot cut on a rectangular
waveguide is shown in Fig. 1. The depth of penetration
of the slot on the broad wall is § and it is assumed that
only the Ex component of the electric field exists in the
slot and is constant along the width. The total slot
length is 2L out of which 2L; is on the narrow wall.
The slot is excited by a TE;, mode from one end while
the other end is matched terminated. The interior sur-
face and the exterior surfaces of the slot are denoted by
S; and S,, respectively, and the cavity region of the slot
formed due to the finite waveguide wall thickness is
denoted by V..

Fig.2  Cross-sectional view of the waveguide showing equivalent mag-
netic currents at the location of the slot

Using the equivalence principle, the slot is closed by
a perfect electric conductor. To ensure the continuity of
the tangential electric fields at the slot location, a set of
magnetic current sheets are placed at the slot apertures
as shown in Fig. 2. This procedure decouples the origi-
nal domain of the problem into three separate regions,
namely

(a) the region interior to the waveguide

(b) the region exterior to the waveguide

(c) the cavity region formed due to the waveguide wall
thickness.
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The surface magnetic currents are expanded in terms of
the entire domain sinusoidal basis functions as follows:

N
M=ot}
gq=1

N
Me =Y Bt (1)
g=1

where o, and f3, are the unknown complex expansion
coefficients and f ¢ are the entire domain sinusoidal
basis functions corresponding to the interior (S;) and
the exterior (S,) surfaces given by

(54 + Lu)] §¥ (2)

U qﬂ'
£} =sin {2 L.
for -L, < s, = +L,, where s, is the co-ordinate along
the slot length in which the origin is located at the cen-
tre of the slot, §“ is the unit tangential vector along the
increasing s, and u = i or e for the internal and the
external apertures, respectively.

A set of coupled integral equations is obtained by
matching the tangential magnetic fields at the slot aper-
tures S; and S,.

[FEs! (V) + B8 = [HE(- M) + HE (- V)

(3)
[He(—M*) + He(—M®)]§°  (4)
where H¥5% , are the internally and externally scattered
magnetic fields, H¢ is the cavity magnetic field gener-
ated by the respective magnetic currents and HY¥ is the
magnetic field of the incident TE;; mode.

The coupled integral equations of eqns. 3 and 4 are
solved using Galerkin’s approach of the method of
moments by an appropriate choice of weighting func-
tions £, p = 1, 2, ..., N. A set of linear algebraic
equations is obtained by taking the inner product of
eqns. 3 and 4 with respect to the weighting functions.
These equations are written in matrix form as

A ][] [

%

[

Ijlscat (Me)ée —

ext

where each of the elements indicated by Y is a subma-
trix of N x N size. The individual elements of the
admittance matrices are expressed in terms of the inner
product over the respective slot surface (S; or S,). The
system of equations given in eqn. 5 is solved for the
expansion coefficients a and B of the surface magnetic
currents. The slot discontinuity is modelled as an
equivalent normalised shunt admittance which is com-
puted from the slot reflection coefficient B/4 corre-
sponding to the TE;y mode as

??:§+Jb:m (6)

2.1 Computation of Y™ matrix elements

The internal admittance matrix involves the computa-
tion of the scattered magnetic field interior to the
waveguide due to the surface magnetic current M’
placed at the location of the slot. Traditionally the
waveguide interior problems are solved using Steven-
son’s Green’s functions which are formulated in the
spatial domain [1]. These Green’s functions are in the
form of infinite double summations over all the
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waveguide modes and present a very slowly converging
series or a diverging series due to source singularity. A
novel approach using spectral domain waveguide
Green’s functions is presented here for computing the
internal admittance matrix which is found to be rapidly
converging and is computationally efficient [14]. Let us
define the Fourier transform pair as

F(k.) = / F()elt=2ds 7

z

F(») = 51; /k Pk )e 757 dk, (8)

The electric field is expressed in terms of the electric
vector potential as E = — V x F. Helmholtz’s equation
for the electric vector potential in the spectral domain
is given by

V2F, + (k2 — k2)F, = —f, (9)

where fq’ is the Fourier transformed gth expansion
function of the magnetic current M, F is the potential
due to it and ky is the free space wave number sub-
jected to the boundary condition i’ x (V, — jk, 2) x f/
= 0 on the surface of the waveguide. The final expres-
sion for F, is given by [14],

By(p h.) = / 50,0 k)EL (0 k)ds  (10)

where
= EmEn
&= Z Z ab(k2 +12,)
[Sw CySy Cyrxk
+0,8,00 S, 5§
4 C,C, 00 Cyi] (11)

and

mm nm

k a —, ky = T

Sz =sin(k.x); Sy = sin(kyy)

Cy, = cos(kex); C, = cos(kyy)
n=@+@_@

The internally scattered magnetic field is expressed in

terms of F, as

_ 1 oo
H§cat — k2 +
P Gkono2m »/k;;:—oo{ ’

X (Vi — jho2)]F 4 exp[-jk.z]dk-

1 oo ~ scat

=5- H,,, exp[—jk.z]dk. (12)

k,=—c0
The resulting internal admittance matrix elements are
obtained by taking the inner product of eqn. 12 with
respect to the Welghtmg function f,. The (p, g)th ele-
ment of matrix [Y™] is

(Vt - ]kzi)

Yok = / Hioot (£ da

o ), [0

g Voo (k-)dk (13)

DH e (F)dsdk,

where ‘da’ denotes the differential area of the surface S;
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and ‘ds’ denotes the differential length directed along
the unit vector §'.

2.2 Computation of Y matrix elements

The external admittance matrix involves the computa-
tion of the scattered magnetic field exterior to the
waveguide due to the surface magnetic current M°
placed at the location of the slot. The externally scat-
tered fields are computed using spectrum of two-
dimensional solution method [9-12]. Here, the fields
and the sources are Fourier-transformed along the lon-
gitudinal axis of the waveguide thereby converting the
original three-dimensional problem into a two-dimen-
sional problem with harmonic z-variation. The result-
ing two-dimensional problem is solved using FDM
with the measured equation of invariance as the equa-
tion governing the absorbing boundary [13]. This pro-
cedure rigorously evaluates the interaction between all
the four exterior corners of the waveguide and deviates
from the approach of solving for the unknown surface
electric currents using the equivalence principle as
found in the literature [10-12].

The fields exterior to an infinitely long waveguide of
rectangular cross-section can be represented in terms of
the electric vector potential F, and the magnetic vector
potential 4,. This corresponds to dividing the original
field into TE and TM waves. Following the Fourier
transformation with respect to the z-axis, the fields in
the spectral domain are governed by the two-dimen-
sional scalar wave equation

2, 21 | EZ
[Vi + k] it =0 (14)
where superscript ‘¢’ indicates that the magnetic cur-
rent f =EZ, x i¢is the source of the potentials F,7

and A 9 under the boundary condition that the electnc
field tangentlal to the waveguide surface is zero except
at the slot region, where it is equal to the slot aperture
electric field, i.e.

- jko ~
Al =-—5FE,.
nok2 ¢
oF1 jk. 0E, ,
2= f, 4 2L 15
an Eqe + k2 0s (15)

where ‘n’ is the unit normal vector directed away from
the waveguide surface into the exterior region and ‘s’ is
the unit transverse vector along the waveguide surface
in a counter-clockwise direction. For each spectral
wave number k,, eqn. 14 has to be solved subject to the
boundary conditions given in eqn. 15. The resulting set
of two-dimensional solutions is then inverse trans-
formed to obtain the three-dimensional solutions in the
spatial domain.

The finite difference method (FDM) is used for solv-
ing eqn. 14 in the exterior region. Since the domain of
interest is an open region, the FD grid is truncated at
some distance from the surface of the waveguide using
the measured equation of invariance (Fig. 2). For each
interior node, the standard central difference approxi-
mation of the differential operator is used. For the
nodes corresponding to S,, a five-point MEI is used
[9, 13]. The external scattered magnetic field due to the
gth expansion function of the magnetic current f,° is
given by

1Ko g
J——quz +

o ollo

H, =V x A% —

VVEFI  (16)
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The external admittance matrix elements are obtained
by taking the inner product of the externally scattered
magnetic field (eqn. 16) with respect to the weighting
function f,°. The (p, g)th element of the external admit-
tance matrix is given by

Yor = /S et (fe)feda

ext
]_e ~e ~ scat _
_ ﬂ/k / B (k) EC, (£ dsdk
— o [ Viar, an)
2 [, P

where ‘da’ denotes the differential area of the surface S,
and ‘ds’ denotes the differential length directed along
the unit vector §°.

interior slot surface S;

exterior slot surface S,

Fig.3  Cavity formed by the waveguide wall thickness used for computat-
ing cavity admittance matrix elements

2.3 Computation of Y° matrix elements

When the slot is cut on a waveguide with finite wall
thickness, a cavity is formed with metallic walls on all
sides (Fig. 3). The cavity is excited by equivalent mag-
netic currents placed on the surfaces S, or S;. As the
shape of the cavity does not conform to standard
geometries, a numerical approach has to be followed
for computing the cavity fields. Here, the FD method is
used for solving Helmholtz’s equation for the electric
vector potential, from which the cavity magnetic fields
and the admittance matrix elements are computed.
There is no need for absorbing the boundary as the
domain of interest is a closed cavity. Helmholtz’s equa-
tion for the electric vector potential F is given by

V2F? + E2F? =0 (18)

where k; is the free-space wave number, subjected to
the boundary condition i° x V x F7 = f ¢ on the sur-
face of the waveguide and i is the unit surface normal
vector pointing towards the interior of the cavity.

The cavity admittance matrix elements are given by

v = [ ErE(Es (19)
Sm
where
. 1 _
i,e) 2 F¢
H(fq ) T, [k + VV] (20)

where H(f ) is the magnetic field inside the cavity due
to the gth basis function located at S; or S, as the case
may be and (m, n) = (i, e). f,” corresponds to the pth
weighting function on either the interior or the exterior
surface as designated by ‘w?’. Similarly, fq” corresponds
to the gth basis function of the surface designated by
‘n.

3 Results

To validate the formulation presented in the previous
Section, various test cases are examined in the X-band
and in the S-band. In the numerical computations, the
convergence of the solutions has been examined, and it
is observed that around 15 basis functions are required
to achieve satisfactory accuracy. The CPU time on a
SUN sparc workstation for the computation of a single
slot admittance is less than five minutes.

For the validation of the present theory, the resonant
frequency and the resonant conductance are computed
for three test cases and the results are tabulated
(Table 1) for a WR90 waveguide with w = 0.16cm and
t = 0.124cm. Also presented are the experimental and
theoretical results of [6] and the corresponding percent-
age deviation from the experimental data. The fre-
quency of operation is in the X-band and the slot tilts
range from 20 — 30°. It is seen that as the slot tilt
decreases, the percentage error of [6] is seen to be
increasing and is of the order of 8% in the case of reso-
nant conductance and is 1.7% in the case of resonant
frequency. The error involved in the present method is
of the order of 1% over the range of slot tilts. The com-
puted resonant parameters are in close agreement with
the experimental data.

The normalised conductance of the edge slot on a
standard WR90 X-band waveguide at /= 9.375GHz is
computed for varying slot tilts and fixed slot depth of
cut 8 = 0.35cm in Fig. 4. Also presented are the exper-
imental results [2] and the theoretical results of [6]. The
results of both the theoretical approaches agree well
with the experimental data for small slot tilts of the
order of 10 — 15° when compared to larger slot tilts of
25 — 45°. For slot tilts less than 15°, the calculated con-
ductance values are larger than the experimental data
by around 1.5%. The deviation between the conduct-
ance of [6] and the measured data [2] is of the order of

Table 1: Resonant frequency and resonant conductance for three test cases

Resonant frequency, GHz

Resonant conductance

6,deg. 6,cm experiment  theory present experiment theory present
[6] [6] theory [6] [6] theory
20 0.304 10.08 9.91 10.00 0.0472 0.0512 0.0477
{1.7%) (0.9%) (8.5%) (1.0%)
25 0.287 10.09 10.00 10.03 0.0801 0.0825 0.0805
(0.9%) (0.6%) (3.0%) (0.5%)
30 0.260 10.07 10.01 10.04 0.1230 0.1271 0.1240
(0.6%) (0.3%) (3.3%) (0.8%)

Data inside the brackets denote percentage variation from experimental values
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6 — 8%. The results presented are for a fixed depth of
cut d = 0.35cm. For this case, the slot resonates for a
tilt of 12°. For larger slot tilts of the order of 25 — 45°,
the slot is operating away from resonance and there is
around 35% deviation between the §,,, and § = 0.35
cm. The present theory is still able to give better accu-
racy in this case and the conductance values are closer
to the experimental data. The deviation between the
conductance of [6] and the experiment [2] is more for
larger slot tilts, which may be attributed to the use of
90° Green’s functions for computing exterior fields.
For larger slot tilts a significant portion of the slot lies
on the narrow wall. As a result, the corners are
strongly illuminated and also the area of slot sides
increases leading to significant multiple reflections.

0.20

0.15

0.05

normalised conductance

0.00 L s ) L )
0 10 20 30 40 50

slot tilt,deg.

Fig.4 Normalised slot conductance against slot tilt for a fixed depth of
cut §=0.35em

—A—A— present theory

experiment {2]

—————  reference [6]

0.04

—> conductance
8 VS
e .
g8 ~
Q
2 o002} 7<
C -
Q V4
o .
B P ~sSusceptance
@
© .00 |-
g 0.00
[} ~
| =
-~
_0.02 1 1 1 1
0.45 0.50 0.55 0.60 0.65

slot length, (Ag)
S ig.g , Normalised slot admittance against slot length for a fixed slot tilt

——— present theory
————reference [6]

A test case is taken up in the X-band at f =
9.375GHz with @ = 2.286cm, b = 1.016cm, w =
0.15875cm and ¢ = 0.127cm. The slot tilt is maintained
constant at 8 = 15° and the shunt admittance of the
slot is computed as a function of its length in Fig. 5. A
set of curves obtained by Jan ez al. [6] is also plotted
for comparison. The present calculated results and that
of [6] are relatively close for a slot length equal to the
resonant length when compared to off-resonance
points. The variation between the two theories is
around 8% in resonant conductance and away from
resonance it is as high as 20%. The present theory gives
a relatively higher resonant length of 1.5% compared to
that of [6]. Around the resonance point, the normalised
admittance of both the theorctical approaches are close
when compared to off-resonance points. The present
theory gives higher values of conductance compared to
[6]. It is seen that the effect of wall thickness is to
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increase the resonant length by more than 8%, which is
significant in the design of edge slot arrays.

For a more elaborate validation of the present the-
ory, the experimental determination of the admittance
properties is taken up. Five test rigs are fabricated with
the edge slot cut in a WR-284 waveguide having 0.1cm
wall thickness. All the five test pieces have the same
slot inclination of 15° and a slot width of 0.2cm, while
the depth of cut & in the broadwall is chosen as
0.238cm, 0.488cm, 0.738cm, 0.988cm and 1.238cm,
respectively. The test rig with 0.238cm depth of cut is
found to be defective and is rejected. The remaining
four pieces satisfy the mechanical tolerances. The rigs
are tested on HP8510B vector network analyser. To
eliminate the effect of test flanges, the experiment is
carried out in time domain with suitable gating of the
signal around the position of the slot. The admittance
of the slot is measured at 3.202GHz as a function of
depth of cut and compared with the results of the
present analysis (Fig. 6). It is seen that the theoretical
results agree with the experimental results over a range
of depth of cut. The resonant point is also predicted
accurately. Extensive care is taken to minimise the
experimental errors, but as the measured signal levels
are low (around —30dB), typically a = 0.5 — 1.0% error
is expected in the measurements.
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For the test case of § = 0.488cm and 6 = 0.738cm,
the slot admittance is experimentally measured as a
function of frequency and is presented in Fig. 7. The
results of the present analysis are also plotted for com-
parison. As the depth of cut is increased from 0.488cm
— 0.738cm, the resonant frequency goes down from
3.64GHz — 3.3GHz. This is expected as the slot length
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increases with the depth of cut. It is found that the
present analysis is able to give the resonant conduct-
ance within 1.5% of the experimental conductance. The
percentage error in the resonant frequency is of the
order of 0.5%. Close agreement between the theory and
experiment is observed around the resonance point.
Since the resonant frequency is affected significantly by
the finite wall thickness and the coupling between the
corners of the waveguide, the results are an indication
of the validity of the present theoretical approach.

4 Conclusions

The admittance properties of the sidewall inclined slot
in a rectangular waveguide are studied. A rigorous
method of moments analysis with entire domain sinu-
soidal basis functions is applied for characterising the
edge slot over a wide range of slot lengths. The finite
wall thickness of the waveguide, the effects of the por-
tion of the slot extending onto the broad faces, and the
mutual interaction between the waveguide corners are
incorporated into the formulation using S2DS and FD
methods leading to an accurate solution of the edge
slot problem. Results are presented for the admittance
of the edge slot following the outlined theory and are
found to be closer to the experimental results. The the-
oretical results are supported by previously published
measured and theoretical data and also by the present
experimental work.
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