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ABSTRACT. We formulate and prove a version of Paley-Wiener theorem for the inverse
Fourier transforms on noncompact Riemannian symmetric spaces and Heisenberg
groups. The main ingredient in the proof is the Gutzmer’s formula.

1. Introduction

The classical Paley-Wiener theorem for the Euclidean Fourier transform
characterises compactly supported functions on R” in terms of holomorphic
properties of their Fourier transforms. Analogues of Paley-Wiener theorem
have been proved in the context of Fourier transforms on Lie groups. One
such result is a theorem of Gangolli [5] for the spherical Fourier transform on
noncompact Riemannian symmetric spaces. However, there are no satisfac-
tory results available in certain cases. One such example is the case of the
Fourier transform on the Heisenberg group H”. Here the Fourier transform is
operator valued, parametrised by non-zero real numbers. When a function f
on H" is compactly supported it is not possible to extend the Fourier transform
£(2) as an operator valued entire function. There are some versions of Paley-
Wiener theorem for the Heisenberg group which treat the central and non-
central variables separately, see [1] and [12]. The situation of general nilpotent
Lie groups is much more difficult.

In 2000, Pasquale [10] considered the problem of characterising functions
on a non-compact symmetric space X = G/K whose spherical Fourier trans-
forms are compactly supported. When G is a complex semisimple Lie group
or of rank one she showed that K-biinvariant functions whose spherical Fourier
transforms are compactly supported can be extended to the complexification of
X as meromorphic functions leading to a Paley-Wiener theorem for the inverse
spherical Fourier transform. One of the main results of this paper is such a
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theorem for Helgason Fourier transform of general functions on X. The main
ingredient in the proof (which also motivates the formulation) is Gutzmer’s
formula proved by Faraut [3] for functions holomorphic in a domain, called the
complex crown, contained in the complexification of X. Our result is similar
in spirit to the characterisation of the image of the heat kernel transform
studied by Krotz et al [9].

Instead of treating H” as a nilpotent Lie group we may consider it as a
homogeneous space of a bigger group, namely the Heisenberg motion group
G, which is the semidirect product of H” with the unitary group U(n). Thus
H" = G,/U(n) and we treat functions on H" as right U(n)-invariant functions
on G,. With this view point the Fourier transform of f on H" is considered
as a function of two variables A and k. Here 4 is a nonzero real number and
k is a non-negative integer. For each such pair there is a unitary represen-
tation of G, denoted by p{ and we consider the operators p;(f) as para-
metrised by the point (4, (2k + n)|4|) from the Heisenberg fan which is the
spectrum of the sublaplacian. Our Paley-Wiener theorem for the Heisenberg
group characterises functions for which p{(f) is supported in || <a and
(2k +n)|A| <b*. The proof requires an analogue of Gutzmer’s formula for
the Heisenberg motion group which has been proved recently [15].

The theorem of Krétz et al [9] and our Paley-Wiener theorem both involve
a certain peseudo-differential shift operator D. As was shown in [9] the oper-
ator is inevitable in characterising the image of the heat kernel transform.
When the group G is complex the operator D is simple (multiplication by a
Jacobian factor) but otherwise it is quite complicated. Interestingly enough
our Paley-Wiener theorem for the Heisenberg group also involves a similar
operator &. The operator D has the effect of replacing the elementary spher-
ical function ¢, by the Weyl symmetrised exponential ;. The same is true
of 9. It, in effect, changes the Laguerre functions (p,ﬂ' into Bessel functions.
Without these operators, certain orbital integrals are not entire functions of
exponential type.

It is worthwhile to see how our version of Paley-Wiener theorem looks like
for the Euclidean Fourier transform. Let f be a Schwartz class function on
R" and consider the Fourier transform f . When f is supported in || <a f
extends to C”" as an entire function. Let G = M(n) be the Euclidean motion
group acting on R” which has a natural extension to C". Then it is easy to see
that the following Gutzmer’s formula is valid:

[ 1reara=a ] [ 176o)e,ema dod
G 0 Jsn

where ¢, (iy) = (/1|y|)_”/2+1J,,/2,1(i/1|y\) and z=x+iy. From the above it is

clear that the orbital integral [ |f (9.2)|*dg satisfies the estimate
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[ g2y = ce
G

Conversely, if a Schwartz function f extends to C" as an entire function and
the orbital integral satisfies the above estimate then f is supported in |¢| < a.
This follows easily from the Gutzmer’s formula.

The plan of the paper is as follows. In the next section we treat the
Helgason Fourier transform on non-compact Riemannian symmetric spaces.
In Section 3 we consider the inverse Fourier transform on the Heisenberg
group.

We wish to thank the referee for his careful reading of the manuscript and
making several useful suggestions.

2. Noncompact Riemannian symmetric spaces

In this section we formulate and prove a Paley-Wiener theorem for the
inverse Helgason Fourier transform on a Riemannian symmetric space of non-
compact type. We follow the standard notations; in fact we closely follow
Krotz et al in setting up the notation and we refer to the same for any un-
defined term. Let X = G/K be a homogeneous space where G is a semisimple
Lie group and K a maximal compact subgroup. Considering the Iwasawa de-
composition G = KAN we let M be the centraliser of 4 in K. We define
B=K/M and consider the Helgason Fourier transform

f(}v’ b) = JX f(x)e(_’lJF/)‘A(x‘b)) dx

where A €ia* and b e B. Some remarks about the notation are in order. We
let a stand for the Lie algebra of the group 4. The Iwasawa decomposition
G = KAN leads to the map g — H(g) which is determined by the requirement
that g = k exp H(g)n with ke K and ne N. We then define A(g) = —H(g™")
and A(x,b) = A(k™'g) if x=¢gK and b =kM. The inversion formula valid
for suitable functions reads as follows:

7o) =w! J (J 70, b)elinAxb) db) le(3)]2d
ia* B

Here w is the order of the Weyl group.

For every Zeag, be B the function x — e**7:4*:%) has a holomorphic
extension to a domain Z in the complexification X¢c. This domain, called the
complex crown of X is defined as follows. Let g be the Lie algebra of G with
the Cartan decomposition g =k +p. Let a be a Cartan subspace with X the
associated system of restricted roots. The complex crown = is a G-invariant
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domain in X¢ = G¢/K¢ defined by & = G exp(i2).x9, xo =eK where Q =
{Hea:|o(H) <% ,0eX}. (see Akhiezer-Gindikin [1] and Krotz-Stanton
[7]). It follows that a function f € L?(X) whose Fourier transform f(4,b) has

—

compact support admits a holomorphic extension to = which is given by

ER|

ia*

(J F (4, b)e*HrAED) db) le(A)|"2d .
B

Let ¢,, A €ia* be the spherical functions on G given by the integral

i) = | elr o ap,
B
In [7] Krétz-Stanton proved that for 1eia* the function H — ¢,(exp iH)
admits a holomorphic continuation to the tube domain a + 2iQ. In order to
state Gutzmer’s formula and formulate a Paley-Wiener theorem we need to
recall the definition of orbital integrals developed by Gindikin et al [6]. For a

—

function & on & suitably decreasing at the boundary and Y € 2Q we define

0,(iY) = JG h (g exp (% Y) .xo> dg.

Let G(Z) be the space of all holomorphic functions on the complex crown.
Then in [3] Faraut has established the following formula known as Gutzmer’s
formula.

THEOREM 2.1. Let f € G(Z) be such that for all H € Q,

JG (g expliH).xo) dg < M

for some constant M. Then for all H € Q we have

|, 1rto explirnxoras = |

14

(], 1o )oexpeim)icna

In [9] Krotz et al have used this Gutzmer’s formula to characterise the
image of the heat kernel transform. Let k,(x) stand for the heat kernel
associated to the Laplace-Beltrami operator on X which is a K-biinvariant
function given by the integral

k() = J e ) g, () le() 2d 2.

It is clear that k, has a holomorphic extension to the complex crown. If
f € L*(X) the function H,f(x) = f * k,(x) which solves the heat equation with
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—

initial condition f also extends to = as a holomorphic function. Let imH,
stand for the image of the above transform, f(x) — H,f(z) called the heat
kernel transform. For the Euclidean Laplacian the corresponding image turned
out to be a weighted Bergman space; the same is true for compact symmetric
spaces. However, in [9] Krotz et al proved that imH, is not a weighted
Bergman space. Instead they obtained the following characterisation.

In order to state their result we need to set up some more notation. Let
W be the Weyl group and consider the Weyl symmetrised exponential function

v.(2) = Z 7). Zeac, Aeia”.

we W

If a holomorphic function / on the tube domain a + 2iQ2 has the representation
WZ) = | oDeilexpZ) sl d
then we define
Dh2) = | g2l

Under some conditions on ¢ this is well defined, see [9]. It is known that D
is a pseudo-differential shift operator which has a simpler form when the group
G is complex. It can be expressed in terms of Abel transform and Fourier
multipliers. Using this operator D the following characterisation of the heat
kernel transform was obtained in [9].

THEOREM 2.2. A function F € G(&) belongs to imH, if and only if
J DO‘F‘z(iY)w,(Y)dY <

where w; is given in terms of the Euclidean heat kernel as
2 2
M/[(Y) — |W|—1 (2nt)—n/262t‘/1| e7|Y‘ /21.

This theorem is an easy consequence of the Gutzmer’s formula. Our
Paley-Wiener theorem is very similar in spirit to the above theorem.

THEOREM 2.3. Let f be a function in L>(X). Then the Helgason Fourier
transform f(1,b) is supported in |A| < R if and only if [ has a holomorphic
extension F € G(Z) which satisfies the estimate

DO (i) < CRY|

for some constant C independent of Y.
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ProoF. First assume that f(4,b) is compactly supported in || < R.
From the inversion formula for the Helgason Fourier transform it is clear

—

that f can be holomorphically extended to Z. If F is the extension then
by Plancherel theorem it follows that F eimH, for all t>0. Moreover,
Gutzmer’s formula can be applied and we get

DO, (iY) = J

ia*

(] 17G.00Pd s aav it
B
This gives the estimate,

DO (i) < C|| /[

as f(4,b) is supported in || < R and |y,(iY)| < CellI],

Conversely, assume that F satisfies the hypothesis of the theorem. Then it
is easy to see that F' € imH, for every t > 0. More precisely, for every ¢t > 0 we
have

J DO\F\Z(iY)Wt(Y)dY < Cezt\lllzp(R’t)EZrR2
a

where P is some polynomial. Consider the integral

JM >R+e (JB |f(/1, 2l 2db> |e(4) |72d/1
s [ (] 17 mra )2 e a

By the above and Gutzmer’s formula, we get the estimate

J (J 7 (ﬂ,b)lzdb) le(2)]2di < Ce™ R+ P(R, )R
[2|=R+e \JB

By letting ¢ tend to infinity we conclude that f (4, b) vanishes almost everywhere
for |A| > R+e¢. As ¢ is arbitrary f(4,b) is supported in |4| < R proving the
theorem.

We conclude this section with the following remarks. For each ¢ > 0 the
image imH, is a Hilbert space with the norm

|F|? = J DO 2 (iY)wi(Y)dy.
a

As shown in [9] ||F|,=||f]l, if F=fx*k, Let 4 be the Laplace-Beltrami
operator, taken to be non-negative so that e /f = f xk,. Let us define H
to be the intersection of all imH,, t > 0. If L?(X) stand for the subspace of
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L?(X) with compactly supported Helgason Fourier transforms then it is clear
that f is the restriction of an ¥ € H. The above theorem can be viewed as one
characterising the image of L7(X) under the heat kernel transform.

3. Fourier transform on the Heisenberg group

In this section we consider the Heisenberg group as the homogeneous
space G,/U(n) where G, is the Heisenberg motion group. The general ref-
erences for this section are the papers Krotz et al [8] and [15]. See also the
monographs [4] and [13]. We take H” to be C" x R with group law (z, £)(w,s)
= (z4+w,t4+s+33(z-w)). More often we write (x,u,) in place of (z,7) and
the group law takes the form

1
(x,u, 0)(x",u' 1) = <x+x’,u+u’,t+t’+§(u~x’—x'u’)>

where x,u, x’,u’ € R". For each non-zero 1 € R the Schrodinger representation
7, of H" is defined by

7, u, D) p(&) = eI (& 4y,

The group Fourier transform of f e L'(H") is defined by

fA) = JHM f(z,0)m,(z, t)dzdt.

For inversion and Plancherel theorems see [13].

As mentioned in the introduction we would like to consider H" as the
homogeneous space G,/U(n) and rewrite the inversion formula in terms of
certain representations of G,. First let us recall some definitions. The unitary
group U(n) acts on the Heisenberg group as automorphisms, the action being
defined by o(z,7) = (0.z,1) where ¢ € U(n). The Heisenberg motion group G,
is the semidirect product of U(n) and H" with group law

(0,2,0)(t,w,s) = (o7, (2,1)(0.W,5)).

Functions on H" can be considered as right U(n)-invariant functions on G,.
As such the inversion formula for such functions on G, will involve only cer-
tain class-one representations of G,. We now proceed to describe the relevant
representations.

Let @,, o € N” be the normalised Hermite functions on R”. Let ®%(x) =
\},\”/4d3“(|)»|1/2x) and define E;f:ﬁ(z,t) = (n,l(z,t)@;',d%). For each k€N and
non-zero /4 € R let H} be the Hilbert space for which the functions E;; 5 With
%,f€N", |o| =k form an orthonormal basis. The inner product in H} is
defined by



152 S. THANGAVELU

(F,G) = |)L|”J F(z,0)G(z,0)dz.
On this Hilbert space we define a representation p,f of the Heisenberg motion
group by
pi(6,2,0)F(w,s) = F((6,2,) " (w,5)).

Then it is known that (see [15]) p} is an irreducible unitary representation of

G,. As (G,, U(n)) is a Gelfand pair p{ has a unique U(n) fixed vector which

is none other than the Laguerre function e} (see below).

Given f e L'(H") we can define its group Fourier transform by

i) = JG f(z,0pi (0, z, t)dodzdt

which is a bounded operator acting on Hk’ As shown in [15] we have
* ) k'(l’l — 1)
ir(pi(a,2,0) (/) _mf*ek(z 1)
where e}(z,1) = e*p{(z). Here

of(z) = "1( MIIZI) OO

and L,Q’*I are Laguerre polynomials of type (n — 1). The inversion formula for
a right U(n)—invariant function on G, takes the form

sl = a [ (er (p}(0,2,1 pk<f>>%)w"da.

Also the Plancherel theorem can be written as

(k+n "
|, 1roraa=|" (Z It s ﬁ) A" du)

k=0

where du(2) = (2r) "

THEOREM 3.1. For every Schwartz class function f on H" the following
inversion formula holds:

k=0

ren=[" (i(pé(f)e;&pi(l,z z>e,f:>> dul2)

where 1 stands for the identity matrix in U(n).
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From now on let us identify H” with R” x R” x R and use the notation
(x,u, ) rather than (x+ iu,t) to denote elements of H”. The action of U(n)
on H" then takes the form o.(x,u, ) = (a.x — b, b.x + a.u,t) where a and b
are the real and imaginary parts of ¢. This action has a natural extension to
C" x C" x C given by o.(z,w,() = (a.z — bw,b.z+aw,{). With this defini-
tion we can extend the action of G, on H” to C" x C" x C:

(a+ib,x" u',t")(z,w,{) = (X",u', ') (az — bw,b.z + a.w,{).
This action is then extended to functions defined on C" x C" x C:

p@)f(zw,0) = flg7"(zw.0), g€

We are now ready to prove Gutzmer’s formula for the Heisenberg group.
For a function f on H" we let f*(z) stand for the inverse Fourier transform of
f(z,¢) in the f-variable. Suppose f is a Schwartz class function on H” such
that f* =0 for all |A| > 4 and p}(f) = 0 for all 4, k such that (2k + n)|4| > B.
We say that the Fourier transform of f is compactly supported if this condition
is satisfied for some 4 and B. Now the inversion formula

A

fg-(x,u, &) = J Yo PNl pi( )il x u, E)ef)dp(2)

A (2k+4n)|2| < B

is valid for any g € G,. Moreover, as each of p,ﬁ"(l,x7 u, f)e,é extends to C¥*!
as an entire function the same is true of f(g.(x,u,&)) and we have

A
f(g.<z,w,c>>=J ST (el iz, e V()

—4 (k+n)|)|<B

where { = &+ in. We then have the following Gutzmer’s formula for the ac-
tion of Heisenberg motion group on C**! which is the complexification of
H".

In the following theorem we let F x, G stand for the A-twisted convolution
defined by

Fx;, G(z) = J F(z — w)G(w)e/PSEP) gy
We refer to [13] for the connection between this convolution and the group
convolution on H".

THEOREM 3.2. Let f be Schwartz function whose Fourier transform is
compactly supported in the above sense. Then f extends to C*"*' as an entire
Sfunction and we have the following identity:
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J (9.2, 0)) g

n

” i = A(u-y—v-x < ) k'(l’l - 1)‘ . .
:J gy ><Z [V ¢é||§7(k+n7 1),%(21%210))61#(/1)
— =0 :

where || f* %, of|, is the L*(C") norm of f*x; ¢

For a proof of this theorem we refer to [15] where the formula was proved
under a slightly different condition. In fact, the above formula holds good as
long as the right hand side expression is finite. This can be proved by means
of a density argument.

We now consider the heat kernel transform on the Heisenberg group. Let
% be the sublaplacian on the Heisenberg group and let 4 = ¥ — 8,2 be the full
Laplacian. Let ¢,(x,u, &) be the heat kernel associated to 4. Then its Fourier
transform (in the central variable) ¢/ (x,u) is explicitly known, see [13]. From
the expression it follows that ¢;(x,u, &) can be extended to C*™! as an entire
function. The same is true of f * g;(x,u,&) for any f e L>(H"). In [8] the
authors studied the problem of characterising the image of this heat kernel
transform as a space of entire functions on the complexification H¢ which is
just C***!. They showed that the image is not a weighted Bergman space but
it can be written as a direct integral of twisted Bergman spaces. They also
showed that it is the direct sum of two Bergman spaces defined in terms of
signed weight functions. Here using Gutzmer’s formula we prove another
characterisation similar to the one obtained on Riemannian symmetric spaces.

Given functions m(k, ) defined on N x R we consider functions of the form

h(iy,iv,in) = JOO e f:m(k,/l) fet(n — 1)t

< 0¢ (2, 2iv)du(2).
L& !

(k+n-1)

When m(k, 1) is compactly supported in the sense that it is supported in || < A4,
(2k 4+ n)|2| < B the above function is well defined and extends to C*"*! as an
entire function. Let j, i(s) = s, 1(s) and define an operator & by

o0 0

@h(l’y,iv,iﬂ)zj > mk, 2) ju-1 (i/(2k +mAl( > + o)) dia(2)
- k=0

whenever s is given as above. Note that Zh is also an entire function on
C Let pi(y,0,&) be the Euclidean heat kernel on R, Let us write

O, 2 (iy, v, i) = JG £ (g-(iv, iv, in)) | *dg
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and call it the orbital integral of |f |2. We now state and prove the following
theorem on the image of the heat kernel transform.

THEOREM 3.3. An entire function F on C** belongs to the image of the
heat kernel transform on L*(H") if and only if
JRzm 90|F‘z(iy, iv, i) p,j2(y, v, n)dydvdy < .

The above is in fact a constant multiple of the L*(H") norm of F(x,u,¢).

PROOF. Suppose F = f x¢q, for some f e L*>(H"). Then F extends to
C>™*! as an entire function. If m(k, 1) = ||pf(F)||lus = e e~ @I pA( )] s
then the function

Jm ZWZW (k, )] ( )) (20, 2iv)du(2)

and hence by Gutzmer’s formula 70, F‘z(iy,iv,in) is given by

JOO 2)17 Zefzmz 2(2k+n) |A\r||f/ X w}in%

X ju-1(2i7/ 2k + m) ]|y + o)) du(2).

Integrating this against p,/»(y,v,7) and noting that

JQJWWMWMWW%+MMM%MWWMWM:ﬁ%mmwf

we obtain
J - 90\F|2(iy7 iv, i) p;/>(y, v, 1)dydvdny = an |f (x, u, é)\zdxdudf.
R+ e
This proves one half of the theorem. The other half is proved by noting that

all the steps are reversible.

We now state and prove a Paley-Wiener theorem for the inverse Fourier
transform on the Heisenberg group.

TaeOREM 3.4. Let fe L*(H"). The Fourier transform p}(f) of f is
compactly supported in |A| < A, 2k +n)|A| < B if and only if f has an entire
extension F to C*™ which satisfies the estimate

G0,y iy, v in) < CAMVEI 4P
Sfor all (y,v,n) e R
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Proor. First assume that p{(f) is compactly supported in || < 4,
(2k+n)|Al < B. As we have seen in the proof of Gutzmer’s formula f
extends to an entire function F and 90‘ F‘z(iy,iv,in) is given by

A
Jf”" Sl 9 Qi @R+ w3+ 101) ) du(4).
- (

2k+n)|A|<B

As j,_1(is) < Ce® the above gives the estimate

1/2

DO,y iy, v, i) < Co2A p2VB(|y1+0)

1£115-

This proves the sufficiency part of the theorem.

To prove the necessity, assume that F satisfies the hypothesis of the
theorem. First of all the Euclidean Paley-Wiener theorem for the central
variable shows that f* =0 for all |A| > A. The hypothesis then implies that F
belongs to the image of the heat kernel transform f — f * ¢, for any ¢ > 0 and
also

JRW DO\ iy iv, in) pya (1, 0,00 pyya (0,0, p)dydvdy < CeP e,

By Gutzmer’s formula this means that

0 0
512 ) 2 n 542
J 82 A Z Hf) %) (p]/(l|‘2€2(2k+ )| At d,u(/l) < C€2A €2tB'
k=0

— 0

As this is true for every ¢ proceeding as in the case of symmetric spaces we can
show that p{(f) is supported in (2k +n)|4| < B. This completes the proof of
the theorem.

The following remarks on the operator & are in order. It has the effect
of changing ¢ (i, iv) into j, 1(iv/(2k + m)|Z](|y]* + |0/*)"?). Notice that ¢}
are the spherical functions associated to the k-th ray of the Heisenberg fan
whereas j, | is the spherical function associated to the limiting ray. More-
over, from the asymptotic formula of Hilb’s type for Laguerre functions (see
Theorem 8.22.4 in Szegd [11]) we see that ¢} (iy,iv) is approximated by
a1 i/ @k + )2 (Iy]* + [9)*)/?).  Further study of the operator & is worth
considering.

In view of the above remarks the above theorem is not completely sat-
isfactory. We can prove another version of Paley-Wiener theorem if we make
use of the characterisation of the image of L?(H") under the heat kernel
transform obtained in [8]. There the authors have shown that the image is the
direct sum of two Bergman spaces each of which is defined in terms of certain
weight function which takes both positive and negative values. To be more



Paley-Wiener theorem 157

precise these weight functions denoted by W and W, are defined by the
equations
o
J W iy, iv, n)dn = €% pl,(2y, 20)
—00
for 2> 0, and a similar equation for W, valid for 1 <0. In the above p;

is the heat kernel associated to the special Hermite operator and given explicitly
by

)v " 1 2 2
2 _ —(2/4) coth(Ar)(z*+w?)
Pz w) = (sinh(/lz)) ¢ '

The existence of such weight functions have been proved in [8].

We now have the following theorem. We consider only functions f* for
which f* is supported in 4> 0. A similar result is true for functions f for
which f* is supported in 4 < 0.

THEOREM 3.5. Let f e L>(H") be such that f* is supported in J. > 0. If
pi(f) is compactly supported then [ extends to C** as an entire function
F(z,w,{) which is of exponential type in the last variable and satisfies the
following condition: for some constants B,C >0 we have

o0
J O, g2 iy, iv, in) W, (2iy, 2iv, in)dn' < Cr 2B
—0o0

Sfor all t>0. Conversely, if F(z,w,() is entire, of exponential type in { and
satisfies the slightly stronger estimate

o0
[* 0t i imin| < Cor (1415 4 o) e

— o0
for some N >n and for all t >0 then p}(f) is compactly supported.

Proor. If pf(f) is supported in 0 < A <o and (2k +n)|A| < then by
Gutzmers’ formula and the defining relation for W, we have

o0
J O‘F‘z(iy, iv, in) W," (2iy, 2iv, in)dn
-0

o ) ; k'(l’l — 1)' . .
| £ % % 9|13 5 0} (21, 2i0) p4,(4y, 4v)d u( ).
Jo (2k+nz):\l|£/f (ktn=1)

Now the function ¢f(z,w) belongs to the twisted Bergman spaces %’f studied
in [8] for any 7 > 0. The reproducing kernel Kt’1 for these spaces are given in
terms of pj, (see [8]): more precisely

Kti((z, w), (a,b)) = pé‘t(z —a,w— I;)e’("/z);'(“"dfz'l;).
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As evaluations are continuous it follows that
o (2iy, 2iv)| < K/((2iy, 2iv), (2iy, 2iv)) |0/ .

Since [|p}|| = C%emk*")w it follows that

2
lln Z IR o; (2iy, 2iv) p3, (4, 4v) < C A nez<2k+”w'|‘-
(k+n— 17T A= sinh(m)
Using this estimate in the above and noting that /- is a decreasing function
we obtain

[e¢]
J O, (iy, v, in) W (2iy, 2iv, in)dn < sz"e’“zeMHfH%.
—0

This proves one half of the theorem with B = o + .
Now for the converse. The hypothesis on F means that

1 ,
JO Z 1 % ¢k||2ﬁ¢;<zfy, 2it) pl (29, 20)du(A)

< Oy (L P+ o)) e,
Integrating with respect to dydv and noting that

J i (i, iv) p; (v, v)dydv = ¢, (ktn-1) ektmlale
R2n k!( - )

(see Lemma 6.3 in [15]) we have

Jo e Z £ 5 oI5V dp(2) < Cyt e,
This gives for ant C > 0

[ S el < e

0 Qk+n)lil>C

for all 1> 1. Taking C > B and letting ¢ tend to infinity we conclude that
pi(f) is supported in (2k +n)|4| < B. This completes the proof.

In the above theorem the necessary and sufficient conditions are differ-
ent. For the necessary condition involves pointwise estimate on the spherical
functions qo,ﬁ' whereas for the sufficiency we have used an integral condition on
the same functions. We therefore, may not hope to get the same condition as
both necessary and sufficient.
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