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HARDY’S INEQUALITIES
FOR HERMITE AND LAGUERRE EXPANSIONS

R. RADHA AND S. THANGAVELU

(Communicated by Andreas Seeger)

Abstract. Hardy’s inequalities are proved for higher-dimensional Hermite
and special Hermite expansions of functions in Hardy spaces. Inequalities for
multiple Laguerre expansions are also deduced.

1. Introduction

A well-known result of Paley states that if f ∈ Lp(T ), 1 < p ≤ 2 and if f ∼∑
cke

ikθ, then
∞∑

k=−∞

|ck|p

(1 + |k|)2−p ≤ c‖f‖
p
p.(1.1)

This result fails when p = 1, but Hardy proved that if f ∈ ReH1, then the inequality
∞∑

k=−∞

|ck|
(1 + |k|) ≤ c‖f‖H1(1.2)

holds; here H1 is the Hardy space. Later Hardy and Littlewood established a
similar inequality for all f ∈ Hp, 0 < p ≤ 1.

Analogues of Hardy’s equality in the context of eigenfunction expansions have
been considered by several authors. In [1] Colzani-Travaglini established a Hardy
inequality for eigenfunction expansions associated to the Laplace-Beltrami opera-
tor on compact Riemannian manifolds. They have also treated compact symmet-
ric spaces. Kanjin [2] proved Hardy’s inequality for the one-dimensional Hermite
and Laguerre expansions of functions f from H1(R). Later, Satake [5] treated
Hp(R), 0 < p ≤ 1 in the case of Laguerre expansions.

Let us briefly recall the inequalities proved by Kanjin and Satake. Let hk, k =
0, 1, 2, · · · be the normalized Hermite functions on R. For f ∈ H1(R), Kanjin
proved that

∞∑
k=0

| < f, hk > |
(1 + k)29/36

≤ C‖f‖H1 .(1.3)
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If Lαk stands for Laguerre functions of type α > −1 and if f ∈ Hp(R+), 0 < p ≤ 1,
Satake proved the inequality

∞∑
k=0

| < f,Lαk > |p
(1 + k)2−p ≤ C‖f‖pHp(R+).(1.4)

In studying regularity properties of spherical means on Cn, the second author
[7] has proved Hardy’s inequality for special Hermite expansions. The first author
[4] has treated the higher-dimensional Hermite expansions.

The aim of this paper is to establish inequalities of Hardy type for higher-
dimensional Hermite and special Hermite expansions. We also deduce Hardy in-
equalities for multiple Laguerre expansions.

The authors wish to thank the referee for meticulously reading the manuscript
and pointing out several typographical errors.

2. Hermite expansions

The Hermite polynomials Hk(x), k = 0, 1, 2, · · · are defined by

Hk(x) = (−1)k
(
d

dx

)k
(e−x

2
)ex

2
.

The normalized Hermite functions hk are then defined by

Hk(x) = (2k
√
πk!)−

1
2Hk(x)e−

1
2x

2
.

Then {hk : k = 0, 1, 2, · · · } forms an orthonormal basis for L2(R). The n-dimen-
sional Hermite functions Φα(x), x ∈ Rn, α ∈ Nn are defined by taking tensor prod-
ucts of one-dimensional functions:

Φα(x) =
n∏
j=1

hαj (xj).

Then it is clear that {Φα : α ∈ Nn} is an orthonormal basis for L2(Rn).
The Hermite expansion of a function f ∈ L2(Rn) is written as

f ∼
∑
α

f̂(α)Φα

where the Fourier-Hermite coefficients f̂(α) are given by

f̂(α) =
∫
Rn
f(x)Φα(x)dx.

The functions Φα are eigenfunctions of the operatorH = −∆+|x|2 with eigenvalues
(2|α|+ n) where |α| = α1 + α2 + · · ·+ αn. If we let

Pkf =
∑
|α|=k

f̂(α)Φα

stand for the projection of f onto the kth eigenspace of the operator H , then the
Hermite expansion of f takes the form

f ∼
∞∑
k=0

Pkf.
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The series converges in L2(Rn), and we have the Plancherel formula

‖f‖22 =
∞∑
k=0

‖Pk f‖22 =
∑
α

|f̂(α)|2.

The Hardy spaces Hp(Rn), 0 < p ≤ 1 can be defined in several ways. Let

pt(x) = (4πt)−
n
2 e−

|x|2
4t be the heat kernel associated to the Laplacian ∆ on Rn.

Then Hp(Rn) is defined to be the space of tempered distributions for which

‖f‖pHp =
∫
Rn

(
sup
t>0
|f ∗ pt(x)|

)p
dx

is finite. Every f ∈ Hp(Rn) has an atomic decomposition. Recall that a function
a(x) is called an Hp atom if (i) a is supported in a ball B; (ii) |a(x)| ≤ |B|−

1
p a.e.

and (iii)
∫
xαa(x)dx = 0 for all α with |α| ≤ n

(
1
p − 1

)
. Then it is well known that

every f ∈ Hp(Rn) has a decomposition

f(x) =
∑
k

λkak(x)

where the ak are Hp atoms. Moreover,

C1‖f‖pHp ≤
∑
k

|λk|p ≤ C2‖f‖pHp .

We make use of this atomic decomposition in the proof of the following Hardy’s
inequality.

Theorem 2.1. Let n ≥ 2, 0 < p ≤ 1. Then there exists a constant C > 0 such that
∞∑
k=0

‖Pkf‖p2(2k + n)−σ ≤ C‖f‖pHp

for all f ∈ Hp(Rn) where σ =
(
n
2 + 1

) (
2−p

2

)
.

The proof of this theorem is based on the atomic decomposition of Hp(Rn) and
the following estimate.

Lemma 2.2. Let n ≥ 2. Then for all α ∈ Nn,

sup
x∈Rn

∑
|µ|=k

|∂αΦµ(x)|2 ≤ Cαk
n
2 +|α|−1.

When α = 0 the lemma has been proved in [8] (see Lemma 3.2.2). Assuming the
lemma for a moment, we first complete the proof of the theorem.

Every f ∈ Hp has an atomic decomposition

f(x) =
∞∑
j=0

λjaj(x),

and since the Pk are continuous on the space of tempered distributions, we have

Pkf(x) =
∞∑
j=0

λjPkaj(x).
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In view of this it is enough to show that
∞∑
k=0

‖Pkf‖p2(2k + n)−σ ≤ C

for all Hp atoms f , with C independent of f . Let f be such an atom supported in
the ball B = B(z, r). Let

Φk(x, y) =
∑
|µ|=k

Φµ(x)Φµ(y)

be the kernel of Pk so that

Pkf(x) =
∫
B

f(y)Φk(x, y)dy.

Taylor expanding the function F (t) = Φk(x, z + t(y − z)) about t = 0 we have

Φk(x, y) =
N∑
k=0

∂kt F (0)
k!

+
1

(N + 1)!
∂N+1
t F (s)

where 0 < s < 1. If N is the integral part of n( 1
p − 1), then for 0 ≤ k ≤ N, ∂kt F (0)

involves polynomials of the form (y − z)α, |α| ≤ N and hence

Pkf(x) =
1

(N + 1)!
∂N+1
t Φk(x, z + t(y − z))|t=s.

Thus Pkf(x) is a finite linear combination of terms of the form∫
|y−z|≤r

f(y)∂αy Φk(x, z + s(y − z))(y − z)αdy

where |α| = N + 1.
By Minkowski’s integral inequality, the L2 norm of the above integral is bounded

by ∫
|y−z|≤r

f(y)|y − z|N+1‖∂αy Φk(., z + s(y − z))‖2dy

(with respect to x).
Since

‖∂αy Φk(·, z + s(y − z))‖22 =
∑
|µ|=k

(
∂αy Φµ(z + s(y − z)

)2
,

using the estimate of the lemma we get

‖∂αy Φk(·, z + s(y − z))‖22 ≤ C(2k + n)
n
2 +N .

Therefore, we have the estimate

‖Pkf‖2 ≤ CrN+1(2k + n)
n
4 +N

2

∫
|y−z|≤r

|f(y)|dy

≤ C(2k + n)
n
4 +N

2 rN+1− np+n.

Having estimated ‖Pkf‖2 consider now
∞∑
k=0

‖Pkf‖p2(2k + n)−σ = S1 + S2
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where the first sum is

S1 =
∑

(2k+n)≤r−2

‖Pkf‖p2(2k + n)−σ,

which is bounded by

Cr(N+1)p−n+np
∑

(2K+n)≤r−2

(2k + n)−σ+( n4 +N
2 )p

≤ Cr(N+1)p−n+npr2σ−( n2 +N)p−2 = C

since 2σ =
(
n
2 + 1

)
(2− p). On the other hand,

S2 =
∑

(2k+n)>r−2

‖Pkf‖p2(2k + n)−σ

≤
( ∞∑
k=0

‖Pkf‖22

) p
2
 ∑

(2k+n)>r−2

(2k + n)−
2σ

2−p


2−p

2

≤ ‖f‖p2r−2(1− 2σ
2−p )( 2−p

2 )

≤ Cr−n+ np
2 r2σ+p−2 = C.

Thus we have obtained the estimate
∞∑
k=0

‖Pkf‖p2(2k + n)−σ ≤ C

where C is independent of f . This completes the proof of the theorem.
We now prove the estimate stated in Lemma 2.2. We prove the lemma us-

ing induction on the dimension. We first consider the case n = 2. Writing
x = (t, s), α = (α1, α2) we consider

∑
|µ|=k

|∂αΦµ(x)|2 =
k∑
j=0

|∂α1
t hj(t)|2|∂α2

s hk−j(s)|2.

The Hermite functions satisfy the relations(
− ∂

∂t
+ t

)
hj(t) = (2j + 2)

1
2 hj+1(t)

and (
∂

∂t
+ t

)
hj(t) = (2j)

1
2 hj−1(t)

where h−1(t) = 0. Writing

− ∂

∂t
=

1
2

(
− ∂

∂t
+ t

)
− 1

2

(
∂

∂t
+ t

)
and using the above formulas, we get

− ∂

∂t
hj(t) =

1
2

(2j + 2)
1
2hj+1(t)− 1

2
(2j)

1
2hj−1(t).(2.1)
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In view of this, considering k ≥ |α|, iterations show that
∑
|µ|=k |∂αΦµ(x)|2 is

bounded by a finite linear combination of terms of the form

C(2k + 2)α1+α2

k∑
j=0

|hj+l(t)|2|hk−j+m(s)|2

where l and m are integers with |l|, |m| ≤ k. The last sum is dominated by

k+m+l∑
j=0

|hj(t)|2|hk+m+l−j(s)|2 ≤ Ck
n
2−1

in view of the estimate (with n = 2)

sup
x∈Rn

∑
|µ|=k

|Φµ(x)|2 ≤ Ck n2−1

proved in Lemma 3.2.2 of [8]. Thus we have proved the lemma when n = 2.
Assuming the estimate for the n-dimensional case, consider the sum in (n + 1)

dimensions. Writing x = (y, t), y ∈ Rn, t ∈ R and α = (β, l), β ∈ Nn, l ∈ N we have∑
|µ|=k

|∂αΦµ(x)|2 =
∑
|γ|+j=k

|∂βyΦγ(y)|2|∂lthj(t)|2

=
k∑
j=0

 ∑
|γ|=k−j

|∂βyΦγ(y)|2
 |∂lthj(t)|2.

By the induction hypothesis the above is bounded by

C

k∑
j=0

(k − j)n2 +|β|−1|∂lthj(t)|2

≤ C k
n
2 +|β|−1

k∑
j=0

|∂lthj(t)|2.

Using (2.1) the last term is easily seen to be bounded by terms of the form

Ckl
k∑
j=0

|hj(t)|2 ≤ Ckl+
1
2

where we have used the estimate

sup
t∈R

k∑
j=0

|hj(t)|2 ≤ Ck
1
2

proved in [8]; see Lemma (3.2.1). Finally, we have the estimate∑
|µ|=k

|∂αΦµ(x)|2 ≤ Ck n+1
2 +|β|+l−1,

which completes the induction since |β|+ l = |α|.
We conclude this section by proving another version of Hardy’s inequality for

Hermite expansions.
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Theorem 2.3. Let n ≥ 2 and 0 < p ≤ 1. Then there is a constant C such that∑
µ

|f̂(µ)|p(2|µ|+ n)−σ ≤ C‖f‖pHp

for all f ∈ Hp(Rn) where σ = 3n
4 (2− p).

Proof. As before it is enough to consider Hp atoms. If f is such an atom supported
in B = B(z, r), then f̂(µ) is a finite linear combination of terms of the form∫

|y−z|≤r
f(y)(y − z)α∂αy Φµ(z + s(y − z))dy

where |α| = N + 1. Therefore,

|f̂(µ)| ≤ C sup
x
|∂αΦµ(x)| ‖f‖2 r

n
2 +|α|.

Since ‖f‖p2 ≤ Cr−n+ np
2 we can rewrite the above as

|f̂(µ)| ≤ C sup
x
|∂αΦµ(x)| rn(1− 1

p )+N+1.

As before we split the sum into two parts and consider first

S2 =
∑

2|µ|+n>r−2

(2|µ|+ n)−σ|f̂(µ)|p.

Applying Hölder’s inequality, we get

S2 ≤ ‖f‖p2

 ∑
2|µ|+n>r−2

(2|µ|+ n)−
2σ

2−p


2−p

2

≤ ‖f‖p2

 ∑
2k+n>r−2

(2k + n)−
2σ

2−p+n−1


2−p

2

.

Since ‖f‖p2 ≤ Cr−n+ n
2 p and the last sum is bounded by r2σ−n(2−p) = rn−

n
2 p we get

the estimate S2 ≤ C.
Using the estimate for |f̂(µ)| we see that

S1 ≤ Crnp(1−
1
p )+(N+1)p

∑
2|µ|+n≤r−2

(2|µ|+ n)−σ sup
x
|∂αΦµ(x)|p.

Now using the estimate proved in Lemma 2.2,

∑
|µ|=k

|∂αΦµ(x)|p ≤ Ck
n−1

2 (2−p)

∑
|µ|=k

|∂αΦµ(x)2|


p
2

≤ Ck
n−1

2 (2−p)k(n2 +N) p2 .

In view of this we obtain, after some simplification,

S1 ≤ Crnp(1−
1
p )+(N+1)p

∑
(2k+n)≤r−2

(2k + n)
p
2 (N+1−n( 1

p−1))−1

≤ Crnp(1−
1
p )+(N+1)pr−p(N+1)+np( 1

p−1) = C.
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Therefore, we have proved that∑
µ

|f̂(µ)|p(2|µ|+ n)−σ ≤ C

whenever f is an Hp atom with C independent of f . This completes the proof of
Theorem 2.3.

3. Special Hermite expansions

We recall the definition and some basic properties of the special Hermite func-
tions. We refer to [8] for more about these functions. For each α, β ∈ Nn define

Φαβ(z) = (2π)−
n
2

∫
Rn
ei(xξ+

1
2xy)Φα(ξ + y)Φβ(ξ)dξ

where z = x+ iy ∈ Cn. Then {Φα,β : α, β ∈ Nn} forms an orthonormal basis for
L2(Cn). The special Hermite expansion for f ∈ L2(Cn) is given by

f ∼
∑
α,β

〈f,Φα,β〉Φαβ .(3.1)

The functions Φαβ are eigenfunctions of the operator

L = −∆z +
1
4
|z|2 − i

n∑
j=1

(
xj

∂

∂yj
− yj

∂

∂xj

)
with eigenvalues (2|β|+ n). If we let

ϕk(z) = Ln−1
k

(
1
2
|z|2
)
e−

1
4 |z|

2

stand for Laguerre functions of type (n − 1), then the special Hermite expansion
takes the form

f(z) = (2π)−n
∞∑
k=0

f × ϕk(z)

where the twisted convolution f × ϕk(z) is defined by

f × ϕk(z) =
∫

Cn

f(z − w)e
i
2 Im(z.w̄)ϕk(w)dw.

It can be shown that (2π)−nf×ϕk(z) is the projection of f onto the kth eigenspace
of L.

If pt(z) stands for the heat kernel associated to L, then the twisted Hardy spaces
Hp, 0 < p ≤ 1 can be defined as the spaces of tempered distributions for which

sup
t>0
|f × ϕk(z)| ∈ Lp(Cn).

When p = 1 this space has been studied in [3] and there is an atomic decomposition
available for f ∈ H1(Cn). More generally, an Hp atom is a function f supported
in a ball Br(w) satisfying the estimate |f(z)| ≤ |Br(w)|−

1
p and when r ≤ 1, also

satisfying the cancellation conditions∫
Br(w)

f(z)(z − w)αe
i
2 Imz.w̄dz = 0
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for |α| ≤ N,N being the integral part of 2n
(

1
p − 1

)
. When r > 1 no cancellation

condition is assumed. We can define the atomic twisted Hardy space Hpa as the
space of all tempered distributions f that can be represented as

f =
∞∑
j=0

λjaj ,

the series being convergent in the space of tempered distributions, where the aj are
Hp atoms and

∑∞
j=0 |λj |p <∞. The space Hpa can be made into a metric space by

means of the quasi-norm defined by

‖f‖pHpa = inf{
∞∑
j=0

|λj |p : f =
∞∑
j=0

λjaj}.

For p = 1 it is known that Hpa = Hp. However, this is not known for 0 < p < 1. For
special Hermite functions we have the following Hardy’s inequality.

Theorem 3.1. Let 0 < p ≤ 1. Then there is a constant C such that
∞∑
k=0

‖f × ϕk‖p2(2k + n)−σ ≤ C‖f‖pHpa

for all f ∈ Hpa where σ =
(
n+1

2

)
(2− p).

When p = 1 this result has been proved in [7]. The key point is the estimate

sup
z

n∑
j=1

| ∂
∂zj

ϕk(z)| ≤ Ckn,

which easily follows from estimates on Laguerre functions. In the present case, we
need estimates of the form

sup
z
|∂αz ϕk(z)| ≤ Ckn+|α|−1.

These estimates can be proved easily using properties of Laguerre functions. Once
we have the above estimates we can proceed as in Theorem 2.1 (or as in [7]) to
prove Theorem 3.1. We leave the details to the interested reader.

The above theorem is proved for functions coming from the twisted Hardy spaces.
There is an analogue of Theorem 2.1 for special Hermite expansions for functions
from the ordinary Hardy spaces Hp(Cn) = Hp(R2n). The functions Φαβ are also
eigenfunctions of the operator−∆+ 1

4 |z|2 on Cn with eigenvalues (|α|+|β|+n), and
hence we think of (3.1) as an eigenfunction expansion associated to (−∆ + 1

4 |z|2),
which is nothing but a scaled Hermite operator on R2n.

Let f̂(µ, γ) be the special Hermite coefficients of f defined by

f̂(µ, γ) =
∫

Cn

f(z)Φ̄µγ(z)dz.

We prove the following result.

Theorem 3.2. Let 0 < p ≤ 1. Then there is a constant C such that∑
µ,γ

|f̂(µ, γ)|p(|µ|+ |γ|+ n)−σ ≤ C‖f‖pHp

for all f ∈ Hp(Cn) where σ = 3n
2 (2− p).
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Again the proof uses atomic decomposition of Hp(R2n) and some estimates on
the derivatives of the functions Φµγ(z). More precisely we need∑

|µ|+|γ|=k
|∂αz Φµγ(z)|2 ≤ Ckn+|α|−1(3.2)

where α ∈ N2n. This can be deduced from Lemma 2.2. As we remarked earlier,
Φµγ(z) = Φµγ(x, y) are eigenfunctions of the operator (−∆ + 1

4 (|x|2 + |y|2))
on R2n with eigenvalues (|µ|+ |γ|+ n). On the other hand, the functions

2
n
2 Φµ

(
1√
2
x

)
Φγ

(
1√
2
y

)
are also eigenfunctions of the the same operator with the same eigenvalues. There-
fore, with z = x+ iy, w = u+ iv,∑
|µ|+|γ|=k

Φ̄µγ(w)Φµγ(z) = 2n
∑

|µ|+|γ|=k
Φµ
(

1√
2
x
)

Φγ
(

1√
2
y
)

Φµ
(

1√
2
u
)

Φγ
(

1√
2
v
)

since both sides represent the kernel of the projection onto the kth eigenspace.
From this expression it is clear that the estimate (3.2) follows from Lemma 2.2.

Once we have the estimate (3.2) we can proceed as in Theorem 2.1 to complete
the proof. We have stated Theorems 3.1 and 3.2 because of their roles in establishing
Hardy inequalities for multiple Laguerre expansions. This is done in the next
section.

4. Laguerre expansions

Laguerre functions of type δ > −1 are defined by the equation

Lδk(t)tδe−t =
1
k!

(
d

dt

)k
(e−ttk+δ).

The normalized functions

Ψδ
k(t) =

(
Γ(k + 1)2−δ)
Γ(k + δ + 1)

) 1
2

Lδk

(
t

2

2
)
e−

1
4 t

2

form an orthonormal basis for L2(R+, t2δ+1dt). When f(z) = f(|z|) is a radial
function on Cn it can be shown that

(2π)−nf × ϕk(z) =
(∫ ∞

0

f(r)Ψn−1
k (r)r2n−1dr

)
Ψn−1
k (t)

where t = |z|. Thus the special Hermite expansions of radial functions reduce to
Laguerre expansions. In view of this remark the following theorem follows from
Theorem 3.1.

Theorem 4.1. Let 0 < p ≤ 1. Then with σ = n+1
2 (2− p),

∞∑
k=0

| < f,Ψn−1
k > |p(2k + n)−σ ≤ C‖f‖pHpa

for all functions f for which f(z) = f(|z|) belongs to Hpa(Cn).
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Our next result is about multiple Laguerre expansions. For t = (t1 · · · tn), tj ≥ 0,
define

Ψδ
µ(t) =

n∏
j=1

Ψδj
µj (tj), µ ∈ Nn, δ = (δ1, δ2, . . . , δn).

Then {Ψδ
µ : µ ∈ Nn} is an orthonormal basis for L2((R+)n, wδ(t)dt), wδ(t) =∏n

j=1 t
2δj+1.

The multiple Laguerre expansion of f in this space is given by

f(t) =
∑
µ

〈f,Ψδ
µ〉Ψδ

µ(t).

For m ∈ Nn let us denote by Hp
m((R+)n) the space of all functions f on (R+)n for

which the associated function F defined by

F (z) = F (r1e
iθ1 , . . . , rne

iθn) = eim.θf(r1, r2, . . . , rn)

belongs to Hpa(Cn). Note that any such F satisfies

F (eiϕz) = eim.ϕF (z), ϕ ∈ Rn,

and so they are called m-homogeneous.
For functions f ∈ Hp

m we have the following Hardy’s inequality.

Theorem 4.2. Let 0 < p ≤ 1. Then there is a constant C such that∑
µ

|〈f,Ψm
µ 〉|p(2|µ|+ n)−σ ≤ C‖f‖p

Hpm

for all f ∈ Hp
m with σ = 3n

2 (2 − p).

In the above theorem, ‖f‖Hpm stands for the ‖F‖Hpa(Cn) of the associated func-
tion. We deduce the above theorem from Theorem 3.2. It can be checked, directly
from the definition or from the explicit formula given in [8], that Φµγ(z) are (γ−µ)-
homogeneous. Therefore, integration in polar coordinates implies that when F is
m-homogeneous, then (F,Φµγ) = 0 unless γ = µ+m, in which case

〈F,Φµ,µ+m〉 = 〈f,Ψm
µ 〉, µ ∈ Nn.

We refer to [8] for a proof of this. Once we have this it is clear that Theorem
4.2 is an immediate corollary of Theorem 3.2
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