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SYMMETRY OF POSITIVE SOLUTIONS
OF SOME NONLINEAR EQUATIONS

M. GROSSI — S. KESAVAN — F. PACELLA — M. RAMASWAMY

1. Introduction

In recent years, a lot of interest has been shown in the study of symmetry
properties of solutions of nonlinear elliptic equations, reflecting the symmetry
of the domain. In a famous paper, Gidas, Ni and Nirenberg [4] showed that
if Q is smooth, convex and symmetric in one direction, say, that of z, then any
positive classical solution of the problem
(L1) { —Au= f(u) in Q,

u=0 on 0,
where f : R — R is a locally Lipschitz continuous function, must be also sym-
metric with respect to x1. The proof of this result is based on the moving plane
method and the maximum principle.

In a recent paper, Berestycki and Nirenberg [2] have substantially simpli-
fied the moving plane method obtaining, among other results, the symmetry of
the positive solutions of (1.1) without assuming any smoothness on €.

When the dimension of the space is two, Lions [9] suggested a method of
proving the radial symmetry of positive solutions in a ball when f is positive,
without assuming anything on the smoothness of f. While previous results were
proved using variants of the moving plane method, this result can be proved using

1991 Mathematics Subject Classification. 35J40.
Key words and phrases. Elliptic equations, positive solutions.

©1998 Juliusz Schauder Center for Nonlinear Studies

47



48 M. GROSSI S. KESAVAN F. PACELLA M. RAMASWAMY

a combination of an isoperimetric inequality and Pohozaev’s identity. It does not
work, however, if N > 2.

No results are known, to the best of the authors’ knowledge, about symmetry
of solutions when we drop the hypothesis of Lipschitz continuity or positivity of f.
Thus one would like to know if f is just continuous, but nonnegative, whether
positive solutions reflect the symmetry of the domain as before.

Very little is known, even assuming f to be smooth, if we replace the Laplace
operator in (1.1) by a closely related nonlinear operator, viz the p-laplacian
(for p # 2). More precisely, we look at positive solutions of the equation

—div(|]VulP~2Vu) = f(u) in Q,
(1.2) { u =0 on 012,

and pose analogous question as before. If Q2 were a ball, Badiale and Nabana [1],
using the same method as Berestycki and Nirenberg [2] and again taking f Lip-
schitz continuous, prove the symmetry of the positive solutions under the crucial
assumption that we know a priori that the gradient of the solution vanishes only
at the origin. Another result, again for the ball, is due to Kesavan and Pacella
[7] which shows the radial symmetry of positive solutions with the assumption
that p = N, the dimension of the space. Their method is a completion and
generalization of the idea of Lions [9] and thus uses isoperimetric inequalities,
assuming that the nonlinearity f is only continuous but positive. The method
does not give any result for p # N.

In the present paper, we wish to study problems (1.1) and (1.2) when f is
nonnegative and only continuous. However, by virtue of a result due to Kichenas-
samy and Smoller [8], we cannot hope that all nonnegative solutions in a ball
are radial if f changes sign.

By suitable approximation procedures, we show that isolated solutions with
non-vanishing index (w.r.t. a canonical formulation of these problems as op-
erator equations) are limits of symmetric functions and hence are symmetric
themselves. Note that with our method we only get the symmetry of the solu-
tion of (1.1) or (1.2) but not the strict monotonicity in the x; direction. However
we cannot expect anything better, even if Q is the ball and p = 2, since it is pos-
sible to construct for any p > 1 an example of a nonnegative nonlinearity f(u)
for which there exists a symmetric but not strictly radially decreasing positive
solution of (1.2) (see Example 5.1).

The paper is organized as follows. Section 2 gives an abstract approximation
theorem which will permit us to obtain the above mentioned solution as limits
of solutions of problems with greater regularity. In Section 3 we will set up
the problem (1.1) in the abstract framework and deduce some symmetry results.
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Sections 4 and 5 contain the case of the p-laplacian and the example mentioned
above.

2. An abstract result

Let X be a Banach space and let T': [0, 00] x X — X be continuous and such
that for each t > 0, the map T'(¢, -) : X — X is compact. We set

(2.1) ¢ =I1-T( ).

If 2 is an isolated zero of ¢, then the Leray—Schauder degree deg(¢:, B-(x),0)
where B.(z) = {y € X such that ||y — z|| < &}, is well-defined and independent
of € for small values of €. Thus the index of x, denoted (¢, x,0) is well-defined
and given by

(2.2) i(60,,0) = lim deg(dy, B-(x), 0).
From the very definition of index the following theorem is deduced

THEOREM 2.1. Let xo be an isolated zero of ¢g such that
(23) i((boﬁb‘o,()) 75 0.
Then there exist sequences {e,}, e, — 0 and {2, }, T, — xo in X, such that

(2.4) Tp —T(en,x,) =0.

PROOF. By virtue of (2.3), there exists 9 > 0 such that for 0 < ¢ < g, the
degree deg(¢g, Be(x0),0) is independent of € and is non-zero. Let us consider
the map H(0,z) : [0,1] x X — X where H(0,z) = x — T'(0e,,x). We have one
of the two alternatives:

(a) I —T(0e,, -) does not vanish on 0B., (z) for all 6 € [0, 1]
(b) there exists 0 < 6 < 1 such that I — T'(fe,, - ) vanishes on 9B, (xo).

If case (a) holds, then the degree deg(H (0, - )B.,(x0),0) is well defined and in-
dependent of # by homotopy invariance. Thus

deg(I — T'(eq, - ), Bey(20),0) = deg(I — T(0, -), Be,(20),0) # 0

and so there exists x1 € B, (zo) such that z; — T'(gg,21) = 0. Set &1 = ¢¢ and
m = ||z1 — xo||. If case (b) holds, then let x; be such that ||z1 — zo|| = €0
and x1 — T(0eg,z1) = 0. Now set e = feg and 13 = €p. Thus in either case
we have g1 < g9, m < ep, ||z1 — xo]| = m and 1 — T(e,21) = 0. Now

set €] = min{e; /2,71 /2} and repeat the above argument with &} replacing &o.
Proceeding thus, we get sequences {z,} in X, e, and 7, such that

Ent1 < €n/2, Mn+1 < 77n/2 ||xn - $O|| =M Tn — T(envxn) =0,

which proves the result. O
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We describe below some situations when condition (2.3) will be verified.
THEOREM 2.2. Assume that there exists a constant C such that,
(2.5) ze =0T(0,2,)

implies that ||z, || < C for all o € [0,1]. Then, if ¢g has a unique solution xg,
condition (2.3) holds. If ¢po has only finitely many solutions then condition (2.3)
holds for at least one of them.

PROOF. The hypothesis implies that the degree deg(I—oT'(0, - ), Bc+1(0),0)
is well defined and independent of o € [0, 1]. Hence

deg(¢o, Bc+1(0),0) = deg(I, Bo41(0),0) = 1.
If &g is the unique zero of ¢g, then by excision, for sufficiently small ¢,

deg(¢o, B:(z0),0) = deg(po, Bc+1(0),0) =1

and the result follows.
If ¢9 has only finitely many solutions, they are all isolated and again by
excision and additivity properties of the degree,

(2.6) deg(¢o, Bc4+1(0),0) = > i(¢o, z:,0)

i=1
where {z; : 1 < i < k} is the solution set. Since the left hand side of (2.6) is
equal to unity, at least one of the right-hand terms must be non-zero. O

3. The case of the laplacian

Let Q@ € RY™ be a bounded open set which is sufficiently smooth and let
f : R — R be a function which is non-negative and continuous. We are interested
in solutions u € H}(2) N C(Q) of the problem

{ —Au= f(u) inQ,

3.1
(3:1) u=0 on 0f2.

Note that since f(u) € L>(Q), by standard regularity theorems, u € W24(Q) N
C(Q) for every ¢ > 1. Moreover, since f > 0, we automatically have v > 0 in
by the strong maximum principle.

We now set up (3.1) in a framework which will enable us to use the results
of the previous section. The procedure is the obvious one.

For u € C(2) we define T (u) = v as the weak solution of
{ —Av = f(u) in Q,

3.2
(3.2) v=20 on ON.
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Since f is continuous, again by regularity theory, we have that
Ty : C(Q) — CH(Q) Cc OQ).

PrOPOSITION 3.1. Let f,, — f uniformly on compact sets of R and let u,, —
w in C(Q). Then

(3.3) Ty, (un) — Tr(u) in C(Q).

PROOF. Set v, =Ty, (uy), v =Ty(u). Then
(3-4) —A(vn —v) = fulun) = f(w).
By the convergence of u, to u in C(Q), we may assume that
(3.5) [unl, lul <M in Q.

Since f is uniformly continuous on compact sets of R, by (3.5) we have for
any € > 0,

|fn(un) = f(u)] < | fo(un) = fun)| + |F(un) = fu)] <e

if n is sufficiently large. Thus f,(u,) — f(u) in C(2) and by the usual estimates
for the equation (3.2) we deduce that v, — v in C*(Q) and hence in C'(Q) . O

PROPOSITION 3.2. The map Ty : C(Q) — C(R) is compact.

Proor. We just saw that Ty is continuous. Further if A is a uniformly
bounded set in C(2), so is f(A) = {f(u) : v € A}. Then, once again by
standard estimates, T(A) = {Ty(u) : u € A} is bounded in C'(£2) and hence is

a compact subset of C'(€2). O

Now if f is continuous, we set

(3.6) fo=poxf

where p, for € > 0, are the usual mollifiers. We then know that f. — f uniformly
on compact sets of R. Further f. € C°°(R) and so is locally Lipschitz continuous.
We now define 7T': [0, 00[ x C(Q) — C(Q) as

(37) {T@vu)—TfE(u), e>0,

T(O, u) = Tf(u)

Then we are in the situation described in Section 2. We can now prove
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THEOREM 3.1. Let Q be a sufficiently smooth bounded open set in RV,
convez in the xq-direction and symmetric w.r.t. the plane 1 = 0. Let u €
H}(Q) N C(Q) be a solution of (3.1), with f nonnegative and continuous on R,
which is isolated and such that i(I — Ty, u,0) # 0 in C(Y). Then u is symmetric

in x1 and non decreasing in the xi-direction for r1 < 0.

PROOF. By Theorem 2.1, we have that there exists u. € C(Q) such that
ue — u in C(Q) and ue = T}, (u:). Hence u. solves (weakly) the problem
{ —Au. = fe(ue) in Q,

(3.8)
u: =0 on 0f).

Since f > 0, we also have f. > 0 and so us > 0 in 2. By the regularity of f.
we deduce that u. € C?(Q2) and hence the result of Berestycki and Nirenberg [2]
yields that u. is symmetric and strictly increasing in the x;-direction for z; < 0.
Thus the result follows. O

COROLLARY 3.1. Under the assumption of the previous theorem, if 0 is
a ball, then u is radial and radially decreasing.

PrOOF. If Q is a ball, then the u. are all radial and so u is radial. Hence it
verifies the equation

="M ()" = flu(r)).

Integrating this from 0 to r gives u/(r) < 0, since f is nonnegative. O

COROLLARY 3.2. Let f > 0 Hélder continuous of order a € ]0,1[ on R.
Assume that (3.1) possesses a finite number of solutions. Then one of them is
symmetric (in the sense of Theorem 3.1).

PRrROOF. The result would follow directly from Theorem 2.2, provided we
show that there exists a constant C' > 0 such that if u, is a solution of

—Au, =0 f(u,) in Q,
(3.9) f(ug)
Uy =0 on 0,

for some o € [0, 1], then ||us||co < C. Now,

|f (ue)l < | (ug) = FO) + [F(0)] < Cifug|™ + [£(0)]-

Thus
I[f(uo)lloo < Chlluq|[S + Co.

Hence, from standard estimates for the solution of (3.2), it follows that
Hucr”oo < Cs||ug||go + C4.

If ||tg]]oo Were not bounded we get ||uq||L5® < Cs + C4fuy||2® which would
give a contradiction. Hence the result. O
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4. The case of the p-laplacian

Let © ¢ RY be a bounded smooth open set and let p > 1. Let f : R — R be
a given function such that

(4.1) feC*R) and f>0.

Let 0 < e <1and u € C(Q). We set w= T(g,u) to be the weak solution in
WP (Q) of the problem

(4.2) —div((|Vw|? +)P=2/2Vw) = f(u) in Q,

. w=0 on 0N.

If u € C(Q), then f(u) is continuous on Q and hence belongs to L>(f2). Thus
the solution of (4.2) exists uniquely and, by regularity results (see [3], [13], [5]
and [10]), we have that T(g,u) € C1*(Q2). Hence T(e,u) maps C(Q) into itself.

We now proceed to show that the map T verifies the hypothesis of the ab-
stract result of Section 2.

PROPOSITION 4.1. Let p > 1 and let T : [0,1] x C(Q) — C(Q) be defined
as above. Then T is continuous and for each ¢ > 0, T(e, -) : C(Q) — C(Q)

18 compact.

Proor. Let ||ullcc < M. Then ||f(u)llcc < M" = sup;_p;aq|f|- By the
regularity estimates (see [3], [13], [5], [10] for example) we have

(4.3) 1T (e, W)l ora@y < Cllf (W)l

with a constant C' which does not depend on w and . From (4.3) we deduce
that T is compact. Moreover let &, — g9 > 0 and u, — u in C(Q). Set
wy, = T(en,upn) and w = T'(g9,u). Then we can apply (4.3) to w, obtaining
the existence of a subsequence wy,, converging to w in C(Q2). This proves the

continuity of 7. O

Since T satisfies the hypothesis of Theorem 2.1, an isolated solution u of
(1.2) with non-zero index can be realized as the limit in C(Q) of u. where

(4.4) ue = T(e, ue),
as ¢ — 0. Note that (4.4) says that u. € W, *(Q) N C(Q) is a weak solution of

_div 2 (p—2)/2 _ .
(45) { div((|[Vue|* +¢) Vu.) = f(u:) in Q,

ue =0 on 0f).
Moreover, since f(u.) € L>(2), we have that u. belongs to L>, and hence

by the regularity theory for quasilinear equations (see [3], [5], [13], [10]) we get
that u. € C%(Q), for € > 0 (i.e. when the equation is nondegenerate).
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If w > 0 we also have that u. > 0 by the strong maximum principle (see [14]).
We now just have to prove symmetry results for positive solutions of (4.5) to
deduce those for solutions of (1.2). This we proceed to do in the next section.

It is not difficult to see that we may define T'(¢,u) = w as the solution of

(4.6)

—div((|[Vw|? +¢)P=2/2Vw) = f.(u) in Q,
w=0 on 012,

where f. — f uniformly on compact sets of R and again prove that T verifies all
the hypothesis of Section 2. Thus using f. = f*p. as in the case of the Laplacian,
we can still assume that f is just continuous.

5. Symmetry results for the p-laplacian

In this section we will deduce some symmetry results for positive solutions
of the problem (1.2). To use the approximation procedure outlined earlier, we
need first to prove symmetry results for solution of the perturbated p-laplacian.
We now do this, closely following the approach of Berestycki and Nirenberg [2].

THEOREM 5.1. Let Q C RY be a bounded domain which is convex in the x1-
direction and symmetric w.r.t. the plane x1 = 0. Let f € C*(R) and u € C?(Q)
be a positive solution of the problem
{ —div((|Vul? + &)P=2/2Vu) = f(u) in Q,

5.1
(5:1) u=20 on 012,

where p > 1. Then u is symmetric w.r.t. 1 and Ou/0x1 <0 for x1 > 0 in Q.

REMARK 5.1.

(i) Tt is in fact enough to consider f locally Lipschitz continuous.
(ii) If Q were a ball, then it follows that u is radially symmetric and de-

creasing.

PROOF. Let z = (z1,y) € RV, with 2; € R, y = (22,...,7x) € RN7L. Let
—a = in£2 z1, a > 0. We denote by T), the plane 1 = A\ and set
e

(5.2) Z,\:{l‘EQ|l‘1<)\}.

In X, we define the functions vy and wy by

{ ua(x1,y) = w2\ — z1,y),

Step 1. We start by proving that w) satisfies in ¥, an uniformly elliptic
equation. To do this we follow the procedure of [11].
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Since u € C?(Q) is a solution of (5.1), we can write (in non-divergence form,
using the summation convention)

(54)  —(|Vu|?> + )P 22 Au — (p — 2)(|Vul* + &) P=V/20,ud;udiju = f(u)
and

(5.5) —(|Vv>\|2+5)(p_2)/2Av>\—(p—2)(|Vv,\|2—|—5)(p_4)/28w,\6jv,\8ijv>\ = f(vy).
Multiplying these equations by 2 and subtracting we obtain

(5:6)  [(Vor2 + )72 4 (Tuf? + ) #=/2)Aw,
+(p = 2)[(IVor]? + &)= V/20,0:0;05
+ (|Vul? + &)~ 4)/28 udju) 0wy
[(‘VU)\P"‘E)(I) 2)/2 _ (|Vu|2+g)(P—2)/2]A(u+v/\)
+(p - )[(lvwlz+€)(”‘4)/28-m6-w
— (IVul? + &) P=9/20,u0,u)0;5 (u + vx) = 2(f(u) — f(va)).

Applying the mean value theorem to the terms

(IVorl? + )22 — (|Vuf* 4 £) =272,
(IVorl? + &) P=9729,030;ux — (|Vul? 4 €)P~H/20,ud;u,
f(u) - f(v)\)a

we get that w) satisfies the following equation in Xy

(5.7) a;\j(x)aiju»\ + bg\(x)aiwA + cA(x)wA =0.

Ab)\

where the coefficients a;;, b and ¢ are all bounded. In particular

(5.8) ayy (@) = [(|Vor]* + )P~ 4 (|Vul* + ) P25,
+ (p = 2)[(IVoal? + 2) P~ Y/20;020;0x
+ (IVul® + &) ®=9/29,ud;u].

Now consider

(5.9) > atig; =[(IVorl? + )22 4 (|Vul® 4 £) P22 ¢
=2 (Vo2 +0)0 (Zawa)

2
(09?2002 (Coug) |
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If p > 2, we may ignore the second term of the right-hand side. If p < 2, then

2
(Tous) <IvuPle? < (vuP + o)l

2
(T ome) <ITuli? < (Vo + 2l

and (5.9) yields
D a6l > [(IVoal? +6) 07272 4 (|Vul® + ) P=2/2)j¢)?
4,J

+ (= 2[(Vorl? + )27 4 (|Vuf® + ) P~2/2) ¢ ?
=(p = DI(Voal? + )22 4+ (|Vul® + ) P2/ )¢ 2.

Thus, in either case, we have

(5.10) D a&ls > K[([Vor* + &) P22 4 ([Vuf? + &) P22 ¢ ?

4,
(with k =1ifp>2and k =p—1if 1 < p < 2), which proves the uniform
ellipticity of the equation (5.7).

Step 2. We are now in a position to argue exactly as in Berestycki and
Nirenberg ([2]). Let
—a = inf{x; | (z1,y) € Q}.
Observe that for 0 < A 4+ a small, the domain ¥ is narrow in the x;-direction.

Hence, by a version of the maximum principle (see [2]), since wy > 0 on 90Xy
but wy #Z 0 on 9% (as u = 0 while vy > 0 on X, N IN),

(511) wy >0 in Xy.

Let (—a, p) be the largest interval of values k such that (5.11) holds. We claim
that p = 0. If not, we have u < 0. By continuity, we know that w, > 0 on X,
and if p < 0, we have wy # 0 on 0X,. Hence, by the maximum principle, we
again have w,, > 0 in X,. Fix a 6 > 0 arbitrarily small and consider a compact
set K C X, such that

X, \ K| <8/2.
By compactness, we have w, > 7 > 0 in K and so, by continuity, it follows that
for small 9, |X,,45 \ K| < 6 and w,45 > 0 on K.
In the remaining portion X,,s5 \ K = s, wys verifies equation (5.7), with A
obviously replaced by 4+ 6; further, w,4s > 0 on 0%, 45 and is not identically
zero there. Then by the Proposition 1.1 of [2] and the strong maximum principle,
it follows that w,4s > 0 in ¥, s which contradicts the maximality of p.
Thus i = 0. Now, applying the Hopf lemma to wy on the plane T\ C 9%y, we

0 : 1o} : 1o} 0
get 5.-(z) <0, ie 5-(x) > 0for z1 = A < Osince 5% = —25*.
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We can apply the same procedure starting from A = a to get the symmetry
result since it will prove that w, =0 at p = 0. O

REMARK 5.2. In the proof of the above theorem, the hypothesis u € C%(Q)
is used to derive the equation (5.7) and to ensure that the coefficients of the
differential operator are bounded.

THEOREM 5.2. Let Q be a bounded smooth open set of RN and f a nonnega-
tive C*-function. Let u € WyP(Q) N C(Q), be a positive and isolated solution of

{ —div(|Vu[P~2Vu) = f(u) in Q,

(5.12)
u=0 on 012,

such that i(¢,u,0) # 0 in C(Q) (here ¢ = I —T(0, -) is as defined in Section 1).
Then u is symmetric in x1. If Q is a ball, then u is radially symmetric.
Proo¥r. The proof follows immediately from the fact that v = lir% ue in C(Q)
E—

where the u. € C%(Q) satisfy (5.1) and hence are all symmetric. O

COROLLARY 5.1. Let f be Holder continuous of order a € 10,1 on R. Then
whenever (5.12) admits only a finite number of solutions, at least one of them

18 symmetric.
PROOF. By Theorem 2.2, it suffices to show that for o € [0, 1], solutions u, of
—div(|Vue|P2Vu,) = o f(u,) in Q,
(5.13) (IVue| ) (uo)
Usy =0 on 0f,

are uniformly bounded in C(Q). But, since f is Holder continuous and estimates
analogous to (4.3) hold for solutions of (5.13) we have

|uolloe < Cllf (Uo)lloe < Chlluclls +C2y a <1
which implies the uniform boundedness of the solution wu, . O

As mentioned in the introduction we now exhibit an example of a positive
solution of (5.12) in a ball which is symmetric but not strictly radially decreasing
when p > 2 and N > 1.

EXAMPLE 5.1. Let us consider the equation (5.12) where Q = B(0,2) =

B c RN, N > 1. Let us consider the functions

1— (] - D> if1<|z| <2,
u(z) =

1 if |z| < 1,
and

F(t) =a? (= 1)p — (1 — plle D2l

(1 —t)le=Dp-1/a

LN -1
+ « ( ) 1+(1—t>1/a )

te[0,1]
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witha > p/(p—2)ifp>2o0ora>p/(p—1)if 1 <p<2 So f(t)>0and f
is C! when p > 2 while f is only hélder continuous when 1 < p < 2.

Let us prove that u is a solution of (5.12) corresponding to the previous

nonlinearity f. Let ¢ € C§°(B) and

(1]
2]

(4]

[5]

[6]

8]

9]
[10]
[11]

(12]

[ v vuve = —art [ 3 el - y@-e-n L 00
B

N

1<|z|<2 i=1 |x\ O

N 0 T
— 4p-1 i _ 1\(a=1)(p—1) L1
| ¢Zaxi[<'“' 0 m}

1<lzl<z 1
ot [ o@D - D] - e
1<|z|<2
_ )1 (p-1)
+ v -l )I:vl )

_ / Flu(z))e = / Fu(z))e.
B

1<|z|<2
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