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1. Introduction

The aim of this paper is to establish a quantum probabilistic counterpart to the well-
known Trotter product formula for one-parameter unitary groups and contraction
semigroups [25] and its forerunner, the Lie product formula for one-parameter sub-
groups of Lie groups (see [4, 21, 22]). Some years ago K. R. Parthasarathy and
the second-named author obtained a stochastic Trotter product formula for unitary-
operator valued evolutions constituted from independent increments of indepen-
denta classical Brownian motions [18]. This predated the founding of quantum
stochastic calculus by Hudson and Parthasarathy [8]. In this paper Brownian incre-
ments are replaced by the fundamental quantum martingales, namely the creation,
preservation and annihilation processes of quantum stochastic calculus [2, 6, 9,
15, 17, 23], and we prove a Lie-Trotter type product formula for unitary quantum
stochastic processes on a Hilbert space which satisfy a quantum stochastic differ-
ential equation with constant bounded coefficients. The case of quantum stochastic
differential equations with unbounded coefficients, and more general kinds of quan-
tum stochastic cocycle on operator spaces and C*-algebras, will be addressed in the
forthcoming paper [11].
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2. Unitary Quantum Stochastic Cocycles

In this section we fix our notations and recall the essential facts about quantum
stochastic differential equations and unitary quantum stochastic cocycles that we
need here.

Let k be a complex Hilbert space, with fixed countable orthonormal basis,
which we refer to as the noise dimension space. Write Fy for the symmetric Fock
space over the Hilbert space K := L?(R; k) and @(f) for the normalised expo-
nential vector exp(—|| f||2/2) (f), f € K. When R, is replaced by [s, t[, we write
Kis,i and Fy |5 ¢ Instead; the continuous tensor decomposition

Tk = Fi0,5] @ Fi,[s,t] @ Fi,[t,00]>

corresponding to the direct sum decomposition K = Kjg o & Ks s & K[t,o0[; 18 In
constant use below. For a start, a bounded quantum stochastic process on an initial
Hilbert space ) with noise dimension space k is a family of operators (X;):>0 on
h ® Fi satisfying the adaptedness condition

Xt € B(h® Fi o) @ L7, [t,00] = B(0)@ B(Fijo,1) ® L7, [t,00] » (2.1)

forallt € Ry. For f € K, fi,4 denotes the function equal to f on [s,?[ and
zero elsewhere; ¢, is defined similarly, for ¢ € k. Let Sy and Sj denote the
subspaces of K consisting of step functions, respectively step functions which have
their discontinuities in the dyadic set D := {j27" : j,n € Z,}, and let & and
&, be the (dense) subspaces Lin{e(f) : f € Sk} and Lin{e(f) : f € S, } of
Fy. For evaluation purposes, we always take the right-continuous versions of step
functions. The order of a function f € S, is the least nonnegative integer N such
that f is constant on all intervals of the form [j2=, (j + 1)2=N [ for j € Z,..

The time-shift semigroup (©F);>¢ of unital *-monomorphisms of B(Fy) is de-
fined by

OF(X) = Ir, o, @ T(O5)XT(65)", t€ Ry, X € B(F),

where T'(6}) : Fi. — F,[t,00] 18 the unitary (second quantisation) operator deter-
mined by

T(0F)w(f) = w(0kf) where (05 f)(s) = f(s —t) for s € [t, 00[.

Let {A) : u,v > 0} denote the fundamental quantum semimartingales for
the noise dimension space k, with respect to its fixed orthonormal basis. Then the
quantum stochastic (QS) integral equation

t
Uy = Iygr, + / UsFIAY (ds) (2.2)
0

(where summation over the repeated greek indices is understood), has a unique
strongly continuous solution, consisting of unitary operators on h ® Fy, provided
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that the matrix of bounded operators [F'] on the initial space b satisfies the follow-
ing structural relations [8]. It must have the block matrix structure

[[5] [W%éﬂ] '

of an operator F' € B(h @ (h ® k)), where [L7] is the block column matrix

of an arbitrary operator L € B(h;h ® k), [W}] is the block matrix form of a

unitary operator W € B(h ® k), [Mj] is the block row matrix of the operator
1

M = -L*W € B(h®k;h), and K = iH — §L*L for a selfadjoint operator

H € B(h), so that

. < 1 o
_ *1177 I *
My = — §4>1(L3) Wi k= 0,andK =iH — §'>1(LJ) L.
J=Z J1=

These structure relations may equivalently be expressed by the following two
identities, for all v = (v/) ;>0 inh @ (h @ k) = D5, b

D W (E) Y (F)E)) =0, (23a)
w20 -

D W () + F+ Zj>1 FY(FY) )v") =05 (2.3b)
wv20 -

the first corresponds to isometry and the second to coisometry.
A contractive quantum stochastic process (U ):>0 satisfying

Us+t = Us®s(Ut)7 UO = Ih®]:7 st > 07 (24)

where (0 := idp(;)® ®¥)t>0’
If (Ut)e>0 is a QS contraction cocycle then the operators on § defined by

is called a quantum stochastic contraction cocycle.

(u, Pw) = (u@w(0),Usv @ w(0)) wu,v€Ebh, teR,,

define a contraction semigroup (P;);>0 on h known as the (vacuum) expectation
semigroup of the cocycle, and the cocycle (Uy)¢>o is called Markov-regular if its
expectation semigroup is norm-continuous.

Theorem 2.1. [12] Let (Uy)>0 be a unitary quantum stochastic process on by with
noise dimension space k. Then the following are equivalent:

1. (Up)i> satisfies (2.2), for a matrix of bounded operators [F}'];
2. (Ut)t>0 is a Markov-regular quantum stochastic cocycle.

The implication (i) = (ii) follows from the form that solutions of such QS dif-
ferential equations take, by virtue of the time-homogeneity of the quantum noises:

L7, 10, © DAL [0, 00 (07)" = Aba+ b+ ],
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and the time-independence of the coefficients of the QS differential equation.
The converse implication (ii) = (i) may be deduced from the Quantum Martin-
gale Representation Theorem [19] applied to the regular quantum martingale

(v - /0 UK ds)tzo

in which the operator K is the generator of the expectation semigroup of (Ut)¢>0
(see [7]). However the more powerful method of proof in [12] goes via the follow-
ing intermediate characterisation which is of considerable use itself, as we shall see
below:

(iii) there are semigroups {(P“%);>0 : ¢,d € k} such that, for all f,g € S and
te Ry,
(w®w(fioap)s Vi v ©w(g0,0)) = {u, LRI BIEn20m), 2.5)

m+1—tm

where tg = 0, t;,41 = tand {t; < --- < £} C D is the (possibly empty)
union of the sets of discontinuity of f and g in the open interval |0, ¢[.

Remarks : The matrix of bounded operators [F}'] necessarily satisfies the structural
relations required for unitarity (2.3).

The identity (2.5) is known as the semigroup decomposition and the collection
{(Ptc’d)tzo . ¢,d € k} as the associated semigroups of the cocycle. Clearly the
associated semigroups are determined by

<U, PtC7d/l)> = <u ® w(c[o,t[)’ Ut v w(d[o,t[») u,v € ha (26)

and (P%0), is the expectation semigroup of the cocycle.
In fact, each associated semigroup (P%), is itself the expectation semigroup
of another unitary QS cocycle, namely the cocycle

(U = (0 ey U1y @ W)

>0’
where the Weyl cocycles are defined by
Wiw(f) = e" ™ot lio(f +cy), fESk cek, t €Ry.

Markov-regularity for a QS contraction cocycle actually implies that all of its
associated semigroups are norm-continuous. In fact, in terms of the block matrix
form of [F}}'], the semigroup (P*%);>0 has bounded generator

1
Gea =K+ L+ Mg+ W§ — S (llel* + ||d|*) Iy, @7

where, in terms of basis expansions of ¢ and d, the operators here are defined as
follows:
L°=) dIl, My=> d*"Mpand W= Y dd"Wj,
Jj=1 k>1 Jk>1
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the convergence here being in the strong operator topology (see [13]).

Given a unitary QS cocycle (U;)i>0, the family (Us; 1= O5(Ug—g)))o<s<t 18
a time-homogeneous adapted unitary evolution, that is: foralla > 0and 0 < r <
s <t

1. Us+a,t+a = ea(US,t);
2. Usy € B(h) @ Ir, p @ B(Fic o) @ L7 oo
3. Ur,r',t = U’!’,S U57t-

Conversely, if (Ust)o<s<¢ is such an evolution then (U; := Up )0 defines a
unitary QS cocycle, and it is easily seen that the passages between QS cocycle and
adapted time-homogeneous evolution are mutually inverse.

The corresponding QS integral equation satisfied by (Us ¢)o<s<¢ is

t
U,«,t = Ib®]:k +/ Ur,sF#AZ(dS)'

Adapted evolutions that are not time-homogeneous arise as solutions of QS
differential equations with time-dependent coefficients [F}'].

3. Trotter Product of Quantum Stochastic Cocycles

Let (U})i>0 and (U?)s>0 be two unitary QS cocycles on the same initial space b,
with noise dimension spaces k; and ko having fixed countable orthonormal bases.
Suppose that they are both Markov-regular, equivalently that they satisfy QS dif-
ferential equations

dU! = U! (I)FIZZ AV (dt), Ul = Lo r)s (3.1)

I = 1,2, for matrices of bounded operators [(VF/] and [PF}2] satisfying the
structural relations which guarantee unitarity of the processes. Here F(1) and F(?)
denote the Fock spaces Fy, and Fy, respectively.

Our aim is to obtain a unitary cocycle (U;)>¢ as a Lie-Trotter type product of
the cocycles (U})¢>0 and (U?);>0, in the same spirit as that of [ 18]. To this end let
k be the noise dimension space k; @ ko, set F = Fy, and, by ‘concatenating’ the
orthonormal bases for ki and ks to form an orthonormal basis of k, let [F}'] be the
matrix of bounded operators on h having block matrix form

WK + @ Mpg @
K- M ] _ | op oy 0 (32
(L] Wi = 03 1] @7 0 @ — @

Here (T := Iygy, and

0] 7¢ [(Z)M ]
Opm — 4 Rl
e [[@w (Wi — 51
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is the block matrix decomposition of (/F, in which

OK = iH, — % Z((l)sz)* Ordr and (H)* = Hj,
Jizl

for | = 1,2. (We are slightly cheating in terms of indices since if the noise di-
mension space k; is infinite dimensional then we cannot exactly count 1,2, --- |
dim k;,dimk; + 1,---. However all is justified by a proper indexing, or alterna-
tively by working coordinate-free as in [11]) Thus, setting H = H; 4+ Ho,

, 1 L
K:zH—§Z(LJ) L

Jj=1
=ity +iHy — o Z(< Ly ((Wpiny — 3 Z(< )L72)* (P32, and
J121 J221
M) = [ = Ons O — @] = | =3y
Jj=1

Thus [F}'] satisfies the structure relations (2.3) for unitarity of the solution of
the QS differential equation (2.2) to be unitary.

For ¢!, d' € k; let ((Z)Ptcl’dl)tzo denote the corresponding associated semigroup
of the cocycle (Utl)tz(] (I = 1,2). For each n € N define a unitary process

(U,(Lm) (t))t>0 as follows:

1,2) (1,2 1,2 1,2
U,sl’z) (t) := (U(gy27)nU2(7n’)2'27n e Ut(ﬁl,zg)Ut(g»t)’ te Ry,

where, with [ - ] denoting the integer part,
tr=2""(2"] + k) forkeZ,T>—[F"~], (3.3)

and, letting 5 1 denote the tensor flip B(f)@]—"(z) ®,7-'(l)) — iB(h@]-‘(l) @}‘(2)) —
B(h® F),
vl =e.ul?),  o0<s<t, (3.4)

where
Ut(172) = (Ut1 R 1(2))2271 (Ut2 ® I(l)), teR,.

Here 1) is the identity operator on F() (I = 1,2), and we are using the natural
isometric isomorphism F(1) @ F(2) = F. Also define a family of contractions on

b by
(u, WIPE0) = (@ w (e, Uy v @ w(dg)), wv e,

forc,d € kandt € Ry (cf. (2.6)).
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Remarks : Foreacht € R, n € Nand k as in (3.3),
t <tptt <t <Pt <tPand |tp,, — 7] =27

In particular the sequence (¢7') decreases to ¢ and the sequence ({}) is nondecreas-

ing and converges to .
In general, neither (Ut(1’2))t20 nor (UT(LI’Q) (t))e>0 are cocycles themselves. How-

ever they are both unitary QS processes and the two-parameter process (U, 8(7175’2) Jo<s<t
enjoys the factorisations

Us(,lt’Q) € B(h)@I0,5@ B(Fis 1) @ L o0 (3.5

in which I  and I, o[ denote the identity operators on Fjg s and F; o[- By the
same token, ((12P%?), is typically not a semigroup.

Lemma 3.1. Let (U})i>0 and (U?)>0 be unitary QS cocycles on b with noise
dimension spaces ki and ko respectively. Set k := ki ® ko and let (Ut(m))tzo be
as defined above. Lett € R, then for c = (i;) d= (gé) € k =ki ® ko,

(1’2)Pt(07d) _ (1)Pt617d1 (2)Pt02’d2,

and, for f,g € S| and n greater than the orders of both f and g,

(u® w(f[o,t[)a Uém) tve w(g[o,t[» =
<u, ((1,2)P2f_(2),g(0) (1,2)P2f_(i‘"),g(2‘”) o (1,2)P2f_(f:ll)vg(t11))(1,2)P(£(_t§62;g(t3) U>.

Proof: These both follow from factorisations; the first from

(u® @ (e ) (U v @ w(di )
=(u® W(C[lo,t[)Utl (E*UfFv) @ w(d[lo,t[))>7

where E and F are the isometric operators h — § ® F(2) defined respectively by
VU w(c[Q07t[) and v — v ® w(d[?(),t[); in turn, the second from the semigroup
decomposition (3.5) and @ (h) = w(hjg 5) @ @ (h[s ) @ @ (ht,00(), fOr b = £, g.0

We now come to our quantum stochastic product formula. For its proof we use
the following version of the classical Lie product formula. For bounded operators
Z1and Z; on b,

(eh? ehzg)[t/h] — M+ 22) a5 0, (3.6)

in operator norm, uniformly on bounded time intervals (see e.g. Theorem VIII. 29
of [21], where the proof is obviously valid for operators).

Theorem 3.2. Let (U} )1>0 and (U2 )>0 be unitary QS cocycles on by with noise di-
mension spaces ki and ko, satisfying the quantum stochastic differential equations
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(3.1), and let (U)o be the unitary QS cocycle on by with noise dimension space
k := ki @ ko satisfying the QS differential equation (2.2) where [F}'| is given by
(3.2). Then,

U (t) — Uy as n — oo, (3.7)
in the strong operator topology on B(h @ F), for eacht > 0.
Proof: Lett € R. First note that, since U, is unitary and each UH? (t) is unitary

and so a contraction, it suffices to prove that U,SLQ) (t) — Uy in the weak operator

topology. Also, the uniform boundedness of the operators U,SM) (t) means that it
suffices to fix u,v € hand f = (ﬁ),g = (g;) €S}, C L¥(Ry; k = kg @ kg), and
prove the following:

(u® w(fio) UL () v @ w(g.0)) — (4 ® w(fio4)Urv @ w(gpos))- (3-8)

By the semigroup representation (2.5),
t0)g(t tm).g(tm
RH.S. of (3.8) = (u, P[U5}900) .. pftm)alim)y (3.9)
where tg = 0, ty41 = tand {t; < -+ < t,,,} C D are the points in ]0, ¢[ (if any)
where f or g has a discontinuity. For n greater than the orders of the step functions
f and g, Lemma 3.1 implies that the L.H.S. of (3.8) equals

<u, ((1)P2fjnto),91(to) (Q)Pin(LtO)’gQ(tO))Wm_to)] o

o ((1)Péfj7(fm)7gl(tm) (2)P2]cf£tm)»92(tm))[2”(tm+1—tm)]

Dpfttm),g (tm) (2)pf2 (tm),92 (tm)
(¢ )P(tftg) g ( )P(tftg) g )U>

The Lie product formula (3.6) and the joint continuity of operator composition
on bounded sets, therefore implies that

lim (L.H.S. of (3.8)) = (u, Q")) @fthm)altm)yy (3.10)

n—oo - tm+1_tm
cdy : (1) @)
where (Q;"")1>0 is the semigroup generated by G, + G 5’ »- Now

G + Gl = K+ WL 4 OMpy 4 OWG = (et + ' [2)

c?,d?
+OK + OLF 4 Oy + OWE — L(|12)1% + 142 I
— K+ L+ Mg+ W5 — L(|le|® +||d|*) I,

which, by (2.7), is the generator of the semigroup (Ptc’d)tzo, for each ¢, d € k. The

result therefore follows from (3.10) and (3.9). O
Remark : The joint continuity of operator composition on bounded sets also gives
a straightforward extension of this result to time-homogeneous adapted unitary evo-
lutions (Us ¢ )o<s<t:

Uél’Q)(s,t) — Usy asn — 00,
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in the strong operator topology, for all 0 < s < ¢, where

U (s, 1) = UL (UG B05 2 - U2 Uy,

8,87 s1,85 7 8,8 tn oty iyt

4. Extensions and an Example

The quantum stochastic product formula also holds for Markov-regular QS con-
traction cocycles, with the same proof, since these are equally characterised as
contraction processes which satisfy a QS differential equation of the form (2.2),
in other words Theorem 2.1 still holds; contractivity of the cocycle corresponds
precisely to the matrix of coefficients of the QS differential equation satisfying the
inequality

#;OWJ, ((F) =+ By ijl(Fﬂ)*Fﬂ Jv¥) <0,

equivalently,

Z (vt ((Fll;)* + Fl + Zj21 Fj“(FjV)* )UV> <0,

w,v>0
forallv = (vM),>0 € h® (CB k) = @szh [5, 16], cf. the equalities (2.3) for
the unitary case. However in this case the convergence of the Trotter products is
only assured in the weak operator topology (or rather in the hybrid norm Fy-weak
operator topology, see [14]).

Using an extension of the standard Trotter product formula to products of sev-
eral semigroups, our QS product formula extends to cover a finite number of QS
unitary (or contraction) cocycles (U} )>0, ... » (UF)¢>0. The coefficient matrix for
the QS differential equation of the resulting QS cocycle will then have the block
matrix form:

(VK +... 4+ K Opr @ . ®epr 7
My, Wy — Or 0 . 0
@), 0 @ — @
: : . . 0
I (r), 0 e 0 W — (p)]_

Example : The cocycles considered in [18] are the random unitaries defined by
Ul<8,t,wl) _ 6i((.ul(t)—(.ul(s))Hl7 0<s<t,

for | = 1,2, where w' and w? are paths of two independent classical Brownian
motions (B}):>0 and (B?):>0, and Hy and H are selfadjoint operators on a Hilbert
space h. Recall the notation (3.3). By viewing w := (w!,w?) as a path of the two-

dimensional Brownian motion (( B}, B?))+>o with probability space €2, and

U(1,2) (s,t,w) = ei(wl(t)—wl(s))Hl ei(w?(t)—u;Q(S))HZ7 0<s<t,
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as multiplication operators on L?(€2; ), it is shown—under the assumption that the
nonnegative symmetric operator (H)? + (Hz)? is selfadjoint—that the sequence

( 7(11’2)(5, t,w))n>1 of unitary operators:

U(LQ)(S? 5?7 w) (U(1’2)(87117 ng w) T U(1’2) (tT—le tg, w))U(LZ)( 87 t7 w)

converges in the weak operator topology to the unique contraction-operator valued
process satisfying the classical stochastic differential equations

di U(s, t,w)v =i U(s, t,w)HivdB} (w) 4+ i U(s, t,w)Hyv dB (w)
— 3 U(s, t,w)((H1)? + (Hy)*)vdt

for v € Dom (Hy)? + (Hz)?, and that if the process (U (s, t,w))o<s<¢ is unitary-
valued then the convergence is strong.
Remark : Under the assumption of selfadjointness of 27:1 (H;)?, the correspond-
ing result is shown to hold for any finite number of such unitary cocycles
(Ul(s, t,w))tzo, = 1, ey d.

This may be recast in our quantum stochastic setting by identifying the Brown-
ian motion (B!);>( with the quantum stochastic process (Q} := (AL* + AL)7);>0
on F() (where the bar denotes operator closure), and setting

Ul = m®) ¢ >0,

where H;(t) is the selfadjoint operator H1®Q§l) onhoFO, forl =1,---,d. Here
however the coefficients of the corresponding differential equation are unbounded,
with coefficients having block matrix form

1 .
Op — [_Q(HI)Q ZHl] , o l=1,---,d,

iH 0
and
—1K iHy --- iHy
iHy 0 -+ 0 5 5
F = , . . | where K = (Hy)* +--- (Hg)".
iHg 0 -+ 0

This class of example is discussed in more detail in [11].

5. Concluding Remarks

The methods of this paper extend to more general QS cocycles. Firstly, quantum
stochastic Trotter product formulae may be obtained for completely contractive QS
cocycles on operators spaces and completely positive QS cocycles on C*-algebras.
Secondly, strongly continuous (as opposed to Markov-regular) QS cocycles may be
shown to satisfy the QS Trotter product formula developed here. Conversely, the
formula may be used to construct QS cocycles from simpler cocycles with lower
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dimensional noises. This yields potential applications to multidimensional diffu-
sions. The basic conditions under which Trotter products converge is that the sum
of sufficiently many pairs of associated semigroup generators are pregenerators
of contraction semigroups. Here the assumption of analyticity of the expectation
semigroups of the constituent cocycles helps ([10]). As in the Markov-regular case,
strong (as opposed to weak) operator convergence holds for Trotter products of iso-
metric QS cocycles if and only if the limiting cocycle is isometric. Coisometry, on
the other hand, is equivalent to isometry of the dual cocycle (see [9]). Unitarity for
strongly continuous contraction cocycles is assured when the cocycle satisfies a QS
differential differential whose coefficients satisfy Feller conditions (see [23]).

All these extensions are treated in [11]. They are facilitated by characterisa-
tions of QS cocycles in terms of (a small number of) their associated semigroups
([1, 14]). Here Skeide’s multidimensional generalisation ([24]) of a theorem of
Parthasarathy and Sunder ([20]) plays a key role. The homomorphic property of
Trotter product limits of Evans-Hudson type cocycles on operator algebras is tack-
led in [3].
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