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ON A CONJECTURE OF LIN-NI
FOR A SEMILINEAR NEUMANN PROBLEM

ADIMURTHI AND S. L. YADAVA

ABSTRACT. Let Q be a bounded domain in R* (n > 3) and 4 > 0. We

consider
—Au + Au = u"*D/(=2) jp Q)
u>0 in Q,
du =0 on dQ,
ov
and show that for A sufficiently small, the minimal energy solutions are only
constants.

1. INTRODUCTION

Let n >3 and Q C R” be a bounded domain with smooth boundary. For
1 <p< oo and 4> 0, we consider the following problem

—Au+iu=u’ inQ,

(1.1) u>0 in Q,
£()—u—=0 on 9Q.
ov

This is the stationary problem for the Keller-Segal [11] system which describe
the chemotactic aggregation stage of cellular slim molds (see also Schaaf [16]).
Clearly u = A/®-1 js a solution of (1.1). In general the existence of noncon-
stant solutions depend on A and p.

For p < (n+2)/(n-2), problem (1.1) has been discussed by Lin-Ni-Takagi
[13]. They showed that there exist positive constants 4y and A;, with A5 < 4,
such that, for A > 4, (1.1) admits a nonconstant solution and for A < 4, (1.1)
does not admit any nonconstant solution.

When Q is a ball, Ni [14] has shown that for any p > 1, there exists a
A1 > 0, such that, for 4 > 1;, (1.1) admits a nonconstant radial solution. In
Lin-Ni [12], it has been shown that if p # (n + 2)/(n — 2), there then exists
a A9 > 0, such that, for A < 4, (1.1) does not admit any radial nonconstant
solution. In view of these results, Lin-Ni [12] made the following

Conjecture. For p > 1, there exist positive constants Ay and Ay, with Ay < 4;,
such that
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(a) If A> Ay, then (1.1) admits a nonconstant solution.
(b) If A < Ag, then (1.1) does not admit any nonconstant solution.

Now we analyze (1.1) for the critical case p = (n + 2)/(n — 2). Using the
variational techniques, Adimurthi-Mancini [2] (see also X. J. Wang [17]) has
shown the existence of a minimal energy solution of (1.1) for every 4 > 0.
Moreover by comparing the energy of these solutions with that of constant
solutions, they obtained a constant A; > 0, such that, for A > A;, the minimal
energy solutions are not constant. From this, it follows that part (a) of the
conjecture is true in this case. However it is not clear, for A small, that the
minimal energy solutions are constants or not.

When Q is a ball and p = (n + 2)/(n — 2), using the shooting argument,
it has been shown in Adimurthi-Yadava [3] and Budd-Knaap-Peletier [7] that,
if n € {4,5, 6}, there exists a 4o > 0, such that, for 4 < 4, (1.1) admits
nonconstant radial solutions. Note that this gives a counterexample to part (b)
of the conjecture.

In view of these results, it is natural to ask that part (b) of the conjecture
holds at least for minimal energy solutions when p = (n+2)/(n —2).

In this paper we show that it is indeed true. In order to state our main result,
we restate some known results.

Let b > 0 and define

1|2t if n >3,
T\ h@)et”  ifn=2,

where A(t)e?” is a function of critical growth (see definition (2.1) in [4]). Let
F be its primitive given by

F(t) = /0 £(s)ds.

Let n > 2 and Q C R” be a bounded domain with smooth boundary. For a
measurable function ¥ on Q and 1 < ¢ < oo, denote

|u|g=/ ul9dx if g < oo,
Q

|u|oo = ess sup{|u(x)|, x € Q}.
For u € H'(Q) and A > 0, define

lull? = 1Vul3 + Julz,

1 A
Ju) = 51Vu+ 3l - [ Fwdx,

dB; = {u € H' (Q\{0}; |Vul5 + Aul} = /Qf(quX} ’

a
2
For n > 3, let S denote the best Sobolev constant given by

S = inf{/ |Vu|?dx :/ |u| 2/ (n=2) = 1} )
R~7 Rn

=inf{Jy(u); u € 0B;}.
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Consider the following problem
—Au+Au= f(u) inQ,

(12) u>0 in Q,
g—Z=O on 0Q).

From [2 and 4] we have the following

Theorem 1.1. Let 1> 0 and let Q and a; be as above. Then:
(1) If n > 3, then there exists a solution u; of (1.2) such that

(1.3) a2/2 = Jy(u;) < SM*)2n.
(ii) If n =2 and assume further that f'(0) =0 and
(1.4) IITT: h(t)t = o,

then there exists a solution u; of (1.2) such that
(L.5) a2/2=Jy(u;) < m/b.

(ii1) Moreover there exists a constant Ay > 0 such that, for A > A, u; are
not constants.

The solutions obtained in the above theorem are called minimal energy solu-
tions. For the proof of this theorem, we refer the following:

(i) and (iii) follows from Theorem 1.2 of Adimurthi-Mancini [2] and (ii) and
(iii) follows from Theorem 2.1, Corollary 2.2 and Lemma 3.8 of Adimurthi-
Yadava [4]. Now we state our main result.

Main Theorem. Let f satisfy the hypotheses of Theorem 1.1. Then there exists
a positive constant Ay, such that, for all A < Ay, the minimal energy solutions of
(1.2), given by Theorem 1.1, are constants.

2. PROOF OF THE MAIN THEOREM
Let ¢ >0 and u > 0. Define

(2.1) A, = {(u, A); u satisfies (1.2) for some 4 < u},

Ay = {(u, A)eA,; Juy<(1-¢)n/b, if n=2n and
Sn/2
Ji(u) < (1—¢) P

Lemma 2.1. Let ¢ >0, 4 >0 and A, . be as above. Let {(uy, Ax)} € Ay,
such that A, — 0 as k — oco. Then limy_, |ug|eo = 0.

Proof. Since (uy, Ax) isin A, ., it follows that {||u,||} is bounded in H'(Q)
and

(2.3) sup / Flug) g dx < oo
k Q

(2.2)

, ifn23}.

Let u;, — uy weakly and a.e. in Q.
Claim 1. uy=0 and |Jux|| - 0 as k — .
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Clearly uq satisfies
—Aug = f(up) in Q,

uy >0 in Q,
auo_
6_1/—0 on 0Q

and hence uy = 0. Therefore by Rellich’s lemma |uy|, — 0 as k — oo. Hence
we have

Tim J;(u;) = lim {Jlk(uk) ;U "1")|uk|§}
k—o0 k—o00 2

(2.4) S >3
S(-g)y v 7

b/ .
—b- 1fn=2.

Let w € H'(Q) and if we denote J| is the Fréchet derivative of J;, then

(T (), )] = (T2, (1) , ) + (1 Ag) /Q uw dx

< (1 = A)|ul2llw]|

and hence
7 (i)l < (1= A)lugel2 — 0
as k — oo. Since J; satisfies Palais-Smale condition on (—oo, $*2/2n) if
n >3 and on (—oo, n/b) if n = 2 (proof of this follows as in the Dirichlet
case. See Brezis-Nirenberg [6], Grossi-Pacella [10] if » > 3 and Adimurthi
[1], Adimurthi-Yadava [5] if n = 2), from (2.4) we can extract a convergent
subsequence of {u;}. Since uyp =0, we obtain |jux|| — 0 as kK — oo and this
proves the claim.
Claim 2. Let n > 3, then

(2.5) T oo < 0.

Suppose (2.5) is not true. Let P, € Q be such that
(2.6) My = u(Pe) = |Uge|oo -

Then for a subsequence M; — oo and P, — Py as k — co. Let #; be defined
by

(2.7) Mt =1

Let B(z, R) denote the open baﬁ of radius R with centre at z. For a subse-
quence, one of the following holds: either

(2.8) lim 4@, 09) _
k—o0 Ik

or

(2.9) lim 40 9
k—oo tr

In case of (2.8), for every R > 0, we can choose a ky > O such that
B(P., txR) c Q for k > ky. Let By(R) = Bo(R) = B(0, R). In case of
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(2.9), let Qr € 9Q such that d(P, Qx) = d(P,,0Q). Let v, be the unit
inward normal at Q; . Since 9Q is smooth, it satisfies uniformly the inner
sphere condition. Therefore, for every R > 0, we can choose a ky > 0 such
that for k > ky.

(2.10) B(Z,,ttR)CQ, Z, =P+ Rtyy.

Let Bi(R) = B(v R, R) and By(R) = B(yyR, R) where vy = limy_,, v . For
k > ko, define v, in By(R) by

(2.11) vev) = 1w (P + ey).

Then clearly v, satisfies

(2.12) —Avy = ,U,((n+2)/(n—2) - lkt,zcvk in Bk(R) ,
v (0) =1, O<wv <.

Therefore by elliptic regularity (see [9]) we have, forevery 0 < a < 1,

(213) kli_.n:olvklc‘-“(m) < 00.

Let vy — vg in C!'(By(R)). Then from (2.12) and (2.13), v, satisfies

(2.14) { —Avg = of" "D in By(R),

v >0, v(0)=1.

On the other hand, from Claim 1, we have
| vudy < [ [Gudx < ud? -0
By(R) Q

as k — oco. Hence Vug = 0. Since vo(0) = 1 implies that vy = 1, and this
contradicts (2.14). This proves the Claim 2.

Let n =2. From Claim 1, ||ux|| — 0. Therefore from Cherrier [8] we obtain
that, for any p > 1, {|f(ux)|,} is uniformly bounded. Let n > 3, then from
Claim 2, it follows again that for any p > 1, {|f(u)|p} is uniformly bounded.
Hence from the regularity of elliptic equations {||uk/|,2.»(q)} is bounded and
therefore by Sobolev imbedding we have forany O <a <1,

kh_g}oluklcn,a(ﬁ) <o0o.
Since |luy|| — 0, from Arzela-Ascoli’s theorem limy _, ., |#x|ooc = 0. This proves
the lemma.
Lemma 2.2. Let ¢ >0 and u > 0. Define

(2.15) M, = Sup{|u|o; for some A, (u, )€ A, ¢}
then
(2.16) lim M, =0.

u—0

Proof. Suppose (2.16) does not hold. Then there exists a sequence (u, Ax) €
Aj, ¢ with 4 — 0 as kK — oo and limy_,«, |Ux|eo > 0. This is a contradiction
to Lemma 2.1. This proves (2.16).
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Lemma 2.3. Let ¢ > 0. Then there exists a jy > 0 such that Ay, . consists of
constants only.

Proof. Proof of this lemma follows exactly as in Ni-Takagi [15, Theorem 3].
For the sake of completeness we will reproduce their proof. From Poincaré’s
inequality, there exists a v > 0 such that

(2.17) 1// o2 dx 5/ Vol dx
Q Q
for all p € H'(Q) with [,pdx =0.
From Lemma 2.2 and using f’(0) = 0, we can choose a uo > 0 such that
(2.18) S (My,) <v/2.
Let (u, A) € A,,,., and decompose, u = g+ ¢ where

o foedx ||
uy=— [ udx, dx=0.
79l Jo o’

—Ap +Ap = pp + f(up) —Aup in Q,

2.19
( ) a—¢=0 on 0Q),
ov

where p=f01 Sf(up + to)dt.
Since 0 < up+tp < up+¢ =u < M, , we obtain

(2.20) lpl < f'(My,) <v /2.
From (2.19), (2.20) and (2.17) we have

(u+l)/(p2dx§/|V(p|2dx+l/ ptdx
Q Q Q

=/p(p2dxsg/¢2dx.
Q 2 Jq

This implies that ¢ = 0 and hence u is a constant. This proves the lemma.

Then ¢ satisfies

Proof of the Main Theorem. For A > 0, the constant solution v; of (1.2) is
given by

(2.21) Sf(va)/va=4.

Since f’(0) = 0, v, exists and tends to zero as 4 — 0. Therefore we can
choose u; > 0, such that, for all 1 < yu,,

S"2/an ifn>3,
. < -
(222) v < { 7/2b  ifn=2.

Let ¢ = §, po is determined as in Lemma 2.3, and 49 = min(uo, 4). Let
A < Ao and u; be a minimal energy solution. Since J;(u;) < J3(v;), from
(2.22), (uz,A) € Az, and hence from Lemma 2.3, u; is constant. This
proves the theorem.
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