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Abstract

We study the functional characteristics of a two-gene nuoatifsisting of a double positive feed-
back loop and an autoregulatory negative feedback loop. mitid appears in the gene regulatory
network controlling the functional activity of pancreatecells. The model exhibits bistability and
hysteresis in appropriate parameter regions. The twoesttbhdy states correspond to low (OFF
state) and high (ON state) protein levels respectivelyn@ysi deterministic approach, we show that
the region of bistability increases in extent when the capyber of one of the genes is reduced from

two to one. The negative feedback loop has the effect of inrdube size of the bistable region. Loss
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of a gene copy, brought about by mutations, hampers the mnéunwtioning of thes-cells giving rise

to the genetic disorder, maturity-onset diabetes of thexgdMODY). The diabetic phenotype makes
its appearance when a sizable fraction of theells is in the OFF state. Using stochastic simulation
techniques, we show that, on reduction of the gene copy nuttigee is a transition from the monos-
table ON to the ON state in the bistable region of the paransgtace. Fluctuations in the protein
levels, arising due to the stochastic nature of gene expressan give rise to transitions between the
ON and OFF states. We show that as the strength of autore@préasreases, the ONOFF state
transitions become less probable whereas the reversdittassre more probable. The implications

of the results in the context of the occurrence of MODY arenfed out..
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1 Introduction

Positive and negative feedback loops are frequently-ocgumotifs in gene transcription regulatory
networks and signaling pathways [1, 2]. The components @ealfack loop are genes, proteins and
other molecules which are connected by regulatory intemast Depending on the components and their
interactions, feedback loops have distinct roles in deeegulatory systems. A regulatory interaction
is positive (negative) if an increase in the amount or atgtiof one component increases (decreases)
the amount or activity of its interaction partner. A feedbdmop is positive (negative) if the number
of repressing interactions is zero or even (odd). A large lmemof experiments and theoretical studies
elucidate the major functional characteristics of fee@daops with simple structure [1, 2, 3, 4, 5, 6,
7, 8]. Positive feedback in a gene transcription regulatetwork (GTRN) tends to enhance protein
levels whereas negative feedback favours homeostasjsmiagntenance of proteins at a desired level.
The simplest feedback loop has only one component whichuis $klf-regulating. For such a motif in
a GTRN, a protein promotes / represses its own productiorawiaactivation / autorepression of the
expression of its gene. A positive feedback loop with two pornents and two regulatory interactions
is of two types: double negative and double positive. Agaimsidering a GTRN, the protein products
of the two genes in a double negative feedback loop repressather’s synthesis. The construction of
a synthetic circuit, the genetic toggle, is based on thigfrf@t The double positive feedback loop is
defined by two genes, the protein products of which promoté esher’s synthesis. There are several
examples of two-component positive feedback loops in ahtellular networks [1, 2], a prominent
example being the cell division cycle, the regulatory netwaf which contains both double positive
and double negative feedback loops [10]. In this case, thgslaontrol enzymatic activity. The double
negative feedback loop, because of its more common ocagybéas been extensively studied in contrast
to the double positive feedback loop.

The next stage of complexity in feedback loops involvesdohkositive and negative feedback loops
[2, 11, 12, 13]. The key variables in the dynamics of feeddaoks are the concentrations of the com-
ponent molecules. In the case of a GTRN, these may be thaempomrcentrations. In a deterministic
description, the time evolution of the concentrations tedained by solving a set of coupled differential

equations, the number of equations being equal to the nuofhariables. In reality, the biochemical
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Figure 1. The two-gene network model. The protein produtth®GP andG.S genes activate each
other’s synthesis. There is also an autorepressive loofichihe proteins of thé'S gene repress their
own synthesis.
events associated with gene expression are probabilstiature and this is reflected in the presence of
fluctuations (termed noise) around mean protein levels [Ad§tochastic description of time evolution
is thus more appropriate. A single positive feedback loapatendency to amplify noise, also the time
taken to reach the steady state protein level is longer tianr the case of an unregulated gene [1, 2].
Interlinking of two positive feedback loops with slow andtfaynamics results in a switch with rapid ac-
tivation and slow deactivation times and a marked resigtémooise in the upstream signaling pathway
[11]. Addition of a single negative feedback loop leads fmdaleactivation in the absence of the signal
which activates the switch [12]. The combination of pogitand negative feedback loops may give rise
to excitability with transient activation of protein legel Recent experiments suggest that competence
development in B. subtilis is achieved via excitability J[15

In this paper, we study the functional characteristics oiva-gjene double positive feedback loop
coupled with autorepression of the expression of one ofémeg. The major motivation for studying this
specific motif is its presence in the GTRN controlling the graatic3-cell function [16]. The hormone
insulin is a small protein that is synthesized in theells and secreted when an increase in the blood
glucose level is sensed. Glucose metabolism releasesyemeeged by cells to do useful work. Insulin
is necessary to metabolize glucose and thereby contr@hitd in the blood. Diabetes occurs due to an
excessive accumulation of glucose in the blood broughttipan insufficient production of or reduced
sensitivity to insulin. The core of the-cell transcriptional network consists of a double posifeedback
loop in which the transcription factotld N F — 1o and H N ' — 4«, belonging to the nuclear hepatocyte
family, activate each other’s synthesis. There is also sewigence that{/ N F' — 4« autorepresses its
own synthesis [16]. Mutations in the transcription factéf&' F' — 1o« and HNF — 4« give rise to a
type of diabetes known as maturity-onset diabetes of thagdMODY) which has an early onset with

age less than usualBp years. There are six different forms of MODY of which MODY 1daklODY

4



3 are caused by mutations in the geheg — 4« andhnf — 1« respectively [17]. The structure of the
regulatory network, of which the two genks f — 1o andhn f — 4« are integral components, is not fully
known. A partial structure of the complex network is showifili, 17] involving the genesnf — 1a,
hnf —4a, shp, hnf — 106, hnf — 33, hnf — 3v, hnf — 4, andpdx — 1. The genes collectively control
the transcription of a number of important genes involvedlutose metabolism in theé—cell. These
include the glucose transporte(Glut — 2) gene, the glucokinase gene encoding the glycolytic enzyme
glucokinase which acts as glucose sensor and also theriggre. Odom et al. [18] combined chromatin
immunoprecipitation assays with promoter microarraysaim gnsight on the regulatory circuits formed
by hnf —1a andhn f — 4. Both the proteins are found to control the activity of a langenber of target
genes in thed—cell. This recent finding as well as earlier experiments jhfjcate that théinf — 1«
andhn f — 4a genes play a prominent role in the pancregtiecell function. Mutations in the genes give
rise to MODY resulting in the impairment of glucose-stinteldinsulin secretion. Several experiments
[16] provide clues on the possible molecular origins of MODNe cross-regulatory interactions between
HNF —1aandHNF — 4« are switched on as pancreatiecells receive the signals to differentiate. The
double positive feedback loop has the potential for biitghi.e., two stable steady states. The two states
are a basal state in which the two genes have low activity arstvated state which corresponds to high
protein levels. The states are analogous to the OFF and @&¢ stba switch. Normal functioning of the
pancreatic3-cells requires the two-gene feedback loop to be in the Oté.stBhe circuit operation is,
however, vulnerable to decreased gene dosage caused yomsi{en a diploid organism each gene has
two identical copies). Genetic disorders, termed hapldfitsency, are known to occur due to reduced
gene dosage resulting in decreased protein levels [19,12@22. Gene expression noise increases the
probability that a protein level falls below a thresholdualso that the protein amount is insufficient
for meaningful activity. The loss of vital protein functigis responsible for the occurrence of genetic
disorders. MODY, brought about by reduced gene dosage,ssath example of haploinsufficiency [16].
We construct a mathematical model to study the dynamicsefcthre circuit consisting of a double
positive feedback loop coupled with autorepression ofithhé — 4. gene. We use both deterministic and
stochastic approaches to identify the functional featafése motif and discuss their possible relevance

in the occurrence of MODY
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Figure 2: The reaction kinetic scheme of the two-gene mddet. meanings of the symbols are explained
in the text.

2 Deterministic Approach

The circuit diagram of the motif to be studied is shown in tigaife 1.G P andG S represent the genes
hnf — la andhnf — 4« respectively. The arrow sign denotes activation by the @mpate protein
product and the hammerhead sign denotes repression. Thecah&inetic schemes corresponding to
the expression of gengsP andGS are shown in figures 2(a) and 2(b). The protein products Bf
andGS are denoted by’ and.S . We assume that the regulation of gene expression is mddgtéhe
protein dimersS2 and P2, Kp and K g being the binding constants of dimerization. For each gereee
are two rates of protein synthesis: a basal rate ( rate aussta, and.Jso) and an activated rate ( rate
constants/p andJg). In the second case, protein synthesis occurs in the satigdate of the gené&/(P*
andGS*) attained via the binding of protein dimef® and P2 to the genessP andGS respectively.
The associated binding constants &fgpr and K55 . The rate constants for protein degradationgre
and~, with ¢ denoting the degradation product. Dimer degradation igal@n into account as its rate
is few-fold lower than the degradation rate of protein moeon For the gené&'S, there is an extra
biochemical event representing autorepression. The difizand P2 bind the promoter region of the
gene GS competitively, i.e., the binding of one type of direecludes the binding of the other type.
When the dimel52 binds atG S, there is complete repression. The binding constant istedray K 5.

The protein concentrations and P are the dynamical variables in the system. The time scale of
binding events, in general, is much faster than that of pragnthesis and degradation. The bound
complexes thus reach the steady state at an earlier timé gaiking this into account, the differential

rate equations describing the time evolution of the proteimcentrations$ and P are:

as

E = JsGS*+JSQGS—’ySS (1)
P
Cii—t:JpGP*—FJpQGP—’}/pP (2)
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There are two conservation equations for the total conaBairsng andnp of the genegsS and

GP.

ng = GS + GS* + GSS2 (5)

After an appropriate change in variables

S P
Jso/7s Jpo/vp

u T=17st (7)

the differential rate equations (1) and (2) are transformem

du_ o 1¥nB (8)
dr — (1 + pu?) + o2

2
dv 1+ &au . ©)

dr e 1+ au?
The different parameters are given by

J J Joo\ Jeoo\” Jpo\”
n="> =1 u:<ﬂ> KsKp, a= <ﬂ> Kpp K, ﬁ:<ﬂ> KssKp  (10)
Jso Jpo s Vs yp

The variabler is dimensionless whereas the variablesndv have the dimensions of concentration
expressed in units of [nm]. The parametgrand¢ are dimensionless while the parametersy and 3

are expressed in units (?rﬁTP The dimensions of,, andn, are in units ofjnm| with one gene copy
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Figure 3:u versusy curves showing bistability and hysteresis. The solid (dd}kines represent stable
(unstable) steady states for gene copy numbers a3 2, ng = 2 and (b)np = 2, ng = 1. The
parametey:, a measure of the autorepression strength, is zero.

corresponding to approximatelynm|. From now on, the units will not be explicitly mentioned. Taf
displays all the parameters and rescaled parameters afithgdne model as well as their meanings and
defining formulae.

We use the software package XPPAUT [23] to probe the dynadiitise double positive feedback
loop and the effect of autorepression of thigroteins on the dynamics . We focus on how the steady
state value of u (rescaled concentrationSgbroteins) changes as a function of the different parameters
in equations (8) and (9). In the steady state, the rates an‘geh%ﬁ and% are zero. Figure 3(a) shows a
plot of u versus) when the autorepression strength givenudg zero. The other parameters have values
ng =np = 2, & = 30.0, Jgo = Jpg = 2.0, 75 = vp = 1.0 anda = § = 0.002857. The plot shows
that a region of bistability separates two region of monafitys. The two stable states in the bistable
region correspond to low and and high values ofin this region and at a specific valuemgfthe choice
between the stable steady states is history-dependentiggends on initial conditions [24]. If the value
of n is initially low, the system ends up in the lowstate. Asy increases, the system enters the region
of bistability but continues to be in the low expressionest#t a bifurcation point is reached. At this
point, a discontinuous jump to the higlstate occurs and the system becomes monostable. Bigtadilit
accompanied by hysteresis, i.e., the value at which the switch from the low to the high expression
state occurs is greater than the value)dfthe lower bifurcation point ) at which the reverse tramsiti
takes place. The two stable branches are separated by énlohoostable steady states (dash-dotted
line) which are not experimentally accessible. There ave several known systems in which bistability
and hysteresis have been observed experimentally [9, 126227, 28, 29]. Figure 3(b) shows the plot
of u versus, for the same parameter values as in figure 3(a) except thabthyenumber of th&:S gene
is reduced from two to one, i.eng has the valud. A comparison of figures 3(a) and (b) shows that

with reduced copy number the extent of the region of bisitahih considerably increased. The same
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Parameter/Rescaled Parameter Meaning/Defining Formula

Jpro, Js0 Rate constants for basal protein synthesis

Jp, Jg Rate constants for activated protein synthesis

Kp, Kg Binding constants of protein dimef and
P2

Kpp, Ksg Binding constants for the binding of protein
dimersS2 and P2 at the gene&; PandGS

Yp, Vs Rate constants for protein degradation

Kgr Binding constant for repressor dimer binding
at gene&7S; Ky thus denotes the strength of
repression

n n= j—; ratio of activated and basal rate
constants for synthesis of S proteins

3 €= j—}f@, ratio of activated and basal rate
constants for synthesis éf proteins

M n = (%)2 KsKR; with Jso, Ys anng kept

fixed, 1 can be varied by changing ; thus
providing a measure of repression strength

« o = (\%)2 KPPKS
B B = () KssKp
T, M, N abbreviations defined in equations (3) and (4)

Table 1: Parameters, rescaled parameters, their meamdgteéining formulae

conclusion is reached when the steady state valuesdd plotted versus the parametefThe region of
bistability is lower in extent when the parametera measure of the autorepression strength, is increased
from zero. The value of is changed by modifying the value &f (equation (10)), the binding constant
for repressor binding at th@S gene. Figure 4 shows the phase portrait corresponding iatiegs (8)
and (9) with the parameter valués= 30, = 30, a = 0.002857, 5 = 0.002857 andy = 0. The
system is bistable for the parameter values quoted. Thelimal, obtained by putting = 0, j—ﬁ = 0,
intersect at three points, the fixed points of the dynamidse [Bwer and upper fixed points are stable
whereas the intermediate fixed point is unstable, in facadalle node [30]. The stable manifold of the
saddle node divides thev—phase space into two basins of attraction. Trajectorietirggan the lower
(upper) basin of attraction end up at the lower (upper) sthkéd point as shown in figure 4. A trajectory
initiated on the stable manifold stays on it and ends at tldlsanode. A typical trajectory asymptotically
approaches the unstable manifoldtas> oc. A trajectory is obtained by plotting the valueswhndv

at different time points, determined by solving equatid)sand (9). The arrow direction on a trajectory

denotes increasing time.
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Figure 4: Phase portrait described by equations (8) andlt®3.dark and light solid lines represent the
nullclines intersecting at three fixed points. The stableé anstable fixed points are denoted by solid
and empty circles respectively. The stable manifold disidhe phase space into two basins of attraction.
Some typical trajectories are shown with arrow directioesating increasing time.

Figures 5(a) shows the plot gfversusny exhibiting regions of monostability and bistability. The
parameter values are the same as before aith 5 = 0.002857 andu. = 0. The regions of bistability,
enclosed within the red and black curves, correspong;te- 1 andngs = 2 respectively. The difference
in the locations of the two loops in the logarithmic plotsatlg shows that the bistable region is of greater
extent when the gene copy number is reduced from two to onerddion of bistability is decreased in
extent when autorepression is taken into account (Figuneviith 1« = 0.005). Figure 6 shows thg — 3
plot with the regions of bistability falling within the redb{ = 1) and black ©5 = 2) curves respectively.
The value ofu is changed by varyingr (equation 10) with: = 0.08 K.

A major advantage of combining a double positive feedbaok laperating between two genes with
autorepression of the expression of one of the genes liessage compensation [16]. This relates to the
fact that the fall in steady state protein levels, brouglugithy a reduction in the gene copy number, is
less when autorepression is included, compared to the daese thiere is no autorepression. A measure

of dosage compensation is provided by the quardtityermed percentage gain, defined as

G(M) _ xl(:u) — xl(:u - 0)

P . 100 (11)

wherezr; denotes the steady state concentratio pfoteins when the copy number of th&' gene,
ng, IS one. The parameter is a measure of the repression strengthis calculated by keeping the
mean level ofS proteins to be the same in the two cages- 0 andu # 0 whenng = 2. This is
achieved by adjusting the binding constdttr contained in the parameterin equation (10). The

other parameter values ane= ¢ = 30.0, Jsg = Jpg = 2.0, 7¢ = 7p = 1.0 and3 = 0.002857.
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Figure 5: Plots of versusn showing regions of monostability and bistability when tlegmeten, a
measure of the autorepression strength, is zero (a) an8 (bPOThe regions of bistability are enclosed
within the red and black curves with gene copy numbess= 2, ng = 1 andnp = 2, ng = 2
respectively.

Figure 7 shows the plot aff versusy for the parameter values mentioned. Asncreases from zero,
there is initially a sharp increase in the value of G follovilsda slower growth which ultimately leads
to a near-saturation of G values. The results obtained indéterministic approach provide insight
on the advantages of autorepression in the non-occurrdrtbe genetic disorder MODY. The normal
functioning of pancreatig-cells requires thé/ NF' — 1a and H N ' — 4« protein levels to be high, i.e.,
the two-gene system should be in the ON state. The genesi©@fMies in a substantial fraction of the
(-cells being in the OFF state. This is brought about by momatin thehn f — 1o andhn f — 4« genes
giving rise to a fall in the steady state protein levels. Imtg of the two-gene model studied by us, the
monostable high state, in which the levels of the P and S ijotee both high, represents the ON state
of normalg-cells. The system may enter a region of bistability, in viloth the ON and OFF states are
possible, due to the loss of a gene copy brought about by iogatWe will show in the next section
that fluctuations in the protein levels are responsiblerfamditions between the ON and OFF states. In
the deterministic scenario, the major advantages of thereytessive feedback loop appear to be dosage
compensation (figure 7) as well as a lesser possibility obyfs¢em being in the bistable region due to a
reduction in gene copy number. The continuance of the systéhe monostable high state ensures the
normal functioning of cells. Similar conclusions are rezatif the gene copy numbers is reduced from
two to one. There is, however, an asymmetry in$hend P protein levels as the expression of the gene

G P is not autorepressed.
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Figure 6: . — (3 phase diagram with the regions of bistability falling withhe red ¢p = 2, ng = 1)
and black ¢ = 2, ng = 2) curves respectively.

fig7.eps

Figure 7: Plot of percentage gain(equation 11) versug, a measure of the autorepression strength.

3 Stochastic Approach

Consider the two-gene network to be originally in the moablg high state. In the deterministic for-
malism, the system continues to be in the high, i.e., ON se¢a if it enters the region of bistability
due to the loss of a gene copy. This is due to history depergdece the system is initially in the
ON state it continues to be in the ON state in the bistableoregirhe protein levels corresponding to
the ON state are, however, lower in magnitude in the bistedg@®n. In the pancreatig-cells, the oc-
currence of MODY is possible only when a sizable fraction@fsis in the OFF state. The ONOFF
and OFF-ON transitions can be understood only when stochasticityeime expression is taken into
account. We now give a simple physical picture of the oridistochastic transitions [6]. In the case
under consideration, the dynamical variables are the jpromcentrations andv. In the case of deter-
ministic time evolution, trajectories starting in indival basins of attraction stay confined to the specific
basins with no possibility of a trajectory crossing from do@sin to another. In the stochastic approach,
the trajectories are no longer deterministic as the dynalnviriablesu(t) andwv(t) are fluctuating. In
the deterministic case, given the initial state defineddgy = 0), v(¢ = 0)), the trajectory is fixed in the
uv-phase space. In the stochastic case, different trajestare generated in repeated trials. A transient
fluctuation, if sufficiently strong, switches the systemalyrics from one basin to the other brought about

by the excursion of the trajectory across the boundary atipgrthe two basins of attraction. In terms of
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Figure 8: Distribution of steady stafeS protein levelsP(u), in an ensemble of500 cells for repressor
strengths (a) = 0.000027, (b) . = 0.00002, (c) x = 0.00001 and (d)u = 0.0 respectively.
the pancreatig-cells, the switch to the OFF state hampers the normal fonictg of the cells.

For proper regulatory functions as transcription factting, HNF — 1la and HNF — 4« protein
levels are high with an optimal value as excessive proteiouants are known to be harmful rather than
beneficial [16]. In this context, it is pertinent to undedakcomparison of the functional characteristics
of two-gene network models with and without the autorepvedsop and with the mean protein levels
kept at the same high values in the two cases. The last conditisures the normal functioning of the
cells in both the cases. In section 2, we have identified iceaidvantages of the autorepressive loop
as regards the system dynamics in a deterministic framew@uk goal is now to identify the desirable
features of the model incorporating both a double positeedback loop and an autorepressive loop
taking the stochastic aspects of the dynamics into coreider. This is done with the help of a detailed
computer simulation based on the Gillespie algorithm [3Lhe algorithm enables one to keep track
of the stochastic time evolution of the system. The diffet@nchemical reactions considered in the

simulation are depicted in figures 2(a) and 2(b). The reastaye sixteen in number and are given by

GS + P2 — GS* (12)

GS* — S (13)

13



GS — S (14)

S48 — 52 (15)
GS* — GS + P2 (16)
52— S+8 (17)
S — (18)

GP + 52 — GP* (19)
GP* — P (20)
GP — P (21)
P+ P — P2 (22)
GP* — GP + 52 (23)
P2—P+P (24)
P—® (25)

GS + 52 — (GSS2 (26)
GSS2 — GS + 52 (27)

The different symbols are as explained in section 2. Thehsisic rate constants, associated with the
reactions, are C(i), i=1,...,16, in the appropriate uniise results of the simulation are shown in figures
8-9. Figures 8(a)-(d) show the distribution 6fS protein levels,P(u), in an ensemble of 4500 cells
for repressor strengths = 0.000027, 0.00002, 0.00001 and0.0 respectively after a simulation time of
tmaz = 2000 time units. The gene copy numbers ane = 2 andng = 1 so that the system is in the
region of bistability. The values of the stochastic ratestants ar€’(2) = 56.0,C(3) = 2.0,C(4) = 4.0,
C(5) = 280.0, C(6) = 100.0, C(7) = 1.0, C(8) = 10.0, C(9) = 50.0, C(10) = 2.0, C(11) =
4.0, C(12) = 280.0, C(13) = 100.0, C(14) = 1.0, C(15) = 10.0. The value ofu is changed by varying
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the stochastic rate constafi{16). The value of the rate consta@t(1) is changed to keep the mean
protein levels to be the same whep = 2, np = 2 for all values ofu;.. The valuey, = 0 implies that
only the double positive feedback loop contributes to theadiyics. The distributiod®(u) is found to be
bimodal, i.e., has two distinct peaks corresponding to tR€ @nd ON states. In all the cases, the cells
are in the ON state at time= 0. One finds that the fraction of cells in the OFF state decreasdke
value ofy increases. In fact, whem = 0, the number of cells which are in the OFF state is larger than
that in the ON state. Since initially all the cells are in thH €tate, a large number of ON OFF state
transitions occur during the simulation time. Ror= 0, the reverse transition is, however, much rarer.
The role of the autorepressive loop thus appears to be taedtie number of stochastic transitions from
the ON to the OFF state. This makes the occurrence of MODYjditbabout by a sizeable fraction
of the cell population existing in the OFF state, less prédalbhere are two distinct time scales over
which protein fluctuations occur. The probability disttilon P(«) versusu has a two-peaked structure.
Fluctuations on a short time scale confine thgalues to lie predominantly within individual peaks.
The long time scale corresponds to the time at which largéuftions occur bringing about transitions
between states belonging to different peaks. The “escape’ iis often very large and a quantitative
measure is provided by the mean first passage tiff32]. In the present case, the valuesrgfy_.orr
androrr_on are quite large for different values pf The maximum simulation timénax is 2000 time
units for all values of.. Foru = 0, Ton_.orr IS aroundl000 time units whereaso -_.o IS €ven larger.
As yi increaseston_orr iNCreases whereag rr_.on decreases. For = 0.0005, Toy_oFr IS as large
as107s. Because of large escape times, the probability distribufiQ:) versus: is metastable on a large
time scale [32]. Over shorter periods of time, the shapeeftiiktribution remains more or less invariant.
The plots in figure 9 are obtained for an ensemble of 4500.cElts gene copy numbers, = 2
andng = 2, the mean protein levels are adjusted to be the same irtdgpet the values of. . The
parameter values are so chosen that the system is in the tableokigh region. On reduction afs to
1 (one copy of the GS gene), the system enters the region a@bdisg and is in the ON state at time
t = 0. After a period7” = 2000 time units of stochastic time evolution, the percentageetisan the
OFF state is determined. The red curve shows this perceatagéunction of the repression strength

The drop in the percentage of cells in the OFF state is fourmktexponential. The black curve shows
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Figure 9: For gene copy numberg = 2, ng = 1 and after a time intervdl’ = 2000 time units

of stochastic time evolution, the percentage of cells inrsemble o500 cells in the OFF state (red
curve) versus the repression strengttvith all the cells being in the ON state at time= 0. The black
curve shows the percentage of cells in the ON state versugh all the cells being in the OFF state at
t = 0.

the percentage of cells in the ON state affer 2000 time units, with all the cells being initially in the
OFF state. One finds that with increasingthe fraction of cells in the ON state becomes larger. The
autorepressive loop has the effect of making the ON state stable and the OFF state more unstable.
This feature enhances the probability of the nonoccurrehddODY as there are infrequent transitions

from the ON to the OFF state. On the other hand, the system legser probability of remaining stuck

in the OFF state compared to the case when there is no awgesape loop.

4 Conclusion and Outlook

In this paper, we have studied the functional charactesigif a motif consisting of a double positive
feedback loop operating between two genes and a negatigbdelk loop in which the protein product
of one gene represses its own synthesis. The motif appeéns igene regulatory network controlling
the pancreatigi-cell function [16]. Loss of a gene copy due to mutations hesnbshown [16] to be
responsible for abnormal-cell function resulting in MODY. We have studied the effe€teduced gene
copy number on the dynamics of the model describing the teregnotif. In a deterministic formalism
based on differential rate equations, we identified regadrsstability in appropriate parameter regions.
The stable steady states, designated as the OFF and ON statespond respectively to low and high
protein levels. The normat-cells are expected to be in the monostable ON state. Thereocme of
MODY is brought about by a fraction gi-cells being in the OFF state. The ©NDFF switch can occur

only in the bistable region. Negative feedback reduces ttene of the bistable region making it less
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likely that the cellular state falls in this part of the phaagram. The region of bistability, however,
increases in size on reduction of the gene copy number mékén@N— OFF transitions more probable.
Negative feedback also produces a mechanism of dosage neatmn (figure 7). The results hold true
for a wide range of parameter values. Since switching to tRE &ate is detrimental, one would have
thought, from an evolutionary point of view, that two gendsch are constitutively ON would be more
appropriate. In reality, the genés f — 1a andhn f — 4« form a positive feedback loop. Cross-regulation
between the two genes is established when the pancredsceetive signals to differentiate [16]. The
positive feedback loop provides a stable mechanism of gepeegsion since the two genes reset each
other’s activity to the functional state under physiol@iperturbations. This serves to self-perpetuate
the activity of the two genes and their targets in the paricrga-cells. Normal functioning of these cells
requires both the protein levels to be high. The system ofgemes that are constitutively ON are less
robust under physiological perturbations since there igegetting mechanism by which both the genes
are in the functional ON state. The theoretical suggestibbsstability due to the existence of a positive
feedback loop [16, 18], backed up by the results of our maétiead model, should be tested in actual
experiments.

The ON—OFF switch is brought about by protein fluctuations the origfi which lies in stochastic
gene expression. Our major finding is that negative feedbeadtes the ON>-OFF transitions less prob-
able and the OF~ON transitions more probable. Thus the function of the negdeedback appears
to be to protect the normal-cell function since the cell is more likely to be in the ONtstan this case.
The asymmetric response to fluctuations prevents switabfingnd facilitates switching on of the high
expression state. In the deterministic scenario, one finaisthe difference between the ON state and
the unstable steady state protein level increases as theeptgssion strength is increased whereas the
difference between the unstable steady state and OFF staéndevels decreases on increasing the au-
torepression strength. This may explain the asymmetryarQN—OFF and OFFON switches when
stochasticity is taken into account. For moderate strengtlautorepression, the system is locked in the
ON state for extremely long times. In our simulations, werttlencounter ON>OFF switches for very
long trajectories{ 107 seconds) with, = 0.0005. This translates into lifetimes measured in years and

explains the delayed onset of the diabetic phenotype [1&. phenotype generally appears after several
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years indicating that the activation of the ©NDFF switch is rare. The average age at which MODY is
manifest could thus be dictated by the probability that éicdeht number of3-cells is locked in the OFF
state. We have considered the simplest form of negativeegutation in our two-gene model. There
are recent suggestion that negative autoregulation of tle-# gene in the pancreatié-cells may be
more complex [33]. Also, the number of transcription fadiording sites of the two genes is not known
with certainty. Cooperative binding at multiple sites ipegted to promote the stability of the gene ex-
pression states. Our two-gene motif constitutes a mininedehwhich seeks to explains the desirable
features of combining a double positive feedback loop wittaatorepressive loop vis-a-vis the normal
functional activity ofg-cells. The insight gained from the model study is expeabgatovide a basis for

the investigation of more complex cases.
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Figure Captions

Figl. The two-gene network model. The protein products ef@® and G\S genes activate each
other’s synthesis. There is also an autorepressive loofmichihe proteins of thé&'S gene repress their
own synthesis.

Fig2. The reaction kinetic scheme of the two-gene model.riiéanings of the symbols are explained
in the text.

Fig3. u versusy curves showing bistability and hysteresis. The solid (dd}lines represent stable
(unstable) steady states for gene copy numbers a3 2, ng = 2 and (b)np = 2, ng = 1. The
parametey:, a measure of the autorepression strength, is zero.

Fig4. Phase portrait described by equations (8) and (9).d&le and light solid lines represent the
nullclines intersecting at three fixed points. The stableé anstable fixed points are denoted by solid
and empty circles respectively. The stable manifold diside phase space into two basins of attraction.
Some typical trajectories are shown with arrow directioesating increasing time.

Fig5. Plots of¢ versusy showing regions of monostability and bistability when tteegmetern., a
measure of the autorepression strength, is zero (a) an8 (bPOThe regions of bistability are enclosed
within the red and black curves with gene copy numbess= 2, ng = 1 andnp = 2, ng = 2
respectively.

Fig6. u — ( phase diagram with the regions of bistability falling withthe red ¢p = 2, ng = 1)
and black ¢ = 2, ng = 2) curves respectively.

Fig7. Plot of percentage gad# (equation 11) versug, a measure of the autorepression strength.

Fig8. Distribution of steady stat&S protein levelsP(u), in an ensemble of500 cells for repressor
strengths (a) = 0.000027, (b) « = 0.00002, (c) » = 0.00001 and (d)x = 0.0 respectively.

Fig9. For gene copy numbers- = 2, ng = 1 and after a time intervdl’ = 2000 time units of
stochastic time evolution, the percentage of cells in aremde 0f4500 cells in the OFF state (red
curve) versus the repression strengttvith all the cells being in the ON state at time= 0. The black
curve shows the percentage of cells in the ON state versush all the cells being in the OFF state at

t=0.
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