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Abstract. Molecular dynamics simulations of beryllium fluoride (BeF2) have been carried out in the 
canonical (NVT) ensemble using a rigid-ion potential model. The Green–Kubo formalism has been  
applied to compute viscosities and ionic conductivities of BeF2 melt. The computational parameters criti-
cal for reliably estimating these collective transport properties are shown to differ significantly for vis-
cosity and ionic conductivity. In addition to the equilibrium values of these transport properties, 
structural relaxation times as well as high-frequency IR-active modes are computed from the pressure and 
charge-flux auto correlation functions (ACFs) respectively. It is shown that a network-forming ionic 
melt, such as BeF2, will display persistent oscillatory behaviour of the integral of the charge-flux ACF. 
By suitable Fourier transformation, one can show that these persistent oscillations correspond to high-
frequency, infra-red active vibrations associated with local modes of the network. 
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1. Introduction 

Ionic melts are an interesting class of materials which 

are of considerable technological significance.
1–3
 

From the point of view of liquid state structure and 

dynamics, an ionic melt can be considered as a mix-

ture of atoms with very different electronegativities. 

The relative importance of electrostatic and covalent 

interactions will depend on the relative electronega-

tivities and polarizabilities. Molten alkali halides 

(other than those of lithium) will be dominated by 

Coulombic interactions with short-range repulsion 

and dispersion interactions playing an additional 

role in determining local structure. The introduction 

of local, anisotropic covalent interactions results in 

the formation of liquid state networks of varying ex-

tent, dimensionality and local order. Examples of 

such network-forming ionic melts include ZnCl2, 

BeF2, SiO2, GeO2, AlCl3 and GeSe2.
4–19

 Understand-

ing the transport properties of ionic melts, and their 

relationship with the underlying liquid state struc-

ture, is of considerable current interest from the point 

of view of both experiment and theory. Transport 

properties can be computed from the equilibrium or 

non-equilibrium molecular dynamics simulations.
20–23

 

Diffusivity is the transport property of ionic melts 

which is most frequently and conveniently estimated 

from molecular dynamics simulations. Since the dif-

fusivity is a single-particle quantity, reliable estimates 

can be obtained from equilibrium molecular dyna-

mics simulations using either the Einstein relation 

for the mean square displacement or the equivalent 

Green–Kubo formulation involving the integral of 

the single-particle velocity autocorrelation function. 

The collective transport properties of ionic melts 

which are of experimental interest are the viscosity, 

the thermal conductivity and the ionic conductivity. 

If collective effects are insignificant, then these 

quantities can be estimated from the diffusivity. For 

example, the Stokes–Einstein relation connects the 

viscosity with self diffusivities: 

 /4
B

D k T rπη
± ±
= , (1) 

where r+ and r– are the cationic and anionic radii re-

spectively, and the factor of 4 originates from the use 

of ‘slip’ boundary conditions. Similarly, the Nernst–

Einstein relation relates the ionic conductivity: 

 2 2 2( / )( )(1 ),
B

e k T x z D x z Dσ ρ
+ + + − − −

= + − Δ  (2) 

where e is the electronic charge, x± and z± are the 

ionic mole fractions and charges, respectively and Δ 

is the Nernst–Einstein deviation factor. The Stokes–

Einstein and Nernst–Einstein relations are approxi-

mately valid for many ionic melts; for example, the 
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mean value of the Nernst–Einstein parameter for  

alkali halides is 0⋅26 which is small but not insigni-

ficant.24 It is reasonable to expect that the deviations 

will be much larger for network-forming ionic melts 

reflecting the sensitivity of collective transport prop-

erties, such as viscosity and the ionic conductivity, 

to multi-particle structural and dynamical correla-

tions. These collective transport properties, however, 

are more prone to statistical error when estimated 

from molecular dynamics simulations and typically 

require longer and more careful simulations. As a 

consequence, they have been directly evaluated from 

MD simulations for a very limited range of ionic 

melts.18,25,26 

 In the present paper, we address the computation 

of shear viscosity, η and ionic conductivity, σ for 

network-forming ionic melts. As an illustrative ex-

ample of a network-forming melt with significant 

multiparticle structural and dynamical correlations, 

we choose beryllium fluoride (BeF2). Liquid BeF2, 

like the well-studied SiO2 melt, is a tetrahedral, net-

work-forming ionic melt and shows liquid-state 

anomalies similar to those of water.27–29 Such anoma-

lous properties include rise in density on isobaric 

heating (density anomaly) and a rise in diffusivity 

on isothermal compression (diffusional anomaly). In 

the case of BeF2, we have recently carried out detailed 

studies of the thermodynamic anomalies and the  

associated behaviour of structural order metrics.30–32 

With regard to mobility anomalies, other than an ini-

tial study of diffusivity along a single isochore, there 

are no simulation studies of transport properties.
18
 In 

this paper, we address the efficient computation of 

collective transport properties for this system, focus-

ing specifically on viscosity and ionic conductivity. 

Computation of transport properties can be done us-

ing either equilibrium or non-equilibrium molecular 

dynamics simulations. Since the equilibrium MD 

approach can be readily combined with simulations 

to determine the phase diagram and other thermody-

namic properties, we use an equilibrium MD approach 

based on Green-Kubo formalism for estimating 

transport properties from integrals of the appropriate 

autocorrelation functions (ACFs). We use a rigid-ion 

TRIM potential energy surface for modelling the in-

teractions in BeF2 melt.
18,19,33,34

 The TRIM model 

neglects ionic polarizabilities and there has been 

considerable effort recently in developing polariz-

able potentials based on ab initio molecular dynamics 

simulations. The comparison of TRIM and polariz-

able models suggests that the TRIM model is semi-

quantitatively reasonable though it does tend to 

overestimate pressure.30,35–37 It is interesting to note 

that despite the absence of ionic polarizability to 

model covalent bond formation, or three-body po-

tentials to mimic bond angles constraints, TRIM and 

related potential models are able to generate correct 

type of local order (tetrahedral for BeF2) due to a 

combination of formal charge assignments and  

effective ionic radius ratios.15 The paper is organised 

as follows. Section 2 contains computational details, 

including the Green–Kubo relations to estimate vis-

cosity and ionic conductivity. The results and conclu-

sions are presented in section 3 and 4 respectively. 

2. Computational details 

2.1 Potential model 

We use the transferable rigid ion model (TRIM)  

potential to model interatomic interactions in beryl-

lium fluoride since it has been extensively used to 

study a range of ionic melts.
33
 The TRIM potential 

is pair-additive and models electrostatic long-range 

interactions with Coulomb interactions and short-

range repulsions using a Born–Mayer–Huggins  

parametric form. The pair interaction between ions i 

and j is given by: 
 

 
2

( ) 1
4

i j ji

TRIM ij

o ij i j

z z e zz

r

r n n

φ
πε

⎛ ⎞
= + + +⎜ ⎟

⎝ ⎠
 

      exp ,
i j ijr

b
s

σ σ+ −⎛ ⎞
× ⎜ ⎟

⎝ ⎠
 (3) 

 

where rij is the distance between atoms i and j. The 

parameters associated with an atom of type l are the 

charge zl, the number of valence-shell electrons nl 

and the ionic size parameter σl. The repulsion para-

meter b and the softness parameter s are assumed to 

be the same for all three types of pair interactions. In 

the case of BeF2, there are two types of ions and 

three types of pair interactions that must be consid-

ered for the TRIM parameterization of BeF2 i.e. 

Be
2+
–Be

2+
, Be

2+
–F

–
, F

–
–F

–
. The corresponding para-

meters for BeF2 used in this work are given in table 

1 and have been used in previous studies.
18,19,34

 

2.2 Molecular dynamics 

Molecular dynamics simulations of a system of 150 

Be and 300 F ions were carried out in canonical
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Table 1. TRIM potential parameters for BeF2.
18,19,34 

σ
+ (Å)  σ – (Å)  s (Å) z

+ z
–
 N

+ n
– b (kJ mol–1) 

 

0⋅93 1⋅24 0⋅29 2 –1 2 8 34⋅33 

 

 

(NVT) ensemble under cubic periodic boundary 

conditions, using the DL_POLY software pack-

age.38,39 The long-range effects of electrostatic inter-

actions were accounted for by the Ewald summation 

method.21,23 A Berendsen thermostat, with the time 

constant τB = 200 ps, was used to maintain the de-

sired temperature for the production run. The ther-

mostat time constant was chosen to be large so that 

the perturbation of the intrinsic system dynamics is 

small and transport properties can be evaluated. The 

Verlet leapfrog algorithm with a time step of 1fs 

was used to integrate the equations of motion. Start-

ing liquid BeF2 configurations were generated by 

replacing corresponding ions in an equilibrated low 

temperature SiO2 configuration.
29
 The system thus 

obtained was heated gradually to form the equili-

brated liquid state and an MD simulation at each 

state point was performed for 0⋅1 ns with target 

temperatures changing from 1000 K to 6000 K in 

steps of 100 K each. The results for static equilib-

rium averages for quantities such as the configura-

tional energy and pressure from these 0⋅1 ns is in 

agreement with previous results within the statistical 

error bars.18 Longer equilibration and production 

runs were carried out for a subset of about 100 state 

points covering the entire range in temperature and 

density.30,31 For temperatures above 2500 K, equili-

bration runs of 6 ns, followed by production runs of 

6 ns with data dumping every 5 time steps were per-

formed. For temperatures at and below 2250 K, 

equilibration runs were 10 ns, followed by produc-

tion runs of 8 ns for viscosity estimates, with data 

stored at every 2 steps. For ionic conductivity esti-

mation, short runs of 0⋅5 ns were done, with data 

stored at every time step. The system was simulated 

at 7 temperatures in the 1500 K to 3000 K range 

along 14 to 16 isochores in the density range from 

1⋅5 g cm
–3
 to 3⋅0 g cm

–3
 with gaps of 250 K and 

0⋅1 g cm
–3
 respectively. 

2.3 Shear viscosity 

Conventional pressure, p, is the force per unit area, 

applied in a direction perpendicular to the surface. 

However, in a viscous liquid such as BeF2, accurate 

description of the pressure involves contributions 

from components along the cartesian directions.
20
 

Hence, the ‘true’ pressure is a rank 2 tensor with 

elements Pαβ, which denotes the force acting along 

direction α on a unit surface perpendicular to the  

direction α, where α and β are the cartesian direc-

tions x, y or z. The scalar pressure p is the trace of 

the pressure tensor P. 

 The instantaneous value of pressure tensor com-

ponent Pαβ at time t is given by 
 

 
1 1

1
( ) ( ) ,

at at at
n n n

i i i ij i j

i i j i

P t m v v f r r
V

αβ α β α β β

= = >

= + −∑ ∑∑  (4) 

 

where viα and riα are the velocity and position along 

direction α of the ith atom having mass mi and fαij is 

the force between atoms i and j along direction α. 

Since the potential energy surface is pair additive, 

the pressure tensor can be assumed to be symmetric 

i.e. Pxy = Pyx.
20
 The shear viscosity, η, is then given 

by the Green–Kubo relation corresponding to the 

time integral of the off-diagonal pressure autocorre-

lation function (ACF): 
 

 
0

(0) ( ) d ,
B

V
P P t t

k T
αβ αβ

η

∞

= 〈 〉∫  (5) 

 

where the ensemble average uses the mean of the 

three unique off-diagonal pressure tensor elements, 

namely Pxy, Pyz and Pzx. Unlike in the case of the 

corresponding Einstein relation the periodic bound-

ary conditions do not have to be explicitly accounted 

for when evaluating the above expression.
20,21

 The 

time constant of the Berendsen thermostat must be 

chosen to be greater than the correlation time (tw) of 

the autocorrelation function. 

 The running integral of the off-diagonal pressure 

autocorrelation function (ACF), defined in (5), is 

plotted as a function of time for several state points 

in figure 1. An approximate estimate of the correla-

tion time can be obtained by noting the time taken 

for the integral to reach a plateau value. A stable 

plateau value is typically obtained within 1–2 ps at 

high temperatures and 4–5 ps for low temperatures. 
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Small oscillations about the mean plateau value re-

main even at long times. In order to estimate the 

viscosity and the associated error, we have followed 

the standard procedure in the literature and calcu-

lated the mean value associated with the terminal 

value of the integral of the plateau region. The error 

was estimated by dividing the 6–8 ns trajectory into 

non-overlapping 1 ns sub- trajectories and obtaining 

separate estimates η from each of the sub-trajectories 

by the above procedure. The critical computational 

parameters for estimating the viscosity are: (a) td is 

the total length of simulation performed; (b) tw is the 

length of the time window over which the integral of 

the ACF is performed and (c) ts is the time differ-

ence between successive windows each of length tw. 

For a given sub-trajectory, the ACF is obtained by 

averaging over all associated windows. Table 2 

shows the values of these parameters used for vis-

cosity estimations of BeF2 in this work and in the 

 

 
 

 
 

Figure 1. Running integral of the pressure autocorrela-
tion function, for different state points (T, ρ). T is given 
in Kelvin, and ρ in g cm–3. Note that the time for reaching 
a plateau for 1750 K, 1⋅5 g cm–3 is a magnitude higher 
than those at higher densities and temperatures, and 
hence the corresponding time and ACF scales are given 
on the top and right axes respectively of the graph. 
 

 
Table 2. Comparison of Green–Kubo integration para-
meters: td is the total length of simulation performed; tw  
is the length of the time window over which the integrals 
from (5) and (6) are evaluated; ts is the difference  
between the origins of successive time windows. 

 td tw ts = Δtdump 
 

NaCl(η)26 0⋅1–10 ns  2 ps 1 fs–100 ps 
BeF2 (η) 6–8 ns  2⋅5–40 ps 2–10 fs 
NaCl (σ )41 72–300 ps  – – 
BeF2 (σ

 ) 500 ps  1 ps–2 ps  1 fs 

study by Nevins and Spera on viscosity of NaCl.
26
 It 

may be noted that tw is significantly less than td; this 

is because computing the running integral for longer 

times did not show any significant decrease in error. 

We also use the pressure ACFs to obtain an estimate 

of the structural relaxation times for the liquid. Two 

different estimators are used: (a) relaxation time, τ, 

obtained by least square fitting of the ACF to the 

function exp((t′ – t)/τ) and (b) the Maxwell time 

τMaxwell, such that η(ηMaxwell)/η(η → ∞) = 1 – (1/e). 

2.4 Ionic conductivity 

The Green–Kubo relation for the ionic conductivity, 

σ, is defined as:40 
 

 
0

1
( ) (0) d ,

B

j t j t
Vk T

σ

∞

= 〈 ⋅ 〉∫  (6) 

 

where V and T are the volume and temperature of 

the system respectively and the charge flux j(t) is 

defined by 
 

 
1

( ) ( ),
n

i i

i

j t z ev t
=

=∑  (7) 

 

where, zie and vi are the charge and velocity of atom i 

respectively. The charge flux was stored for 5 × 10
5
 

consecutive steps. Except at very low densities, the 

correlation times for the charge flux autocorrelation 

function were very similar to those for the viscosity 

i.e. at 4–5 ps for low temperatures and 1–2 ps for 

high temperatures. The oscillations about the plateau 

value of the integral were much less than 1% for 

most state points. At low temperatures and densities, 

however, the integral of the charge ACF shows per-

sistent, nearly sinusoidal oscillations with amplitude 

of about 6–10% of the mean plateau value. The 

critical parameters for the estimation of the conduc-

tivity are analogous to those for the viscosity and are 

given in table 2 for BeF2 and NaCl melts. The elec-

tric charge-flux correlation function also contains 

the information about the dipole moment correlation 

function.
14
 One can therefore take the Fourier trans-

form of the electric charge flux correlation function 

to obtain the infrared spectrum of the melt: 
 

 
0

( ) ( ) (0) .i t
I dte j t j

ω
ω

∞

= 〈 ⋅ 〉∫  (8) 
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3. Results and discussion 

We have computed conductivities, viscosities and 

structural relaxation times for a set of state points 

shown in table 3. The state points were chosen to 

represent both normal and anomalous thermody-

namic regimes, with the high temperature-high den-

sity state points belonging to the normal regime and 

the low-density-low temperature points belonging to 

the anomalous regime. A more detailed description 

of the thermodynamic behaviour over the entire set 

of state points is given elsewhere.30 The two differ-

ent estimators for the structural relaxation times, τ 

and τM, show the same trends but have somewhat 

different quantitative values. The structural relaxa-

tion times change by about an order of magnitude 

over the temperature range from 1750 K to 3000 K, 

indicating that window lengths over which the auto- 

 
 

 
 

Figure 2. Running integral of the charge-flux autocor-
relation function for different state points in the ρ – 
T-plane for: (a) NaCl melt and (b) BeF2 melt. The oscil-
latory amplitude is small in comparison to the actual  
average value and inset shows the running integral for 
(1750 K, 1⋅8 g cm

–3
). 

correlation function must be integrated to obtain  

reliable simulation averages must be chosen accord-

ingly. Figure 1 displays the running integral for es-

timation of shear viscosity, η for all the state points. 

It is evident that the correlation length for the low 

temperature regime (1500 K and 1750 K) required is 

nearly 5 times of that required for higher tempera-

tures, above 2000 K. At low temperatures, smooth 

convergence of the pressure ACF integral is ob-

tained and there is very little statistical noise or fluc-

tuations in the value of the integral as a function of 

time. In contrast, at high temperatures, when the 

viscosity is small and the value of the integral de-

creases by a couple of orders of magnitude (see fig-

ure 1), the statistical noise is much more pronounced. 

The optimal size of the time window for which the 

integral of the pressure ACF is computed must be 

such that a stable plateau value is achieved but the 

effect of statistical noise in the plateau value at long 

times does not significantly increase the error. 

 The ionic conductivities for selected state points 

of BeF2 melt are shown in table 3. The behaviour of 

the integral for the charge-flux autocorrelation func-

tion to evaluate the ionic conductivity is shown in 

figure 2 for those state point of BeF2 melt, as well as 

for four state points of NaCl melt that are very close 

to those studied by Guissani and Guillot.41 For these 

state points, our results for σ agree with their values, 

within statistical error. The correlation time for the 

charge-flux ACF is much shorter than for the pres-

sure ACF, as reflected in our choice of tw. In the 

case of NaCl melt, the conductivity estimated as a 

function of the time for which the ACF is integrated, 

rapidly settles down to a stable plateau value with 

minimal fluctuations. BeF2 melt shows a similar  

behaviour in the normal regime at high temperatures 

i.e. the integral shows a sharp rise, a short decrease, 

and then stabilizes to a plateau with very little noise. 

At low temperatures and densities, specially promi-

nent at 1750 K and 1⋅5 g cm
–3
, the integral shows 

pronounced oscillatory behaviour about the mean 

plateau value. The oscillations slowly decay from an 

initial high amplitude to a constant near the average 

value. 

 To understand the origin of the oscillatory beha-

viour of the charge-flux ACF in BeF2 melt, we com-

pute the Fourier transform of the charge-flux ACF, 

as defined in (8). Figure 3 shows this Fourier trans-

form for several densities along the 1750 K  

isotherm. This corresponds essentially to the infra-

red spectrum of the melt. Figure 3 shows the IR
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Table 3. Shear viscosity (η) and ionic conductivity (σ
 

) for few representative state 
points. The structural relaxation time τ and the Maxwell time, τM, are also tabulated. 

T (K) ρ (g cm
–3
)  η (cP) τ (ps) τ M (ps) σ (Ω

–1
 cm

–1
) 

 

1750 1⋅8 1⋅684 ± 0⋅32 2⋅018 2⋅18  1⋅022 ± 0⋅077 
2000 2⋅0 0⋅317 ± 0⋅040 0⋅376 0⋅29 2⋅799 ± 0⋅12 
2250 2⋅2 0⋅189 ± 0⋅013 0⋅177 0⋅096 6⋅800 ± 0⋅12 
2500 2⋅4 0⋅159 ± 0⋅016 0⋅112 0⋅045 11⋅06 ± 0⋅18 
2750 2⋅6 0⋅147 ± 0⋅014 0⋅074 0⋅028 15⋅34 ± 0⋅94 
3000 3⋅0 0⋅180 ± 0⋅004 0⋅020 0⋅025 24⋅77 ± 1⋅04 

 

 

 
 

Figure 3. Fourier transform of the electric charge-flux 
auto correlation function, corresponding to the infrared 
spectrum for BeF2 melt, at different densities along the 
1750 K isotherm. Arrow indicates direction of increasing 
density. 

 

spectra for BeF2 at different densities along the 

1750 K isotherm. The clear peak at 600 cm
–1
 for low 

densities (<2⋅0 g cm
–3
) decays to a broad maxima 

centered at 360 cm
–1
. This behaviour has been noted 

in earlier work where the focus was on computation 

of IR active modes in fluoroberyllate glasses.28,42 At 

low densities, the local tetrahedral order is much 

more pronounced and the local vibrational modes 

are associated with relatively high frequencies. At 

higher densities, the tetrahedral packing is progres-

sively destroyed as coordination numbers increase 

and this is reflected in the local vibrational frequen-

cies. In our context, where the focus is on computa-

tion of conductivity, the existence of local vibrational 

modes is reflected in the high-frequency oscillations 

of the ACF integral at long times. This will clearly 

be characteristic of network-forming ionic melts. 

Ionic melts where network-formation is insignificant 

e.g. BeF2 in the normal regime and NaCl melt, do 

not show this type of behaviour. In the case of net-

work-forming melts, we take a local average of the 

ACF integral over approximately 500 successive 

time steps to minimise the effect of these oscillatory 

fluctuations and obtain a stable estimate for the con-

ductivity.  

4. Conclusions 

In this paper, we apply the Green–Kubo formalism 

to compute viscosities and ionic conductivities of 

BeF2 melt, modelled using a rigid-ion pair potential. 

We show that when estimating these collective 

transport properties, considerable care has to be taken 

when in deciding the simulation parameters, such as 

the length of MD simulations, the frequency of sam-

pling autocorrelation function data, the window 

length for which the autocorrelation function is inte-

grated, and the method used for averaging. These 

simulation parameters differ significantly for viscos-

ity and conductivity. In addition to the equilibrium 

values of these transport properties, we compute 

structural relaxation times as well as high-frequency 

IR-active modes from the pressure and charge-flux 

ACFs respectively. The charge-flux autocorrelation 

function typically shows a shorter correlation time 

than the pressure autocorrelation function. We also 

show that a network-forming ionic melt, such as 

BeF2, will display persistent oscillatory behaviour of 

the integral of the charge-flux ACF. To obtain stable 

values for the conductivity, one should take short-

time averages of the integral of the charge-flux 

ACF. By suitable Fourier transformation, one can 

show that these persistent oscillations correspond to 

high-frequency, infra-red active vibrations associ-

ated with local modes of the network. In the absence 

of a liquid-state network, as in NaCl melt or in BeF2 

at high temperatures, this behaviour is absent. Our 

results demonstrate that the Green–Kubo route pro-

vides an efficient method for estimating transport 

properties of ionic melts from equilibrium molecular 

dynamics simulations. 
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