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Abstract. Let A be a unital commutative *-algebra. Let » be a hermitian
representation of A into (not necessarily bounded) Hilbert space operators.
Analytic vectors and bounded vectors for n are investigated; and are used to
show that n is a direct sum of bounded (operator) representations iff = admits
a core consisting of bounded vectors. This, in turn, is used to show that if
A is either of the polynomial algebras &(x) or &(x,y) in one or two commut-
ing hermitian generators then r is standard iff » is a direct sum of bounded
representations. Various selfadjointness and standardness criteria for represen-
tations of these polynomial algebras are developed, highlighting the difference
between the representation theory of these two algebras, and supplementing
known results.

1. Introduction and Preliminaries

Let T: D(T)cH— H be a linear operator (not necessarily bounded) defined
on a dense subspace D(T) (Domain of T) of a Hilbert space H. Then T is
formally normal if

D(T)cD(T*) and |Té&|=|T*&| for all §I(T).

A formally normal operator T is normal if T is closed and D(T)=D(T*). The
spectral theorem [14, §7.5] represents a normal operator as

T= Sszw

for a spectal measure E. Following [8], [12Z], given an operator T, a vector
¢ in
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C(T) := F_'\l D(T™) (=C>-vectors for T)

is a bounded vector (resp. an analytic vector) if there exist a>0, ¢>0 such that
I T*&|<ac™ for all neN (resp. if there exists t>0 such that 35—, t*|T"§l/n!
< ). Bounded vectors are analytic, but not conversely. The space of all
bounded (resp. analytic) vectors will be denoted by B(T) (resp. D.(T)). Now
a closed formally normal operator 7T is normal iff there exists a subspace
(linear manifold, not necessarily closed) XcID(T'), TX<cX, T*X<X such that
B(T)NX is dense in H [12] iff T is a direct sum of bounded normal operators
(a consequence of the spectral Theorem) iff for a dense subspace X of D(T)
satisfying TXcX, T*XcX, D, (T)NX is dense in H [8, Lemma 3.2]. The
purpose of this paper is to investigate the representation theoretic analogous
of these in the framework of unbounded representations [5], [6], [9]; and to
apply them to the representations of the polynomial algebras £(x) and @(x, y)
in one and two commuting hermitian generators, thereby refining the main
results in [5].

Let A be a x-algebra viz. a linear associating involutive algebra over com-
plex scalars and having identity 1. A hermitian representation (or *-representa-
tion) (z, D(x), H) of A on a Hilbert space H is a mapping # of A into linear
operators (not necessarily bounded) all defined on a subspace D(x) dense in H
such that for all x, y in A, all scalars a, 8 and all vectors §, » in D(w), the
following hold:

(i) m(ax+By)§=an(x)s+pr(y),

(ii) w(x)D(x)cD(x), and =(x)w(y)§=n(xy)§,

(iii) =(1)=1, the identity operator,

(iv) =m(x*)cm(x)* (: operator adjoint), i.e., <m(x)§, p>=<§&, m(x*)n>.
It follows that for each normal element x of A, x=h+ik with h=h*, k=k¥*,
hk=FEh, the operator m(x) is formally normal. Unbounded representations have
been investigated in the contexts of Wightmann quantum field theory, repre-
sentations of Lie algebras, representation theory of non-normed topological
x-algebras and algebras of unbounded operators. There is an analogy between
unbounded symmetric operators and unbounded hermitian representations [9].
The closure (=, D(z), H) of a hermitian representation (z, D(n), H) of A is the
x-representation 7 defined on D(z)=N{D(x(x))|x< A} as

72(x)=7(x)|pcx> »

n(x) denoting the closure of the operator m(x); and = is closed if =*==, i.e.
D(m)=D(#). Hermitian adjoint (z*, D(n¥*), H) of a *-representation (=, D(x), H)
of A is the representation (not necessarily satisfying (iv) above) with domain
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D(z*)=N\{D(zm(x*)*)| x = A} defined as
T x)=(xX*)*| pamy 5

and 7 is selfadjoint if 7=n* i.e. D(x)=D(x*). Note that given a hermitian
representation z, the symmetric operator =(h), for h=h* in A, need not be
essentially selfadjoint, even if = is selfadjoint. In fact, = is standard [5], [6],
[9] if m(x)*=n(x*) for all x=A. We say that a representation = is bounded
if each m#(x), x= A, is a bounded operator. A =w-invariant subspace M of D(x),
for a hermitian representation (x, D(x), H) of A, defines a subrepresentation
7y with domain D(n,)=M on the Hilbert space M (closure in H) as

ny(x)=n(x)|y (x€A).

We shall call a =-invariant subspace X of D(zx) a core for = if #=#y

(=(m| x)7).

Definition 1.1. Let (7, D(z), H) be a hermitian representation of a x-alge-
bra A. The analytic vectors for = are the vectors in

Dm(n):xQADw(x(x ) ’

and the bounded vectors for m are the vectors in

B(z)= N B(x(x) .

It is shown in Section 2 that for a closed *-representation = of a commuta-
tive s-algebra A, = is a direct sum of bounded representations iff = is a closed
linear span (in an appropriate sense) of bounded representations iff B(x) con-
tains a core for #. In this case, # is standard. This is used in Sections 3
and 4 to discuss standardness criteria for representations of polynomial algebras
P(x) and @(x, y) in commuting hermitian generators x and y, highlighting the
essential differences between the representation theory of these two algebras.
Given a representation # of either ®(x) or 2(x, y), it is shown that = is
standard iff it is a direct sum of bounded representations. Standardness and
selfadjointness are equivalent for #(x); but not for <P(x, y). A selfadjoint re-
presentation 7= of P(x, y) is standard iff w(x%+ y®) is essentially selfadjoint.
We also discuss the problems of selfadjoint extensions for representations of
these polynomial algebras.

2. Representations and bounded vectors

Theorem 2.1. Let (z, D(x), H) be a closed hermitian representation of a
commutative x-algebra A. The following are equivalent:
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(1) = is a direct sum of bounded hermitian representations of A.

(2) m is a closed linear span of bounded hermitian representations of A.

(3) There exists a subspace X of B(wm) which forms a core for =.
Under any of these conditions, @ is a standard representation; and for x, y in
A, the normal operators n(x) and =(y) have mutually commuting spectral pro-
jections.

Let {(x;,, D(x,), H;)|iI} be a family of hermitian representations of A.
The direct sum w=3=; is the representation (z, D(z), H) of A defined on
the Hilbert space H=;H; with domain

D(m)={§=@¢)€H|&eD(r,) GeI), Zlimi(x)if* <o (x€A)}

defined as

n(x)=3mi(x)§: .

The closed linear span of bounded representations defined below is the repre-
sentation theoretic analogue of closed linear span of bounded operators [12].

Let (D, <) be a directed set. By H,1 is meant a family {H,|a=sD} of
Hilbert spaces H, such that for a<fin D H, is a closed subspaces of Hj, the
embedding H,C,Hp being isometric. By n, 1 is meant a family {(mw., D(n,), Ha)
|e=D} of hermitian representations 7, of A such that

(i) H.T, ,

(ii) for each a, D(w.)=H, and &, is bounded,

(iii) for each x€A, a<f in D, m.(x)Cmg(x).
Given m, 1, define \Uxm, by taking D(Urm,)=\UH,, and

(Um)(x)=Umq(x),

i.e., for each é€H,, (\Ur,)(x)é=m,(x)¢. It is easily seen that this defines a
hermitian representation of A on the Hilbert space \/ H,=closed linear span
(in this case, completion) of \UH, with the inner product that is naturally de-
fined. Let /7, be the closure of \Urn, having domain D(\V &)= {D((Ur.)(x))
|x = A},

(V)X =(\ITma)(%)§ .

We call V7, a closed linear span of bounded hermitian representations. In view
of Nelson’s Theorem [14, Th. 8.31, p. 261], V7. is a standard representation,
admitting a dense set of bounded vectors H, forming a core for r.
2.1 establishes the converse. '

Let L*(D(m)) denote the x-algebra of all linear operators T : D(x) — D(x)
such that T*D(z)c D(n). The (formal) unbounded commutant of = is

n(AY={TeL*(D@)|Tr(x)=r(x)T§ (x4, §€D(x))}.
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Lemma 2.2, Let (w, D(z), H) be a hermitian representation of a commutative
x-algebra A. Then the following hold.
(1) Each of B(m) and D,(r) is a m-invariant subspace of D(x); and

B@)=N{B(x(h))| h=h* in A} CDy(m)=N{Duo(x(h))|h=h* in A}.

2) wm(A)¥Dy(m)cD,(x), n(A)YB(x)c B(r).

(3) If there exists QcD(m) such that the linear span of w(A)Q is dense in
H, and if = is closed, then & is standard; and for x, y in A, the operators m(x)

and ©(y) are normal, having mutually commuting spectral projections.
(4) Let D=N4*=the set of all functions f: A—-N. For f€D, let

By(m)={¢=D(x)| for each x= A there exisls a positive number

Qz.¢ satisfying (x| L a. (f(x)" (nEN)}.

Then B(m)=\U{B,(n)| f€D}, and each B/(x) is a m-invariant subspace of D(=).

Sublemma 2.3. Let N be a formally normal operator in a Hilbert space H
with dense domain D(N) such that ND(N)c D(N), N*XD(N)cD(N). Let Re N and
Im N denote respectively the real and imaginary parts of N. The following hold.

(1) D,(N)=D,Re N)\D,(Im N), B(N)=B(Re N)NB(Im N),

(2) {N, N¥¢D,N)cD,N), {N, N¥}¢B(N)cB(N).

Proof of Sublemma. (1) One has Re N=(N+N*)/2, In N=(N—N¥)/2{, so
that N=Re N+iIm N. Also, D(N)cD(N*); and for any &=D(N), |[Né&|=
[N*¢ll, N*N§=NN*£. The assertion D,(N)=D,Re N"\D,(Im N) has been
noted in the remark on p. 34 following [13, Prop. 1]. This can also be verified
by arguments similar to those for bounded vectors given below. Let §=B(N),
so that for suitable a>0, ¢>0, ||[N*&|<ac” for all neN. Then, for any neN,

IRe Nygi=|(YE)e

SN

< S ()vravsr-rei=inen 33 (5)

<2"ac*=a(2c)" .

Thus é=B(Re N). Similarly, é&B(Im N). If follows that B(N)cB(Re N)N
B(Im N). Conversely, let é&B(Re N)N\B(Im N). Choose a>0, ¢>0 such that
for all neN, [(ReN)*é[|<ac”, |[(Im N)*¢|<ac™. Then, using Cauchy-Schwarz
inequality, we get, for each n&N,
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IN™¢||=[I(Re N+¢Im N)*¢|

-

<2(} )IRe Ny"(m Ny»-*¢|

B () Re Ny Im N)y»ke

=3( ), JiRe Ny"&lli(im N)~+gl)2
gz}( Z )(ac”ac")”’: a(2c)" .

Thus, £ B(N), and B(Re N)N\B(Im N)c B(N).

(2) The assertion concerning analytic vectors follows from [13, Prop. 2].
Let £¢=B(N) satisfying [|[N"¢|<ac™ for all nN. Let T<{N, N*}°. Then,
for any neN,

IN™TE|*=<N"T§, N"TE=LN*)"N"§, T*TE)
S[AN*"N I T*TE|
<IT*T&IiN*"&li
=(VIT*TEN act=t"c*" .
It follows that Té=B(N).

Proof of Lemma 2.2. Since A is commutative, w(A)cn(A). Thus the
assertions (1) and (2) follow from the sublemma. If there exists a subset Qc
D,(r) such that m(A)'Q is linearly dense in H, then [13, Th. 1] implies that
the formally normal operators m(x), x€A, are all essentially normal. Thus,
for each h=~h* in A, =(h) is selfadjoint. This, by [9(I), Th. 7.1], implies that
w(x*)=n(x)* for all x. Thus = is standard. Futher, [13, Th. 2] also implies
that for x, y in A the normal operators 7(x) and #(y) have mutually commut-
ing spectral projections. This gives (3). For (4), it is obvious that each B(x)
is a subspace of B(w), and B(m)=\U{B,;(n)| fD}. We show that n(A)B,(x)c
B,(m). Let feD, éB,(x), yA. Then, for each x€A, neN,

|z (x) m(P)EP={m(x*x)™)E, m(y*9)E>
<liz(y* el m((x*x)™)gll
=l 2(y)*x(EI (=(x™)*(m(x)™)E]
<lim(y2Ellm(x)*¢]
Sayef(y)iPazef(x)"
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for suitable a,. >0, a;¢>0. It follows that w(y)é< B (7).

Proof of Theorem 2.1. That (2) implies (3) follows immediately from the
definition of closed linear span of bounded representations. Conversely, assume
(3). Let D=N4 be directed by the partial order f<g if f(x)<g(x) for all
xcA. For acD, let X,=B.(x)"\X, a =m-invariant subspace by Lemma 2.2
Let H,=X,, closure in H. Clearly H,1. Define a hermitian representation
n, of A on H, with domain D(r,)=X, by m.(x)=n(x)|x,, x<A. Then, for
all éX,, xA, n=N, one has

[Ta(x™E S @z e(a(x))" .
Now

7 a(x™EN SN (7 a(x™))*7 (%)
=[1élllma(x)*"&ll -

Hence, by iterations, one gets, for all neN,

17 a(R)EIE S €21 [ ma(2)2 612"
<||gI2 -1t [a g, ca(x)* 1T

Hence |7.(x)é]<a(x)|&] (é€D(n,), x=A), showing that 7, is bounded; [|7.(x)|
<a(x) (x€A). Hence, D(z,)=Ha., %al, %o is bounded, and 7, CZ,CT=7.
Thus 7|yc\Ur,cxn. This gives, by assumption about X, that z#=(m|x)"C
(Uﬁa)_':\/ﬁ:Cifzft showing that 7=V 7,. Thus (3) implies (2). Now assume
(1), say t=3m,;, with each 7, a bounded hermitian representation with domain
D(z;)=H;. Then H,cB(x) for each 7, and it follows by the definition of direct
sum, that B(m)is a core for 7. Thus (1)>(3)=(2). Finally, assume (2), so that
n=\ {zg|BE]}, ms 1, each my bounded, and D(wz)=Hs. Then Hgc B(m)c
D(x); and since « is closed, D(x)=B(x)'" closure in the locally convex topology
t, on D(n) defined by seminorms &—||z(x)§|, x=A. (Note that m being closed,
(D(w), t,) is complete). Thus, for each h=h* in A,, D,(w(h)) is dense in H.
It follows from Nelson’s Analytic Vector Theorem [14, Th. 8.31, p. 261] that
n(h) is essentially selfadjoint. Hence by [9(I), Th. 7.1], = is standard, and
hence selfadjoint. Let B(H) denote the C*-algebra of all bounded linear opera-
tors on H. Selfadjointness of = implies [9(I), Th. 4.7] that the weak bounded
commutant n(A),={T<B(H)|<Txr(x)§, p>=<T& n(x*)n)> for x€A, § n&D(n)}
is a von Neumann algebra; and there is a one-one correspondence between
orthogonal projections in m(A)j and selfadjoint =-invarient subspaces of D().
Now let éeB(x), M=n(A)e. Then M is =-invarient, McB(x). Let H:=M
(norm closure in H), M;=M"'" (closure in (D(x), t,)). Let D(m¢)=M;; and mg(x)
=n(x)|y: (x€A). Then (m¢, D(m¢), Hy) is a bounded closed hermitian repre-
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sentation of A, hence is selfadjoint, with the result, the orthogonal projection
E¢: H-H: is in n(A)y. Thus (1—Epern(Ayw, 1—E)D(r)cD(w). Let N=
(1—EgD(n), Hi=H¢=N. Let D(x,)=N'", m,=n|p,,. Then =z, is a selfadjoint
representation of A, and there exists yB(x)\H,. As above, this would de-
fine a bounded closed hermitian representation (x,, D(x,), H,) such that He | H,.
Now, by Zorn’s Lemma, there exists a maximal family (§;|7I) of vectors in
D(x) such that each H,=z(A)¢,cD(x), H;1H; (G+j); and n,=rx|pe,, With
D(n,)=(x(A)&,)'", defines a bounded closed hermitian representation of A. The
maximality and the assumption that = is closed imply that 7=3z;; and (1)

follows. This completes the proof of [Theorem 2.1l

Corollary 2.4. Let (m, D(m), H) be a selfadjoint represeniation of a com-
mutative x-algebra A. Then n=nrn.Pr,, where =n. is a closed linear span of
bounded hermitian representations and 7w, is completely unbounded in the sense
that m, admits no nonzero bounded vector. Thus, if n is irreducible, then either
T is one dimensional or il admits no nonzero bounded vector.

Remark 2.5. Let (7, D(x), H) be a selfadjoint representation of a com-
mutative *-algebra A. By n(A)D,(m)cD,(x). Let D(z,)=closure
of D.(x) in (D(=), t,). Let H,=norm closure of D,(m) in H. Let m,(x)=
(%) pryy (x€A). Then (z,, D(n,), H,) is a closed hermitian representation
admitting a dense set of analytic vectors. Hence n is standard, and so is self-
adjoint. Thus the projection E,: H—H, is in #(A)y; and the complementary
representation (w,, D(x,), H,), contains no nonzero analytic vector. Thus one
gets an analytic decomposition of = as #==n,Prx,.

Example 2.6. Let Z be a measure space with positive measure M. Fol-
lowing [7], a dense subalgebra % of L*Z, W) is a *-algebra in L*Z, w if A
is a x-algebra with pointwise operations and complex conjugation. Let A be
any commutative *-algebra. Let ¢ be a x-homomorphism of A onto a -algebra
in L¥Z, p). Define a hermitian representation ¢ of A in the Hilbert space
L¥Z, p) by o(x)=Mgy ), My;8=¢(x)g, viz. the multiplication operator with
maximum domain '

D(Myc)={g& LXZ, p)|$(x)ge LXZ, )} .

The domain of ¢ is D(e)=N{D(My)|x<A}. Then ¢ is a standard repre-
sentation of A. The following hold:
(i) L3(Z, ﬂ)zzsf;l L™Z, p) and L*(Z, w= N LYZ, p) are *-algebras

in L¥Z, p) [1]. _
(ii) If p is finite, then L=(Z, p)c L*(Z, w)=L%(Z, w.
(iii) Any =*-algebra in L*Z, p) is contained in L$(Z, p).
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: _ for each x= A, ¢(x) is essentially
(iv) B(U)—{gED(G) \bounded on the support of g }

3. Representations of @(x)

Let 2(x) be the free commutative algebra in one hermitian generator x.
Thus @(x) is the *-algebra with identity consisting of all complex polynomials
in x=x*. Inoue and Takesu [5] have investigated selfadjoint representations
of @(x). In what follows, the results in [5] are refined and supplimented using
the results in Section 2.

Theorem 3.1. Let (m, D(n), H) be a closed hermitian representation of P(x).
Then the following hold.
(A) B(m)=B(n(x))
(B) The following are equivalent
(1) = is standard
(2) 7 is a direct sum of bounded hermitian representations.

Proof. (A) Let £&B(x(x)). Choose a>0, ¢>0 such that jz(x)"¢|<ac”
forall n&N. Let P(x)= 3} a,s’e®(x). Then P(x)"'= 3 a,, - a; x* "+,
=0 1 dn=0

Hence, for all n&N,

IR(PEEIS 2 as,as, g, |5l Sa P

J1

Thus é=B(P(x)); and (A) follows.
(B) By [Theorem 2.1, (2)=(1). Assume that = is standard. Then =n(x) is
a selfadjoint operator; hence B(n(x)) is dense in H. The spectral resolution

mo=|" dE®
implies that
B@EE)=J E[—n, n] H=BE@)NCEx)

[12, p. 365]. But since = is selfadjoint, [5, Th. 2.1] implies that D(z)=
C=(m(x)). Hence
B(m)=B(x(x))=D(z)N\B(x(x))=B(x(x)),

which is dense in D(z); and 7#=(7|gw)", as D(x|p) is the completion of
B(z) in the induced topology ¢,. implies (2).

The following follows from [Theorem 3.1, [5, Th. 2.1] and [3].
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Corollary 3.2. Let (z, D(m), H) be a closed hermitian representation of P(x).
The following are equivalent;

(1) = is standard.

(2) = is a direct sum of bounded hermitian representatzons

(3) = is selfadjoint.

@) (@) D(m)=D(r).

(5) w(x) is essentially selfadjoint and D(m)=C=(m(x)).

(6) w(x)* is essentially selfadjoint for all n<N.

(7 m(@xNw=nr(P(x)); and D(x*)=n(LP(x))wD(x).

8) m(P(x)w=n(L(x))s.

Recall that n(A);={Cern(A)Y|CD(x)cD(x)}, the strong commutant for
a hermitian representation = of a *-algebra A.
The following refines [9(I), Lemma 3.2] and [5, Th. 2.4].

Proposition 3.3. Let (z, D(n), H) be a closed hermitian representation of
P(x). Then the following are equivalent.

(1) =* is standard.

(2) =* {s hermitian.

(3) =* is selfadjoint.

(4) =(x) is essentially selfadjoint.

(5) =w(P(x))w is an algebra.

6) D(n¥)=C=(z(x)).

Proof. In above, (2) iff (3) iff (1) follow from [9(I), p. 95] and
3.2; (3) iff (4) is [5, Th. 2.4] and (4) iff (5) is [9(I), Lemma 3. 2] We show
(5)=(6)=(3). Assume (5). Let

w=|__1dEQ
be the spectral theorem for the selfadjoint operator z(x). Let é=C=(n(x))=
F\ID(n’(x)"). There exists a sequence (£§;) in D(x) suchr that £,—¢. For each
neN,

E.=|" 4B
is in #(P(x))w; and so, for all n, &,

E.§ren(P(x))wD(m)c D(x*)
[90), Lemma 4.5]. Now, for each n,
Enek —_—> Eney 7T(x)mEnEk —— ”(x)mEnf (mEN) ’
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n(x)™ being bounded on E,D(m(x)). Thus, for all ze®(x), n(2)E &, —n(2)E &
for all n. Since =* is closed, E,fD(n*) for all nN. Also, as n—o,

E.6—>¢, n(x)"Ef—>T(x)"E, mHx)"Ef—>¥x)"¢ (mEN).
As above, by the closedness of ©*, &=D(n*). Thus C=(z(x))cD(x*). Also,
D(m*)=N{D(r(y*)*)| yeP(x)}
CN{D((w(x")¥) | ne Nt =N {D((=(x)")*)|n= N}
=N\{D((=(x)*)")|neN} (by [6, Lemma 2.2])
=N {D(@(x)") |ne N} =C=(x(x)),

m(x) being essentially selfadjoint. It follows that (5)=)(6). Now assume (6).
Observe that wczm*, hence w**czx*., For any zeP(x), #*2)=n(z2*)*|pm),
hence m*(z)cm(z*)*, and so w(z¥)c(n*(z))*. Therefore,

D(z**)=N\{D(z*(2)*) | z& P(x)}
OSN{D(r(2¥)**) | ze P(x)} =N {D(n(z*))| z& P(x)}
=N {D(x(2))| zeP(x)} =N {D((x(x))") | nEN} =D(n*)

by (6). Thus m#*cz** and so m*==n** showing that n* is selfadjoint.

Proposiiton 3.4. Let (x, D(x), H) be a hermitian representation of <LP(x).
The following are equivalent:

(1) = has a standard extension in H.

(2) 7 has a selfadjoint extension in H.

(3) m(x) has a selfadjoint extension in H.

Proof. That (1)=(2)=(3) follow from [Corollary 3.2. Assume (3). Let T
be a selfadjoint operator with dense domain D(T) in H such that D(z)cD(T)

and n(x)cT. Then T=(T|pm) =(T |p,1)) " =(T |¢cwr))”. Taking D(a)=C=(T),
define o(P(x))=P(T)|pwy (P(x)EP(x)). The hermitian representation
(e, D(o), H) is an extension of 7 satisfying ¢(x)=T. Since T"=(T)" (neN),

D(3)=N\{D(a(2))| zEP(x)}
cN{D(e(x™)IneN}=N{D(T"|pw) ) I nEN}
N {D(T™"|neN} =N {D(T"|neN}=D(a),

showing that ¢ is closed. Also,

D(o)= (\ D(T™= () D{a®)™.
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Hence ¢ is standard by [Corollary 3.2

It follows that = is selfadjoint iff 7 is closed and 7(x) admits a selfadjoint

extension T in H such that D(m)= E\ID(T”).

4. Representations of P(x,y)

Let 2(x,y) be the free commutative *-algebra with 1 generated by two
commuting hermitian generators x, y. In [5, Th. 3.2], various standardness
criteria for representations of <2(x, y) have been discussed. In this section,
using [Theorem 2.1, several other standardness criteria for = are discussed.

Theorem 4.1. Let (m, D(z), H) be a closed hermitian representation of
P(x,y). Then the following hold:
(A) B(m)=B(n(x)+in(y))=B(x(x))NB(7(y)).

(B) The following are equivalent.
(1) = is standard.
(2) = is a direct sum of bounded hermitian representations.

Proof. (A) Sublemma 2.3 gives B(w(x)+in(y))=B(m(x))N\B(x(y)). Define

B(m(x), m(¥))
={§€D(n)|3a, ¢, ¢.>0 s. t. |[z#(x)*n(y)™E|Zacicy (k, meN)}.
Let é=B(n(x), =(y)) with a, ¢, c; as above. Let
P(x, y)= éo j%a;,x‘yf.

Then, for any n<N,

m

k :
P(xy y)n - Z 2 ailjlaizfz ainjnxil+ig+~-+znyjl+...+jn )
iy, Ep=0 fq, =0

Hence,
I(zxP(x, )" =11 P(m(x), =(y)"Ell
Sa4,5,Aip5 -+ Qipe, | T(x)HHiRT(YY1HIng||
<aP(cy, c)".

Thus £ B(n(P(x, ))) for all P(x,y); and B(m(x), #(y))=B(x). Conversely,
let ¢&B(x). Let n, m be in N. Then
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I (x)ma(y) Ell*=<m(x™y™)E, m(x™y")E) =< (x)*"§, T(y)* &)

<lz(x)Pmlz(y) el < az et ay,cy < aci™es”

for suitable a, ¢, and ¢,. Thus &=B(n(x), n(y)), and B(m)=B(xn(x), 7(y)).
Obviously, B(z(x), n(y))c=B(x(x))N\B(n(y)); whereas, above (*) implies B(w(x))
NB(n(y))cB(n(x), #(y)). This proves (A).

(B) Assume (1). By [5, Th. 3.2], n(x) and ©(y) are selfadjoint operators
with mutually commuting spectral projections, so that N=n(x)+in(y) is a
normal operator. As noted in [7, p. 399], D(N*)=D((z(x))")N\D((x(y))"); hence

C=(N)= fjl D(N®=D(x) by [5, Th. 3.2]. Let

N:SxdE(z)

be the spectral resolution. Then B(N)= \>JOE(DC)H, where D.={z€C||z|Zc}.
Hence B(N)cC>=(N). Thus

B(N)=B(N)NC*(N)=B(N)"\D(r)
=B(r(x)+in(y))ND(r)=B(n(x)+in(y))=B(r).

Thus, the #-invariant subspace B(w) is dense in H; and (Tgu) =n. By Theo-
rem 2.1, (2) follows.

The following supplements [5, Th. 3.2]. For the sake of completeness and
comparision with [Corollary 3.2, relavant statements from this reference are
included herein.

Theorem 4.2, Let (w, D(m), H) be a hermitian represeniation of P(x,y).
Then the following are eqiuvalent.

(1) = is standard.

(2) = is closed; and it is a direct sum of bounded hermitian representations.

(3) m(x)+in(y) is essentially normal, and D(z)= él{D((n—(aT))")mD((ﬁU))")}.

(4) For each x=1, 2, -+, m(x)" and m(y)" are essentially selfadjoini; m(x)+
in(y) has a normal extension in H; and = is closed.

(4’) For all n=1, 2, -, (m(x))" and (7(¥))" are selfadjoint with mutually
commuling spectral projections.

(®) = is closed, and m(x*+ y*®) is essentially selfadjoini.

(6) m((x*+y®)™) is essentially selfadjoint for all n=1, 2, ---.

(M m(x*+ yHwD(z)=D(x).

(8) m is selfadjoint, and w(x)+im(y) has a normal extension in H.
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(9) m(x) and ®(y) are esseniially selfadjoint, D(yz):n?;\l (D@ HIND("(Y)™))
and m(x)+in(y) has a normal exiension in H.

(10) 7 is closed, n(x) and =(y) are selfadjoint operators with mutually com-
muting speciral projections and n(P(x, y))wD(m)=D(x).

Proof. The assertions (1) iff (8) iff (9) iff (10) constitute [5, Th. 3.2];
where (1) iff (2) follows from [Theorem 4.I. Now assume (1). Then

RO +ARH=N={dE®)

is a normal operator. In fact, N=n(x)+in(y). Indeed, let §&&D(N). Then,

for ¢>0,
&.=E(d0)¢ (d.={zeC||z|<c})

is a bounded vector for N, and
§cE Q D(N™)=C=(N)= Q(D(('E_(}—))")HD((”(J’))")#D(ﬂ)-

Also, &—& as ¢—oo, and (7(x)+in(y))&.=NE&. form a Cauchy sequence (c=1/n).
Thus &é=D@(x)+:i7(y)), and NC n(x)+in(y). Since normal operators are maxi-
mal among formally normal operators, N==(x)+ix(y). Thus (1)::)(3) Con-
versely, assume that N==n(x)+in(y) is normal, and D(m)= f\ (D{@(x)™)N
D((@(»)™), Then D(x)= N D(N")=C=(N). Thus, the formally normal operator
T=n(x)+in(y) with domairrll D(T)=D(r) contains a dense set of analytic vectors,
and it satisfies

TD(T)cD(T), T*D(T)cD(T).

ITEIP=lIm(x)EI1*+Im(3E* (§€D(T)),

and D(T) is also invariant for m(x) and #(y). By [4, Th. 2.1], one gets, for
all éeD(T), n<N, that
Izl <ITEl,  I=()"El=IT"&ll.

Thus, vectors in D,(T) are also analytic vectors for the hermitian operators
7(x) and =(y). It follows from [16, Th. 3.1] that =(x) and 7 (y) are selfadjoint
operators with mutually commuting spectral projections; and #(x)+iz(y) is a
normal operator. Thus (3)=(9)=>(1). Next, we show that (1)&(4). Assume
that m is standard. Then, as above, =n(x)+im(y)=m(x)+in(y) is a normal
operator ; and for each n=1, 2, 3, -+ m(x") and m(y") are essentiallys elfadjoint
operators with domain D(z). Thus z(x")=(7(x))" and w(y*)=(x(y))" are self-
adjoint operators having mutually commuting spectral projections. Thus (1)
implies each of (4) and (4’). Conversely, assume that « is closed, =(x)" and
m(y)" are essentially selfadjoint for all neN, and that there exists a normal
operator N in H which is an extension of w(x)+in(y). Then, for all n, 7(x)*

One has
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=(m(x))", #(y)"=(=(y))"; and by [5, Th. 3.1], there exists a standard represen-
tation (g, D(g), H) of @(x, y) which is an extension of =, where

D(a)= N\(D(A")ND(B™),

A=Re N=—%—(N+N*), B=Im N=§%.-(N—N*).
But, A being an extension of the selfadjoint operator z(x), one has n(x)=A;
and similarly, #(y)=B. Hence n(x)+in(y)=N. Since n is closed,
D(m)=D(m)=N\{D(=(P(x, y))| P(x, y)EL(x, y)}
=\{D(P(a(x), =7}

=N\ (DEx)NNDE)™)
=ND(EENIND(#(3)")=D(0).

Thus 7= ; and it follows that (4)=(1). It is immediate that (4')= (4).

For the remaining assertions, let A=x%+y%. By [9(D), p.99], @(h) domi-
nates £(x, y) in any *-representations, i.e., given a hermitian representation =
of @(x,y), for each z=P(x, y), there exists weP(h) such that ||z(2)é] <
[x(w)§ll (§=D(x)). Hence,

(72l =lm(2)m ()&l = | m(w)m(2)§] =] m(w2)é|
=[iz(zw)él| =llm(2)m(w)&| < | 7w (w)m(w |
=|zm(w)*| (§=D(x)).

By repeating, |7(2)*¢|<||n(w)*¢|| for all neN, é=D(x). Let (m,, D(x,), H) be
the hermitian representation of P(h) defined on D(zx,)=D(r) as =,(k)=n(k)
(ke®(h)). 1t follows from above that:

(a) on D(m)=D(x,), the induced topologies (as defined in the proof of
[Theorem 2.1) agree; viz. t, ¢z 4)»=t«omy». Hence m is closed iff z, is closed.

(b) every analytic (resp. bounded) vector in D(w) for =m(w) is analytic
(resp. bounded) for n(z).

Now we use above to show that (1) (5) & (6) = (7). Clearly (1)= (5).
By [5, Th. 2.1] or B)e 6)= () e, is standard & x, is self-
adjoint. Assume (5). For any we®(h), n(w) is essentially normal with in-
variant domain D(z). Thus D,(m(w)) is dense in H. It follows from above
that, for any ze®(x, y), D.(7(2)) is dense; hence by [8, Lemma 3.2], #(z) is
normal. Thus = is standard. This completes the proof.

Remarks. Unlike ?(x) (see [Corollary 3.2), a selfadjoint hermitian repre-
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sentation of 2(x, y) need not a standard. [9(I), p. 102] gives an example of
an infinte dimensional irreducible selfadjoint representation = of 2(x, y) such
that (i) #(P(x, y))w is a von Neumann algebra, (ii) #(x)* and m(y)"* are essen-
tially selfadjoint for all n, (iii) = is not standard, (iv) m(x)+4im(y) is not essen-
tially normal. Infact, in this case, #(x)+im(y) does not have a normal exten-
sion, even in a possibly larger Hilbert space [10]. This shows that for a
representation = of P(x,y), #(L(x, y))w being an algebra does not imply that
n(x)+im(y) is normal (compare with Proposition 3.3).

Question I. Let (w#, D(w), H) be a hermitian representation of <2(x, y).
Find suitable necessary and sufficient conditions for = to be selfadjoint ?

A comparision of and suggests the following.
For a closed hermitian representation (m, D(x), H) of ®(x, y), are the following
equivalent ?

(1) = is selfadjoint.

(2) =m(x)" and =(y)" are essentially selfadjoint for all n.

(3) =(x) and =(y) are selfadjoint and D(n):Q{D((n(x)—T'T)f\D((FgT))")}.

4) =m(2(x, y)wD(m)=D(z).

Question II. What is an analogue of [Proposition 3.3 for 2(x, y)?
Let 7 be a hermitian representation of 2(x, y). Are the following equivalent ?
(1) =* is hermitian (equivalently, selfadjoint [9(I)]).
(2) w(@(x, y)w is an algebra.
(3) =(x) and m(y) are essentially selfadjoint.
Further, is it ture that m* is standard iff m(x)4:i7(y) is essentially normal?

Analogous to Proposition 3.4, it can be shown that given a closed hermitian
representation (z, D(x), H) of @(x,y), = has a standard extension in H (resp.
in a larger Hilbert space K containing H isometrically) iff = has a selfadjoint
extension in H (resp. in K) and 7m(x)+¢m(y) has a normal extension in H (resp.
in K). Given a symmetric operator 7 with dense domain D(T) in a Hilbert
space H, there exists a Hilbert space K containing H isometrically, and a self-
adjoint operator S in K which is an extension of 7 [13]. Contrarily, there
exist formally normal operators N in a Hilbert space H which fail to admit
normal extension in H or in any large Hilbert space K containing H isometri-
cally. In fact, if A and B are selfadjoint operators which commute on a com-
mon core D and for which the spectral projections do not commute, then N=
(A+iB)|p is a formally normal operator having no normal extension in a pos-
sibly large Hilbert space [10]. Using these, one can construct a selfadjoint
representation of @(x,y) that does not admit a standard extension in any
larger Hilbert space [11].
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Question III. Does Theorem 2.1 hold for noncommutative *-algebras?

Question IV. Let (n, D(x), H) be a standard representation of a commuta-
tive -algebra A. Is D(x)=D(x,)? (Here D(zm,)=closure of D,(x) in D(x) in
the induced topology defined by seminorms &é—|n(x)é|, x€A.) Is B(m) a core
for m?

A Final Note: After the preparation of the manuscript, the author came
across a recently published (November 1992) paper by I. lkeda and A. Inoue:
Invariant subspaces for closed *-representations of *-algebras, Proc. Amer.
Math. Soc., 116 (1992), 737-745. Ilkeda and Inone have also discussed the
decompositions given in and Remark 2.5, as well as part (B) of
Theorem 4.1.
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