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Abstract. Let f be a continuous function on the unit cirdle whose Fourier series

is w-absolutely convergent for some weighbn the set of integerg. If f is nowhere
vanishing onrl", then there exists a weight on Z such that 1f had v-absolutely
convergent Fourier series. This includes Wiener’s classical theorem. As a corollary, it
follows that if ¢ is holomorphic on a neighbourhood of the ranggfothen there exists

a weighty on Z such thatp o f hasy-absolutely convergent Fourier series. This is a
weighted analogue ofévy’s generalization of Wiener's theorem. In the theorenas)d

x are non-constant if and only df is non-constant. In general, the results fail ibr

is required to be the same weight
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Let C(I') be the set of all continuous functions on the unit cifclan the complex plane
C. Let f € C(I') such that the Fourier series
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is absolutely convergent. If(z) # O for all z € T, then the Fourier series of f is also
absolutely convergent. This is a classic Wiener's theorem ([1], §11.4.17, p. 33), a trans-
parent proof of which by Gelfand (e.g. [2], p. 33) is often cited as the first success of the
theory of Banach algebraseisy’s generalization of Wiener’s theorem states that i§
holomorphic on a neighbourhood of the rangefotheng o f also has absolutely conver-
gent Fourier series ([1], 811.4.17, p. 33). We aim to discuss Beurling algebra analogues of
these.

A weighton Z is a mapw : Z — [1, o0) satisfyingw(m + n) < w(m)w(n) for all
m,n € Z.Letp(1, w) = inflom)Y" : n > 1} andp(2, w) = supw®@)Y" : n < —1}.
Thenby ([2], p. 118),0< p(2, w) <1 < p(1, w) < co.Aseriesy_, . = A, iSw-absolutely
convergent ify_, . z [Ax|@(n) < oo. A function f € C(I") hasw-absolutely convergent
Fourier series¢-ACFS) if its Fourier series i@-absolutely convergent.

Theorem. Letw be a weight orZ. Let f € C(I"), which hasw-ACFS.

(N If f(z) # Ofor all z € T, then there exists a weighton Z such that
(a) 1/f hasv-ACFS
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(b) v is non-constant if and only i is non-constant

(©)v(n) < wn)foralln e Z.

(II) Let ¢ be a function holomorphic on a neighbourhood of the rangg .ofhen there
exists a weighy on Z such that

(@) ¢ o f hasy-ACFS

(b) x is non-constant if and only i is non-constant

€©) x(n) <wm)forallne Z.

The present note contributes to a programme suggested some thirty years ago by Edward
([1], Ex. 11.15, p. 41). In the efforts made so far in this programme, conditions on a given
weightw (e.g., the Beurling—Domar conditiof; 'of’—:’n({‘r) < 0o ([3], p. 185)) are sought,
which ensure thag (which is either Xf or ¢ o f whatever the case may be) haACFS.
Contrary to this, given an arbitrary weight we search for another weightthat ensure
thatg hasn-ACFS. We shall derive (II) as a corollary of (1).

Proof. Let t1(2,w) = {A = (&) : |A|, = X ,cz [M|ow@®) < oo}, the Beurling
algebra. It is a convolution Banach algebra with normy,. Let A(w) = {g e CT') : g €
(1(Z, w)}, the weighted Wiener algebra. It is a unital Banach algebra with the pointwise
operations and the norm beitjg|| = [g] . Theng € C(I') hasw-ACFS if and only if

g € A(w) and if and only ifg € ¢1(Z, w). Hence the Gelfand spade(A(w)) of A(w)

is identified with the closed annuliw) = {z € C : p(2,w) < |z]| < p(1, ®)} via the
mapz € I'(w) —> ¢, € A(A(w)), Wherep,(g) =), z8(n)z"(g € A(w)). Thus each
functiong in A(w) extends uniquely as an element (denoted bigelf) in B(w) consisting

of all continuous functions ol (w) which are analytic in its interior.

() Let f € C(I') havew-ACFS. Notice thaf” C I'(w). Letz € T'. Since f(z) # 0,
there exists a neighbourhodd(z) of z in I'(w) such thaty,,(f) = f(w) # 0 for all

w € N(z). We can assume tha{(z) = {w € C : |w — z| < r;} N I'(w) for some
r, > 0. By the compactness, there exjst ..., z;; in ', arrange in such a way that
argz; < argzi4+1(1 < i < m — 1), such that" € U"N(z;) € I'(w). Now we define
positive numbers; andr; as follows:

O If p2,w) =1=p(1, w), thentakey =1 =r;.

(i) If p(2,w) =1 < p(1,w), taker, = 1; and for 0< ¢ < 1 — (1/ min{sy, ..., sm}),
takery = (L—¢e) minfsa, ..., s,} > 1, wheres; = max{|z| : z € N(z) "N (zi+1) (L <
i <m)andz, 1 = z1.

(i) If p(2,w) < 1= p(,w),taker; = 1; and for 0< ¢ < (1/max{s1, ..., sn}) — 1,
takery = (14+¢&)max(si, ..., sm} < 1, wheres; = min{|z| 1z € N(z) NN (zit1) }(1 <
i <m)andz, 1 = z1.

(iv) If p(2, w) <1< p(1, w), then take-; andr, as in (i) and (iii) respectively.

Thus in any casep(2,w) < r2 <1 <r < p(l,w). Definev : Z — [1,00) as
follows: If p(2, w) = p(1, w), then takev = w; otherwise define

rf ifn>0
v(n) = . .
rg itn<0

It is clear thatv is non-constant if and only & is non-constant. Then the following
holds:
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(1) visaweightonz, p(2,v) =rpandp(l, v) = r1;
(@I CI'(w);

(3) f(z) #0forallz € T'(v);

@ 1<vn) <wm)foralneZ.

Then by (4) aboveA(w) € A(v), and sof € A(v). Since f(z) # 0 for all z in
'(v) = A(A(v)), it follows by the Gelfand theory that/Y € A(v), i.e. 1/f hasv-ACFS.

(I) Let K be the range of . Let be a function holomorphic on a neighbourhdoaf K.
Let C be a closed rectifiable Jordan contour in the opersebntainingK . Let u € C.
Thenu ¢ K andul— f € A(w). By part (1), there exists a weight(which is non-constant
if and only if w is non-constant) such that< w and the inverséul — f)~1 of (ul1 — f)
belongs toA(n). Now takeR,, = (ul — £)~L. Thenits norm| R, ||, is positive. Define
N(u) = {A eC: | —pu|l< ||R/L||;1}. Then by the elementary Banach algebra argument,
it follows that for everyr € N(u), A1 — f = (ul— /H{1+ (A — wR,} is invertible
in A(n). ThusN () is a neighbourhood gf in C such that for alh € N(uw), A1 — fis
invertible in A(n).

Now by the compactness @f, there exist finitely manys, ..., u, in C and weights
n1, ... np such thatC € U{N(w;), and for anys € C, the inverse okl — f belongs to
A(n;) for somei. Now define

ra=max{p2 n):1<i <n}andry=min{p(L n):1<i <n}

sothatr <1 <r.If p(2,w) =1=p(1, w), thenby Part |, each; = w. If p(2, w) =
1< p@,w),thenp(2,n;) =1 < p(4, n;) for eachi, and sor, = 1 < r1. Similarly,
the casep (2, w) < 1= p(l,w) andp(2, w) < 1 < p(1, w) can be discussed. Now if
02, w) = 1= p(1, w), then takey = w(= n;); otherwise defing, : Z — [1, o0) as

r{ ifn>0
ry ifn<0
Itis clear thaty is non-constant if and ony ib is non-constant. Then the following holds.

(1) x isaweightonZ, p(2, x) =reandp(l, x) = r1;

(@ pRw)y<p2n)<p2 x)=1=<p@x) <pln) = pl o) foralli
(3) 1< x <n <wonZandhenceA(w) C A(n;) C A(y) forall i;

(4) Foranyx € C, the inverse okl — f belongs toA(y).

Now the map. € C — ¢(X) R, is a continuous map fror@ into the Banach algebra
(A, -1l ), whereR, is the inverse of1— f. Hence the integrall/27i) [ ¢ (1) R, dA
isin A(x) in the sense of - ||, -convergence and(f) = (1/2mi) fc ¢ (M) R, dr, where
o(f) is defined by the functional calculus @\(T"). Thus¢(f) hasx-ACFS. It follows
thate(f)(€) = (¢ o f)(€”) forall €’ e T. O

Remarks.

(1) Letw be any weight or such thatp (2, w) # p(1, w). ThenT is properly contained
in ['(w). Let f € C(I") havew-ACFS such thalf (z) £ Oforallz € T, and f(zg) = 0
for somezg € I'(w). Then the functiory is clearly not invertible il (w), i.e., 1/f cannot
havew-ACFS. For example, define(n) = ¢!l (n € Z) and letf(z) = zo — z(z € C),
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where 1< |zg| < e. Thenf hasw-ACFS,p(1, w) = e, p(2, w) = 1/e and 1/f does not
havew-ACFS.

(2) Let w be a weight onZ such thato(2, w) = 1 = p(1, w). Then it follows from the
proof that for anyf € C(I") havingw-ACFS and satisfyingf (z) # 0 for all z € T, the
1/f has alsa»-ACFS. Examples of such weights include:

() wg(n) = (1+ |n|)a, where O< a < o0;

(i) w(n) =1+ log (l+ |n|);

(iii) w(n) = (L+ |n))V "

(3) Let f € C(I") such thatf havew-ACFS for every weight» on Z. Supposef (z) # 0
for all z € T'. One would be tempted to know whethetflhasw-ACFS for everyw. The
answer is ‘no’. For example, takg(z) = 2z + z2, a trigonometric polynomial. Then the
Fourier series of Af is

Do=23 1 Y
)Y T 2 2
which fails to haven-ACFS for the weighto (n) = 2"+2(n € 2).
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