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of Wiener and Lévy on absolutely convergent
Fourier series

S J BHATT and H V DEDANIA

Department of Mathematics, Sardar Patel University, Vallabh Vidyanagar 388 120, India
E-mail: subhashbhaib@yahoo.co.in; hvdedania@yahoo.com

MS received 20 February 2002; revised 26 September 2002

Abstract. Let f be a continuous function on the unit circle0, whose Fourier series
is ω-absolutely convergent for some weightω on the set of integersZ. If f is nowhere
vanishing on0, then there exists a weightν on Z such that 1/f had ν-absolutely
convergent Fourier series. This includes Wiener’s classical theorem. As a corollary, it
follows that ifϕ is holomorphic on a neighbourhood of the range off , then there exists
a weightχ on Z such thatϕ ◦ f hasχ -absolutely convergent Fourier series. This is a
weighted analogue of L´evy’s generalization of Wiener’s theorem. In the theorems,ν and
χ are non-constant if and only ifω is non-constant. In general, the results fail ifν or χ
is required to be the same weightω.
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Let C(0) be the set of all continuous functions on the unit circle0 in the complex plane
C. Let f ∈ C(0) such that the Fourier series

f ∼
∑
n∈Z

f̂ (n) eint , wheref̂ (n) = 1

2πi

∫ π

−π

f (eit )e−intdt (n ∈ Z),

is absolutely convergent. Iff (z) 6= 0 for all z ∈ 0, then the Fourier series of 1/f is also
absolutely convergent. This is a classic Wiener’s theorem ([1], §11.4.17, p. 33), a trans-
parent proof of which by Gelfand (e.g. [2], p. 33) is often cited as the first success of the
theory of Banach algebras. L´evy’s generalization of Wiener’s theorem states that ifϕ is
holomorphic on a neighbourhood of the range off , thenϕ ◦f also has absolutely conver-
gent Fourier series ([1], §11.4.17, p. 33). We aim to discuss Beurling algebra analogues of
these.

A weighton Z is a mapω : Z −→ [1, ∞) satisfyingω(m + n) ≤ ω(m)ω(n) for all
m, n ∈ Z. Let ρ(1, ω) = inf {ω(n)1/n : n ≥ 1} andρ(2, ω) = sup{ω(n)1/n : n ≤ −1}.
Then by ([2], p. 118), 0< ρ(2, ω) ≤ 1 ≤ ρ(1, ω) < ∞.A series

∑
n∈Z λn isω-absolutely

convergent if
∑

n∈Z
∣∣λn

∣∣ω(n) < ∞. A functionf ∈ C(0) hasω-absolutely convergent
Fourier series (ω-ACFS) if its Fourier series isω-absolutely convergent.

Theorem. Letω be a weight onZ. Letf ∈ C(0), which hasω-ACFS.

(I) If f (z) 6= 0 for all z ∈ 0, then there exists a weightν onZ such that:

(a) 1/f hasν-ACFS;
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(b) ν is non-constant if and only ifω is non-constant;
(c) ν(n) ≤ ω(n) for all n ∈ Z.

(II) Let ϕ be a function holomorphic on a neighbourhood of the range off . Then there
exists a weightχ onZ such that:

(a)ϕ ◦ f hasχ -ACFS;
(b) χ is non-constant if and only ifω is non-constant;
(c) χ(n) ≤ ω(n) for all n ∈ Z.

The present note contributes to a programme suggested some thirty years ago by Edward
([1], Ex. 11.15, p. 41). In the efforts made so far in this programme, conditions on a given
weightω (e.g., the Beurling–Domar condition;

∑ logω(n)

1+n2 < ∞ ([3], p. 185)) are sought,
which ensure thatg (which is either 1/f or ϕ ◦ f whatever the case may be) hasω-ACFS.
Contrary to this, given an arbitrary weightω, we search for another weightη that ensure
thatg hasη-ACFS. We shall derive (II) as a corollary of (I).

Proof. Let `1(Z, ω) := {
λ = (λn) :

∣∣λ∣∣
ω

:= ∑
n∈Z

∣∣λn

∣∣ω(n) < ∞}
, the Beurling

algebra. It is a convolution Banach algebra with norm| · |ω. Let A(ω) = {g ∈ C(0) : ĝ ∈
`1(Z, ω)}, the weighted Wiener algebra. It is a unital Banach algebra with the pointwise
operations and the norm being

∥∥g
∥∥

ω
= ∣∣̂g∣∣

ω
. Theng ∈ C(0) hasω-ACFS if and only if

g ∈ A(ω) and if and only ifĝ ∈ `1(Z, ω). Hence the Gelfand space1(A(ω)) of A(ω)

is identified with the closed annulus0(ω) = {z ∈ C : ρ(2, ω) ≤ ∣∣z∣∣ ≤ ρ(1, ω)} via the
mapz ∈ 0(ω) 7−→ ϕz ∈ 1(A(ω)), whereϕz(g) = ∑

n∈Z ĝ(n)zn(g ∈ A(ω)). Thus each
functiong in A(ω) extends uniquely as an element (denoted byg itself) inB(ω) consisting
of all continuous functions on0(ω) which are analytic in its interior.

(I) Let f ∈ C(0) haveω-ACFS. Notice that0 ⊆ 0(ω). Let z ∈ 0. Sincef (z) 6= 0,
there exists a neighbourhoodN(z) of z in 0(ω) such thatϕw(f ) = f (w) 6= 0 for all
w ∈ N(z). We can assume thatN(z) = {w ∈ C :

∣∣w − z
∣∣ < rz} ∩ 0(ω) for some

rz > 0. By the compactness, there existz1, . . . , zm in 0, arrange in such a way that
argzi < argzi+1

(
1 ≤ i ≤ m − 1

)
, such that0 ⊆ Um

1 N(zi) ⊆ 0(ω). Now we define
positive numbersr1 andr2 as follows:

(i) If ρ(2, ω) = 1 = ρ(1, ω), then taker2 = 1 = r1.
(ii) If ρ(2, ω) = 1 < ρ(1, ω), taker2 = 1; and for 0< ε < 1 − (1/ min{s1, . . . , sm}),
taker1 = (1− ε) min{s1, . . . , sm} > 1, wheresi = max

{∣∣z∣∣ : z ∈ N(zi)∩N(zi+1)
}
(1 ≤

i ≤ m) andzm+1 = z1.
(iii) If ρ(2, ω) < 1 = ρ(1, ω), taker1 = 1; and for 0< ε < (1/ max{s1, . . . , sm}) − 1,
taker2 = (1+ ε) max{s1, . . . , sm} < 1, wheresi = min

{∣∣z∣∣ : z ∈ N(zi)∩N(zi+1)
}
(1 ≤

i ≤ m) andzm+1 = z1.
(iv) If ρ(2, ω) < 1 < ρ(1, ω), then taker1 andr2 as in (ii) and (iii) respectively.

Thus in any case,ρ(2, ω) ≤ r2 ≤ 1 ≤ r1 ≤ ρ(1, ω). Defineν : Z → [1, ∞) as
follows: If ρ(2, ω) = ρ(1, ω), then takeν = ω; otherwise define

ν(n) =



rn
1 if n ≥ 0

rn
2 if n ≤ 0

.

It is clear thatν is non-constant if and only ifω is non-constant. Then the following
holds:
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(1) ν is a weight onZ, ρ(2, ν) = r2 andρ(1, ν) = r1;
(2) 0(ν) ⊆ 0(ω);
(3) f (z) 6= 0 for all z ∈ 0(ν);
(4) 1 ≤ ν(n) ≤ ω(n) for all n ∈ Z.

Then by (4) above,A(ω) ⊆ A(ν), and sof ∈ A(ν). Sincef (z) 6= 0 for all z in
0(ν) = 1(A(ν)), it follows by the Gelfand theory that 1/f ∈ A(ν), i.e. 1/f hasν-ACFS.

(II) Let K be the range off . Letϕ be a function holomorphic on a neighbourhoodU of K.
Let C be a closed rectifiable Jordan contour in the open setU containingK. Let µ ∈ C.
Thenµ 6∈ K andµ1−f ∈ A(ω). By part (I), there exists a weightη (which is non-constant
if and only if ω is non-constant) such thatη ≤ ω and the inverse(µ1− f )−1 of (µ1− f )

belongs toA(η). Now takeRµ = (µ1 − f )−1. Then its norm‖Rµ‖η is positive. Define
N(µ) = {

λ ∈ C : |λ−µ| < ‖Rµ‖−1
η }. Then by the elementary Banach algebra argument,

it follows that for everyλ ∈ N(µ), λ1 − f = (µ1 − f )
{
1 + (λ − µ)Rµ

}
is invertible

in A(η). ThusN(µ) is a neighbourhood ofµ in C such that for allλ ∈ N(µ), λ1 − f is
invertible inA(η).

Now by the compactness ofC, there exist finitely manyµ1, . . . , µn in C and weights
η1, . . . ηn such thatC ⊆ ∪n

1N(µi), and for anyλ ∈ C, the inverse ofλ1 − f belongs to
A(ηi) for somei. Now define

r2 = max
{
ρ(2, ηi) : 1 ≤ i ≤ n

}
andr1 = min

{
ρ(1, ηi) : 1 ≤ i ≤ n

}
so thatr2 ≤ 1 ≤ r1. If ρ(2, ω) = 1 = ρ(1, ω), then by Part I, eachηi = ω. If ρ(2, ω) =
1 < ρ(1, ω), thenρ(2, ηi) = 1 < ρ(1, ηi) for eachi, and sor2 = 1 < r1. Similarly,
the casesρ(2, ω) < 1 = ρ(1, ω) andρ(2, ω) < 1 < ρ(1, ω) can be discussed. Now if
ρ(2, ω) = 1 = ρ(1, ω), then takeχ = ω(= ηi); otherwise defineχ : Z −→ [1, ∞) as

χ(n) =



rn
1 if n ≥ 0

rn
2 if n ≤ 0

.

It is clear thatχ is non-constant if and ony ifω is non-constant. Then the following holds.

(1) χ is a weight onZ, ρ(2, χ) = r2 andρ(1, χ) = r1;
(2) ρ(2, ω) ≤ ρ(2, ηi) ≤ ρ(2, χ) ≤ 1 ≤ ρ(1, χ) ≤ ρ(1, ηi) ≤ ρ(1, ω) for all i;
(3) 1 ≤ χ ≤ ηi ≤ ω onZ and henceA(ω) ⊆ A(ηi) ⊆ A(χ) for all i;
(4) For anyλ ∈ C, the inverse ofλ1 − f belongs toA(χ).

Now the mapλ ∈ C −→ ϕ(λ)Rλ is a continuous map fromC into the Banach algebra(
A(χ), ‖·‖χ

)
, whereRλ is the inverse ofλ1−f . Hence the integral(1/2πi)

∫
C

ϕ(λ)Rλdλ

is in A(χ) in the sense of‖ · ‖χ -convergence andϕ(f ) = (1/2πi)
∫
C

ϕ(λ)Rλdλ, where
ϕ(f ) is defined by the functional calculus inC(0). Thusϕ(f ) hasχ -ACFS. It follows
thatϕ(f )

(
eiθ

) = (
ϕ ◦ f

)(
eiθ

)
for all eiθ ∈ 0. 2

Remarks.

(1) Letω be any weight onZ such thatρ(2, ω) 6= ρ(1, ω). Then0 is properly contained
in 0(ω). Let f ∈ C(0) haveω-ACFS such thatf (z) 6= 0 for all z ∈ 0, andf (z0) = 0
for somez0 ∈ 0(ω). Then the functionf is clearly not invertible inA(ω), i.e., 1/f cannot
haveω-ACFS. For example, defineω(n) = e|n| (n ∈ Z) and letf (z) = z0 − z(z ∈ C),
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where 1< |z0| < e. Thenf hasω-ACFS,ρ(1, ω) = e, ρ(2, ω) = 1/e and 1/f does not
haveω-ACFS.
(2) Let ω be a weight onZ such thatρ(2, ω) = 1 = ρ(1, ω). Then it follows from the
proof that for anyf ∈ C(0) havingω-ACFS and satisfyingf (z) 6= 0 for all z ∈ 0, the
1/f has alsoω-ACFS. Examples of such weights include:
(i) ωα(n) = (

1 + |n|)α, where 0< α < ∞;
(ii) ω(n) = 1 + log

(
1 + |n|);

(iii) ω(n) = (
1 + |n|)√

1+|n|.
(3) Letf ∈ C(0) such thatf haveω-ACFS for every weightω onZ. Supposef (z) 6= 0
for all z ∈ 0. One would be tempted to know whether 1/f hasω-ACFS for everyω. The
answer is ‘no’. For example, takef (z) = 2z + z2, a trigonometric polynomial. Then the
Fourier series of 1/f is(

1

f

)
(z) = 1

2z

∞∑
0

(−1)k
( z

2

)k

which fails to haveω-ACFS for the weightω(n) = 2|n|+2(n ∈ Z).
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