Proc. Indian Acad. Sci. (Math. Sci.) Vol. 118, No. 3, August 2008, pp. 425-441.
© Printed in India

Limit algebras of differential formsin non-commutative
geometry

SJBHATT! and A INOUE?

!Department of Mathematics, Sardar Patel University, Vallabh Vidyanagar 388 120,
India

2Department of Applied Mathematics, Fukuoka University, Nanakuma, Jonan-ku,
Fukuoka 814-0180, Japan

E-mail: subhashbhaib@yahoo.co.in; a-inoue@fukuoka-u.ac.jp

MS received 18 September 2006; revised 12 January 2008

Abstract. Givena C*-normed algebra A which is either a Banach =-algebra or a Frechet
x-algebra, we study the algebras Q.,,A and €. A obtained by taking respectively the
projective limit and the inductive limit of Banach x-algebras obtained by completing the
universal graded differential algebra 2* A of abstract non-commutative differential forms
over A. Various quantized integrals on €2, A induced by a K -cycle on A are considered.
The GNS-representation of 2., A defined by a d-dimensional non-commutative volume
integral on a d*-summable K -cycle on A is realized as the representation induced by the
left action of A on Q*A. This supplements the representation A on the space of forms
discussed by Connes (Ch. V1.1, Prop. 5, p. 550 of [C]).
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1. Introduction

Let (A, ||-]|) be a C*-normed algebra with identity 1. Let A be the C*-algebra completion
of A. We recall the construction of the universal graded differential algebra 2*A over A
(Ch. 1111, p. 185 of [C], §8.1, p. 320 of [GVF]) whose elements are the abstract non-
commutative differential forms over A. Considerthe A-bimodule AQ A. Letd: A — AQA,
da '=1® a — a ® 1 which defines a derivation. Let 21 A be the submodule generated
by {adb =a ® b —ab ® 1: a, b € A}, the module operations being a'(adb) = aadb,
(adb)a* = ad(ba') — abda®. Taking A := A/C and denoting the elements of A by
a=a+C,ae A, themap ap ® a1 — aoda establishes an A-bimodule isomorphism
from A ® A to Q'A. The elements of Q1A are abstract non-commutative differential
forms of degree 1 over A. Defining non-commutative forms of degree k as QKA =
QAR QAR R4 QLA ~ A ® A® an A-bimodule foreach k = 1,2,3,..., we
form the graded algebra Q*A = @;2 ;2" A. The multiplication in 2* A is given by

n
(aodarday - - day)(@ny1danyz -~ day) = Y (=1 apdardaz - - d(aja;j1)
j=1

xdajyp---dapdapyy---day

+ (=D "agdarday - - - day,.
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Themapd: Q"A — Q"*t1A, d(apdardas - - - day,) = dagdaidas - - - da, defines a deriva-
tion on Q*A satisfying d2 = 0, d(w1w2) = (dw1)wp — (—1)%9%1 w1 dw,. Then Q*A is
a x-algebra with (dx)* = —dx*, x € A. We consider the limit algebras of 2*A in the
following situations.

(i) A isaBanach x-algebra with a norm | - |.
(ii) A is a Frechet x-algebra with a topology defined by a sequence of seminorms {| - |,,}.

These are prototype situations that occur frequently.

In each of these cases, locally convex x-algebras 2., A and 2. A are obtained by taking
respectively projective limits and inductive limits of a sequence of Banach x-algebras
Q. A, r > 0 which are completions of Q2*A in suitable norms. The construction Q4 A is
essentially due to Arveson [A] (done in a different but related context), whereas that of
QA is due to Connes (p. 373 of [C]). Basic structural properties of these algebras are
discussed in §2 and §3. Connes (Ch. IV.7, Prop. 10, p. 374 of [C]) showed that QA is a
quasinilpotent extension of A via the augmentation e: QcA — A, € (0 = Y rogwi) =
wo. This is supplemented by showing that for ©¢ A, the star radical coincides with the
radical which is the kernel of €. In 84, concrete realizations of Q.. A and Q. A as operator
algebras are obtained by imposing a non-commutative geometric data on A viaa K-cycle
(spectral triple) (;r, H, D). The holomorphic functional calculus closure of Connes’ non-
commutative de Rham algebra 27, (p. 549 of [C]) leads to a couple of operator algebras
which are briefly discussed in this section. In 85, which contains the main contributions of
the paper, quantized integrals are constructed on ©2,,A by using Dixmier trace assuming
A to be a Banach x-algebra. This is made possible by extending to Q2. A the canonical
representation of Q* A defined by a K-cycle on A (p. 373 of [C]). This is obtained by using
an automatic continuity theorem of Johnson and Sinclair [JS]. The GNS representation of
QoA defined by a d-dimensional non-commutative volume integral on a 4+-summable
K-cycle is realized as the representation induced by the left action of A on Q*A. This
substantially supplements the representation of 27, discussed in Ch. V1.1, Prop. 5, p. 550
of [C]. For topological algebras, we refer to [M] and [F3].

2. When A isa Banach x-algebra (A, | - |)

The complete norm | - | on A is necessarily finer than the C*-norm ||-||. Following Arveson
[A], (p- 373 of [C]), the following system of norms is defined on Q2*A,

oo
w .= Za)k
0

where wy, € QKA is the k-th degree part of w, and | - | is the projective tensor product
norm on the space QKA ~ A @ A®K of forms of degree k arising from the complete norm
|-]onA. Let

QA= (QA,|-|,)" the completion

o0

= Zrk|a)k|n, reRt
r k=0

o0 o0
= [w:Zwk:kaQkA Yk and Zrk|a)k|n < 00
0 0

a Banach x-algebra with norm |w|, := Y ¢’ r¥|wy | . The following two limit algebras are
formed with these system of Banach x-algebras.



Differential forms in non-commutative geometry 427

(@) Arveson:

QoA = Ii(r_n QA (inverse limit).

r—0o0

(b) Connes:

QA = Ii_r)n QA (direct limit).

r—0

Lete: QA > A, € (0 = Y " o) = wp. It is a surjective x-homomorphism.

PROPOSITION 2.1

(1) The algebra Q.. A is a Frechet x-algebra whose bounded part b(Q.A) is A.

(2) There exists continuous x-homomorphisms ¢,: C*(Q,A) — A, ¢: E(Q2x0A) — A
where C* (2, A) (respectively E(Q24,A)) isthe enveloping C*-algebra of 2, A (respec-
tively the enveloping o — C*-algebra [B1] of Q.. A).

Proof.
(1) By definition, the bounded part of the Frechet x-algebra Q2 A is the Banach x-algebra

o0
b(QooA) =10 =) w € QooA: sUp o], < 00
0 r

with the norm ||lw|| := sup, |@|,. Thus if @ = > 5° wx € b(QooA), then

SUp,—g 5" r¥lwkls = M < oo. Hence for all k € Nand all r > 0, r*|ay|, < M. It
follows that w; = 0 for all k # O taking » > 1. Thus w = wg € A and ||| = |w]|.

(2) Forany o = Zgo wr € A, ool = lle (@) < |wol = |& ()| < |o|. Thus
w — |lwol isacontinuous C*-seminorm on 2, A. Therefore ¢, (w)| < |w|},where |- |,1. is
the Gelfand—Naimark C*-seminorm on 2, A defined as |a)|} == sup, llo(@)|l, o running
over all x-representations of €2, A on Hilbert spaces. Recall that C* (2, A) is the Hausdorff
completion of (2, A, |- |}). Thus the start radical srad2, A := ker | - |} C ker ¢,, and there
exists a x-homomorphism ¢,: @2, A/sradQ2, A — ,A/ ker e, = A which is continuous in
the respective C*-norms. This then extends to a continuous surjective x-homomorphism
¢r: C*(Q,A) — A. Now the enveloping o — C*-algebra of 4, A, which is the Hausdorff
completion of (R0 A, {|- |}}), satisfies E(QqcA) = I@ C*(Q2,A) [F2]. Thus there exists

r—>0o0

a continuous surjective x-homomorphism ¢: E(QscA) — A. m]
Now we consider the algebra Q.A = Ii_r)n QA = U2, Q1/,A with the inductive

r—
limit topology which is the finest locally cogvex topology t making the embeddings
Q,A — QA continuous. It is a locally convex topological x-algebra, and €: QA — A,
e(w = Y o wr) = wp is a continuous surjective x-homomorphism. Connes (Ch. IV.7,
Prop. 10, p. 374 of [C]) pointed out that the ideal ker ¢ is quasinilpotent in the sense that for
any scalar A # 0, (A1 — w) is invertible for any w € ker €. The following supplements this.

Theorem 2.2.

(1) QA is alocally m-convex m-barrelled Q-algebra; and 22* A is sequentially dense in
QA.
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(2) srad 2. A =rad Q. A = kere.

(3) QA is aspectral algebra, and its enveloping pro-C*-algebra E (2 A) is isomorphic
to the enveloping C*-algebra C*(A) of A.

(4) If A is spectrally invariant in A, then €. A is a C*-spectral algebra satisfying
E(Q2.A) = A, and 2. A and A have the same K -theory.

Proof.

(1) By Lemma10.2, p. 317; Coro. 10.2, p. 319 of [M], ¢ A isalocally m-convex Q-algebra.
Itism-barrelled by p. 122 of [M]. The denseness of 2* A in Q¢ A follows from the definition
of the inductive topology on Q. A.

(2), (3) Since QA is a Q-algebra, Lemma 2.10 of [B2] implies that the enveloping
pro-C*-algebra of Q. A is a C*-algebra. By 7.5.10, p. 374 of [C], ker ¢ is a quasinilpotent
ideal. By Thm 3.3.2, p. 55 of [R], ker ¢ C rad € A. Then for all w in Q A,

SPq, 4 (@) = SPg, Ajrad 0, 4 (@ + Fad Qe A)
C SPg, A ker e (@ + Ker€) C spg_4 (@)
=p,(e(®)).
Thus
SPa, 4 (@) =SP4/ kere (@ + Kere) = sp,(€(w)).

(The referee has pointed out that this also follows as: If € (w) is invertible, put n = € () w.
As e(n) = 1, n is invertible by Connes observation, and w is also invertible.) Let | - | be
the Gelfand—Naimark seminorm on A, which is a norm as (A, ||-||) is C*-normed. Then
Poo(w) = |e(w)|oo defines a continuous C*-seminorm on 2. A. We show that it is the
greatest C*-seminormon Q. A. Let g be any C*-seminorm on Q¢ A, necessarily continuous
as QcAisa Q-algebra [F1]. Let r,: Q. A — B(H,) be the x-representation defined by ¢.
Then forall w € QcA,

7(@)? = q(0*w) = |7y (@*o)||
= rp,) (Tg(0*w))
< T'm(ry) (7Tg (@* @)
< ro.a(@*®) = ra(wywo)
< |w§wo| < lwol® = |e()|?.

It follows that ker e C ker g. Hence given o = Y ° wx, ' = 0" w}, in QcA, wp =
implies that g (w — @') = 0, g(w) = g (). Thus go(wo) = g(w = Y 5" wy) is a well-
defined C*-seminorm on A. Hence go < | - |co. It follows that g(w) < poo(w) for all
w € QeA. Thus poo(+) is the greatest C*-seminorm on Q. A. Then the enveloping pro-
C*-algebra of QA is the C*-algebra C*(Q2¢A) which is the Hausdorff completion of
(A, po(-)). But

sradQe A = ker poo
={w € QcA: €(w) =0}
= kere Cc radQ.A C sradQ2.A.
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Thus radQ2. A = sradQ2. A = ker € and

C*(QcA) = (QeA/ker e, poo(-))~ completion
= C*(A).

(4) If A is spectrally invariant in A, then C*(A) = A, and forany w € Q A,

ro.a(w) =ra(e(w)) =ri(e(w))

=< llwoll

showing that QA is a C*-spectral algebra. By [BIO2], QA is local, and K.(2cA) =
K (QeA/radQeA) = K. (QcA/kere) = Ki(A) = K, (A) the last equality being a
consequence of spectral invariance of A in A. This completes the proof. |

3. When A isaFrechet x-algebra (A, {| - [.})

In this case, we assume that the enveloping o — C*-algebra E(A) of A is the C*-algebra
A and that each | - |,, is closable with respect to the C*-norm ||-|| in the sense that for any
sequence (xi) in A, if (xz) is |- |,-Cauchy and ||x || — 0, then |xx|, — 0. Thisis atypical
situation exemplified in the following.

(a) For a compact manifold M, A = C®°(M) and A = C(M).

(b) For a Lie group G acting on a C*-algebra B, A = C°°(B) the C°°-elements of
B determined by the action [Br]. For a densely defined closable derivation § on B,
A = C®().

(c) For a finitely algebraically generated dense x-subalgebra K of a C*-algebra B,
A = S(K) is the smooth envelop of K in the sense of Blackadar and Cuntz [BC].

Since E(A) = A, the C*-norm ||-|| on A is the greatest C*-seminorm on A, automatically
continuous [F1] in the topology ¢ defined by the sequence {| - |,} of seminorms assumed
increasing without loss of generality. Thus there exists ng such that ||x|| < |x|,, for all
x € A. We can assume that ng = 1, ||-|| < | - |, for all n, each | - |,, is @ norm of the form
Il +1- |, and {| - |,,} is increasing.

Now let A = Ii(Ln A, be the Arens—Micheal decomposition of A expressing A as an
inverse limit of Banach x-algebra A,, [F3]. Here A, = (A, |-|,)~ completionof Ain|-|,.
The closability of | - |,, with respect to ||-|| implies that A,, C A. Indeed, ||| < | |, on A
implies that the identity map on A extends as a continuous s-homomorphism ¢,.: A,, — A.
Let x € Kker ¢,. Then for some sequence (xz) in A, |xx — x|, — 0and xx = ¢, (xx) —
@n(x) = 0in||-||. By the closability, |xi|, — 0. It followsthat x = 0. Thus ker ¢,, = 0, and
A, C A.Further, closability of each |-|,, with respect to ||-|| implies that |-|,, is closable with
respectto | - |,, foranyn > m. Thus A, C A, forn > m.Hence A = Ii(Ln Ap =022 A,

This makes available the techniques and results of previous section.

Foreachr > Oandn € N, let|-|,,, be the norm on *A defined by | = >"3° wkln,r =
352 o ¥ |k |n. Where | - |, - is the projective cross-norm on Q¥ A arising from | - |,,. Let
(Q*A),, = (Q*A, |- |,.,)~ completion which is a Banach *-algebra. Further, A C A,
implies that Q*A C Q*A,; and | - |, also defines a =x-algebra norm on Q*A,. Let
QA == (Q*Ap, | - n.)” completion. Since A is dense in A,, Q*A is dense in Q*A, in
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| n,r. Hence (Q*A);, = @Ay = {o = Y 5% o wx € QXA Yoo rFwkln,x < oo}
Let the Frechet x-algebra 2, A be the completion of Q2*A in the topology 7, defined by
the sequence of norms {| - |, ,: n € N}. Then

QA = lim (QA);, = lim (24,),,-

n,r
n—00 n— 00

Thus we have the following:

Qood = lim (2,4) = lim lim (2, 4,),

r—00 F—>00 n—>00
QcA = lim(Q,A4) = lim lim (2A4,).
r—0 r—>0n—o00

Further for m < n, Q2,A, C Q,A, forany r > 0, because A, C Ay, |- lm < |- s, and
SO | |m.x <1 |nnx-Hence

QA= ||(T_T'I (2,Ap) = mzi]_QrAn;

n—00
and so

QooA = N2 N2, Q, Ay,

QeA = U2 N2, QA,.

We may investigate these limit algebras; in particular look for the analogous of the results
in the previous section. This is illustrated by the following. We omit the proof which is
along the lines of §2.

Theorem 3.1. Under the assumptions stated above, the following hold:

(2) QA isa locally convex Q-algebra, and ker e is a quasinilpotent ideal of Q. A.
(b) The enveloping pro-C*-algebra of Q2 A is the C*-algebra A.

4. Non-commutative de Rham algebra

The x-algebra 2* A, and hence the limit algebras 2, A and 2. A, are too big and abstract.
A concrete realization of Q*A is obtained as follows by imposing a non-commutative
geometric data on A i.e. a K-cycle on A (p. 310 of [C]).

DEFINITION 4.1
Let A be a x-algebra. A K-cycle on A is atriple (7, H, D) satisfying the following:

(a) H is a Hilbert space.

(b) 7: A — B(H) is a x-representation of A into the C*-algebra B(H) of all bounded
linear operators on H.

(c) D isagenerally unbounded self-adjoint operator on H satisfying the following.

(i) {x € A:[D,n(x)] € B(H)} = A.
(i) D has compact resolventso thatforall » ¢ sp D, (A\1—D) ! isacompact operator.
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Thus D has to be unbounded unless A is finite dimensional. Generally 7 isassumed faithful
so that A ~ w(A) isa C*-normed algebra, and (A, H, D) is also called a spectral triple.
Now 7 extends to a x-representation =: Q*A — B(H) as follows.

m(aodarday - - - day) = w(ag)[D, mw(a1)] - - - [D, w(an)]
= aO[Dv al] cot [D, an]-

Following p. 549 of [C], let Jo := ker  in Q*A; J = Jo + dJo; @, = Q*A/J; viz. for
k=0,1,2,3,...

Qh =Qfa/rnaka
~ 7 (QFA) /7w (d(Jo N 21 A))

so that @7, = @,3109’{). We may call Q7, the Connes’ non-commutative de Rham algebra.
In the present context, there are three canonical norms on Qlf)-

(@) Let |-|| be the C*-norm on A. Let |-||; , be the projective tensor product norm on
QA =A® A®k. Let |||, be the quotient norm on %, from (XA, ||-[lx )

(b) Consider Q% ~ 7 (QK(A))/m(d(Jo N Q¥~1A)). Let ||-|| be the operator norm on
7 (QFA) from B(H). Let |- Il be the quotient norm on Q% arising from operator norm.
Notice that in general, d(J) is not an ideal and therefore ||-||,, is not an algebra norm.

(c) Assuming A to be a Banach x-algebra with a norm | - |, let | - |, = | - |« be the
projective tensorial normon QXA ~ A ® A®*. Let |- |, , be the quotient norm of | - | ;
on Q4 =QkA/7nQkA.

Accordingly the limit algebras are constructed taking different norms. To compensate for
the absence of completeness of (4, ||- 1), we assume that A is closed under the holomorphic
functional calculus of the C*-algebra A. This is in spirit with Ch. 111, Appendix C, p. 285
of [C].

(i) Considering the system of norms on 7, as

o0

. k
lollf ==Y rflloxlly,. - €RY),
k=0

let Q, - (A, D) = (Q%, |I-IIF)~ the completion, which is a Banach «x-algebra. Let

Qﬁ"n(A, D) = the smallest x-subalgebra of .. (A, D) containing 7,

and closed under the holomorphic functional calculus of ;. (A, D).
Then the following limit algebras are defined:

Q! (A, D)= lim Q] (A.D)

r—>o0

C lim ©,7(A, D) = Qoo,x (A, D);

r—00
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and
Q' (A, D)= limQ} (A, D)
r—0
- Iin Qr,?‘[(A’ D) = Qe,n(A, D)
r—0
(i) Similarly considering the norms |lwll, = Y22 r* k], on Q¥, the Banach

x-algebras ©, (A, D) are obtained by completion. These then lead to the limit algebras

Q" (A, D) = lim QA D)
r—00

C lim ©,(A, D) = Qoo (A, D;

r—>oo

and

QD) = lim Q"A, D)
r—0

C Ii_)m Q-(A, D) =Q(A, D),

r—0

where Qﬁ’ (A, D) isthe smallest -subalgebra of 2, (A, D) containing 27, and closed under
the holomorphic functional calculus of 2, (A, D). The following illustrates the behaviour
of these algebras.

Theorem 4.2. Let A be closed under the holomorphic functional calculus of A. Then the
following hold:

(1) (A, D)isalocally convex Q-algebra spectrally invariant in Q¢ (A, D) and having
A as its enveloping C*-algebra.

(2) QI (A, D) (respectively, Q" (A, D)) is closed under the holomorphic functional
calculus of Q. (A, D) (resp. Qoo (A, D)).

Proof.

(1) Since A is closed under the holomorphic functional calculus of A; Ais inverse closed
in A, Ais O-normed algebra, and is spectrally invariant in A. (Notice that, if A is Frechet,
then the converse hold). We claim that for 0 < ' < r, Q’,’(A, D) C Qf,(A, D). Indeed,
Q. A, D) C /(A D). Letw € Qﬁ’,(A,D) N Q,(A, D). Let f be holomorphic on
SPg, (@) D Spg , (@). Then f(w) € QI (A, D). Also, f(») € Q,(A,D) as (A, D) is
a Banach algebra. Thus Qﬁ’/(A, D) N 2, (A, D) is a subalgebra of 2, (A, D) containing
7%, and closed under holomorphic functional calculus of €2, (A, D). Since Qi‘(A, D) is
the smallest x-subalgebra with this property, it follows that /' (A, D) C Q" (A, D).

Next we show that ker e is a quasinilpotent ideal of Q" (A, D). Let w € Q(A, D),
€(w) =0, A #0in C. There exists r > 0 such that w € Qﬁ’(A, D). Choose r’ « r such
that |2~ 1o|,» < 1. Then »~1w has quasiinverse in (A, D). Since Q" (A, D) is inverse
closed in Q,/(A, D), A~ w is quasiregular in Q" (A, D). Thus A~ is quasiregular in
Q" (A, D). Hence ker € is a quasinilpotent ideal in Q" (A, D).
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Now as in the preceding sections, it follows that for all w € Qﬁ(A, D), SPqh (w) =
spz(wo), @ — poo(®) = [laoll is the greatest continuous C*-seminorm on Q’g(A, D)
which is a spectral seminorm making QQ(A, D) a Q-algebra. Notice that Q. (A, D) =
UrQ(A, D) = U2 (A, D) = Q(A, D). By 81, pg_4.p)(@) = SPq (ip) (@ =
sp4(@0) =SP4 (w0) = SPgy(4 1) () forall w € QL (A, D).

(2) Letx € Q8 (A, D) = lim Q/(A,D). Then x = (x,:r = 1,2,...) is a coher-
r—00
ent sequence such that x, € Qﬁ(A,D) C (A, D) = Q.(A, D). Also spng(x) =
UrSPan (xr) = UrSPaia,py)(Xr) = SPa,a,p)(x) = sp(x) say. Let f be holomorphic
on sp(x). Then by functional calculus in Frechet locally m-convex x-algebra, f(x) €
Qoo(A, D), and f(x,) € Qﬁ'(A, D), as Qi’(A, D) is closed under holomorphic functional
calculus of ©,(A, D). Also (f(x,)) is a coherent sequence, and so f(x) = (f(x,) =
T (f () € lim Q1(A, D) = @l (A, D). O

r—0

5. Quantized integralsin Qs A

Itwould be of interest to extend the tools of non-commutative geometry to the limit algebras
Q. A, QuoA and Q¢ A, when A is a dense Banach or Frechet x-subalgebra of a C*-algebra.
Assuming A to be Banach, we discuss below quantized integrals in Q.,A. Throughout
this section we assume that (A, ||-]|) is a C*-normed algebra which is a Banach x-algebra
with norm | - |. Let A be the C*-algebra completion of A.

Lemma5.1. Let (;r, H, D) be a K-cycle on A. Then 7 extends to a x-representation of
Qoo A.

Proof. Themap x € A — [D, n(x)] € B(H) is a derivation on the semisimple Banach
algebra A. Hence by a theorem of Johnson and Sinclair [JS], it is continuous. Thus for some
M > 1, |I[D, 7(x)]ll < M|x| forall x € A. Thus forany k € N, any ag, a1, a, ..., ax
in A.

|7 (a0)[D, 7 (a)][D, w(a2)]- - - [D, w(a)]l < M¥|agllas] - - - lax]
=M"ag®@ a1 ® -+ ® agly.

Hence forany o = Y 0° oy, oy € QFA ~ A ® A®*,

@)l <> Im@oll <Y MFlaxls

showing that 7 is continuous in the norms | - |, for r > M. It follows that 7 extends as a
x-representation = of Q, A, and hence of Q. A, into B(H). O

Connes (Ch. 1V of [C]) (see also Ch. 7 of [GVF]) has discussed various versions of
quantized integrals on 2* A depending on the nature of the K -cycle under consideration like
dT-summability, 9-summability etc. They turn out to be tracial positive linear functionals.
As shown in [BIO1], they can be regarded as weights or quasiweights on 2*A. Lemma5.1
enables us to extend these integrals on €2, A for large enough r, and hence on Q4 A.
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DEFINITION 5.2 [BIO1]

Let A be a x-algebra. Forasubspace N of A, let P(N) := {Zzzl xixp:xp € Nforall k =
1,2,...,n;n GN}

(@) Amap ¢: P(A) — RT U {oo} is called a weight on A if

(i) p(x +y) = 0(x) + () V x,y € P(A),
(i) e(Ax) = Ap(x) Vx € P(A), 2 > 0.

(o) Let N be aleft ideal of A. A map ¢: P(N) — R™T is a quasiweight on A if it satisfies
(i) and (ii) above for P(N). In this case, N is denoted by N,,.

Weights have been introduced as abstract non-commutative analogue of infinite mea-
sures in von Neumann algebras; and quasiweights are tailored for the same purpose in
non-normed *-algebras [BIO1].

We briefly recall Dixmier trace (Ch. IV.2 of [C], Ch. 7 of [GVF]). Let H be a separable
Hilbert space. Let K (H) be the ideal of compact operators on H. Let (£,,) be an orthonormal
basis for H.ForaT € K(H), let u,(T) denote eigenvalues of | T'| arranged in decreasing
order, counted according to multiplicities. Let oy (T) = foz‘ol wn(T). Then u,(T) — 0
which motivates calling compact operators the non-commutative infinitesimals. Then the
infinitesimals of order « constitutes the two-sided ideal

Ko(H) :={T € K(H): un(T) = O(n™%) asn — oo}.
Then
CY(H):={T € K(H): ony(T) = O(log N) as N — o0}
D Ki(H)

D K14+ (H) := infinitesimals of order > 1
1

= {T e K(H): uy(T) = o <—) asn — oo}
n

> C(H) trace class operators.

Let A denote a Banach limit on /°°(N) which is a translation invariant and a scale invariant
positive linear functional on /°°(N) vanishing on Co(N).
For T > 0in CY(H),

- on(T)
o[22

on(T)
" N—ob log N

defines a tracial linear functional on C1*+(H) vanishing on K1, (H). This tr; is called
the Dixmier trace. Lemma 5.1 enables us to define a quasiweight (t;, Nr,) on Qo (A) by
taking

Ny, = {w € QuA: 1(w) € CYH(H)},
L (0*w) =1t (7 (0)* 7 (), w € Ny, .

This defines a quantized integral on P(N,) as o := 1, (w).
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Let the K-cycle (r, H, D) be of dimension d; i.e. the operator |D|~1 is an infinitesimal
of order 1/d. Then |D|~¢ e CY*(H); and the sequence {o,,(|D|~%)/ logn} is bounded.
The functional ¢(w) = tr;.(|D|~¢n(w)) defines a positive linear functional on €., A
called the d-dimensional volume integral on Q4 A. In general case, one may consider the
quasiweight (¢, N,) on QA defined as follows:

Ny i= {0 € QuA: thr(w*a*aw|D|™) < 0o V a € QoA)
9(w) ==t (T(@)|D|™9), ® € P(N,).

We aim to analyze the d-dimensional volume integral on a d*-summable K-cycle in
detail; and compute the GNS representation of Q. A defined by it.

Lemma 5.3. Let the K-cycle (, H, D) be d*-summable.

(a) The functional w € QoA > @(w) := tr). (T ()| P]|~%) = try(|D| 47 (w)) (p. 287 of
[GVF]) defines a continuous positive linear functional on Q.. A satisfying: For some
K > 0, |p(w)| < K|l (0 € Qo A) for sufficiently large r.

(o) If (my, Hy) is the GNS representation of Q.. A defined by ¢, then , maps Q.. A into
an algebra of bounded operators; and for any w, n in Q4 A,

tr, (17 (@) 21D 42w ()* 1) < |7 (@) | > tr (1D 42 () * 2.

Proof.

(@) ¢ is a positive linear functional on the unital Frechet x-algebra Q2. A, hence is con-
tinuous. Therefore there exists »r > 0 and K > 0 such that |¢(w)| < K|w|, for all
w € QLuoA.

(b) By a result of Brooks [Brol], every continuous positive linear functional f on a
complete locally m-convex x-algebra B is admissible, with the result, the associ-
ated GNS representation ¢ of B is bounded, and for all x, y in B, p(y*x*xy) <
|7y (x) 2@ (y*y). We apply this to the functional ¢ on 4, A. By using the trace prop-
erty of Dixmier trace tr,, (p. 287 of [GVF]), we get, for any w, n in Q. A,

tr, (|77 (@) 21| D=2 (0)*|?) = tr (7w () * 7 ()7 () |D| 47 (1)*)
= tr,.(ID| ™7 ()7 (0) 7 (@) 7 (1))
< Iy (@) 2t (1D~ () * 7 ()

< Il (@) 12t (11D~ 25 (n)* ). O

Assume that the K-cycle (wr, H, D) is d*-summable. Following Connes (p. 550 of
[C]), let H; be the Hilbert space (Hausdorff) completion of 7 (X A) in the inner product
(T1, To)y = trk(Tz*T1|D|—d). Let P, be the orthogonal projection of Hj onto [ (d(Jo N
QF1ANTE. Then ([w1], [w2]) = (Prw1, Prws) = (Prw1, wp) defines an inner product
on Q% = (@A) /m[d(Jo N QF-1A)] where for w; € 7(QFA), [»;] denotes the class
in Q% Let A* be the Hilbert space completion of Q%,, viz Ak = PyH;. Connes in
Ch. VI, 81, Propo. 5 of [C] noted that the actions of A ~ 7 (A) on AX by left and right
multiplications define commuting unitary representations of A on A*. We aim to show
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that this representation by left multiplication can be extended as a representation of Q.. A
and is unitarily equivalent to the GNS representation (7 2°, H;jo) of Q. A defined by the
volume integral ¢. Let H o, be the Hausdorff completion of 7z (2., A) in the inner product
(T, Th) = trk(Tz*T1|D|—d). Let J be the conjugate linear isometry of H., defined by
Jr(m) = w(n*), n € QxoA. The following refines Chapter VI, §1, Propo. 5(1), p. 550
of [C].

Theorem 5.4. Let the K-cycle be 4+-summable.

(1) The left action 7r; and the right action 7y each of QA on the H, define unitary
representations of Q. A on H, satisfying Jmj(w)J = 7 (w), (0 € Qoo A).

(2) The GNS representation (;°, Hy°) of QA defined by ¢ is unitarily equivalent to
m, the unitary equivalence being given by U: HJ® — Hoo, U(n + kerg) = w(n),
(1 € QLo A).

(3) LetH := @®Hy. Themapo: A — B(H),o(a)(Zx(nk)) = Y_ w(ank), isacontinuous
x-homomorphism; and o extends as a continuous homomorphism o: QA — B(H)
which fails to be x-homomorphism.

(4) There exists a bounded linear map 7: H — Hgo such that ngo(w)T =To(w) forall

® € QooA and the range of T is @ Hj, where H is the Hausdorff completion of Q* A
in the d-dimensional volume integral.

Proof. First we construct the GNS representation (;°, H°) of QA defined by ¢.
Let o € QuA, T = n(w)|D|"%2. Then T*T = |D|"92n(w)*n(w)|D|"%2 =
ITI? = |7(w)|D|~22. Also, TT* = 7m(w)|D|~¥n(w)*. Since tr,(-) is a trace on
B(H), tr; (D] (w*w)|D|7¥?) = try(w(@*w)|D7|) = try(T*T) = t(|T?) =
tr; (|7 (w)||D]~4/%)2. Hence

N;’o = {w € QoA p(w*w) =0}
= {0 € QuoA: tr, (7 (»)* 7 ()| D|~¢) = 0}
= {w € QuoA: tr, (|7 ()| D] ~4?)?) = 0}.
The inner product on the quotient space Q2o A/Ny° is
(@ + N&.n + N°) = g(n*w) = (@ (n) 7 (@)D,
Then the representation space H,° is
Hgo = (QOOA/N(/?O)” completion
= (QA/NJ*)™
= (@A) /(N
Let the Hilbert space H,, be defined as H, = EO(Q"A/NSO neka)™ = Eo Hj where

Hf = (QFA/NS® N Q*A)™. The representation 72°: QoA — B(H®) is m0°(w)(n +
Ngo) =own+ Ngo forall w, n € Qo A.

Now let ¢ (K A) — QFA/N® N QKA be ¢y (m(w) = w+ N3° N QFA. Then ¢y is
well-defined. Indeed, for w, n € Q¥A, w(w) = 7 (n) implies that 7 ((w — n)*(w —1n)) = 0.
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Hence ¢ (0 — n)*(w — 1)) = tr.(7(w —n)*m(w —n)) = 0, with the result, v —n € NZ°,
W+ N° =n+ N°. Clearly ¢y is a linear map, and

ker ¢ = {7 (w) € T(Q*A): p(0*w) = 0}
= {7 (0): th(T(w*w)|D|¢) = 0}.

Thus 7 (€ A)/ ker ¢y ~ Q"A/Ngo N X A as linear spaces under the linear map ¢ defined
as i (r(w) + ker gp) = w + N(/?O N QKA. Also, the Hilbert space

‘Hi = Hausdorff completion of 7 (X A) in the inner product (-, -}z
_ (m@AN\ oka g
ker ¢y - NgokaA ¢
Thus the Hilbert space H := &H; ~ &H} = H, under the map ¢ = @¢. Notice that

¢x is an onto isometry from H; to HY. For, given w; € QFA, denoting the norms in H;
and Hg by |-l and |-Il,,, we have

7 (@) + Ker g1 = ( (i), 7 (i)
=t (7 (&) 7 ()| D] )
= p(wjor) = llox + NN QLA|2
= Ik ( (w) + ker g) |12

Let us note the following.

(i) The inner products in  and He are distinct. Indeed let 1 = Y ni = (n}) and
m = Y. n7 = (n?) bein Q*A = ®QFA with n}, »? in Q%A for all k. Then the inner
product in H = &Hy is

(7 (1), w(12)) = Y (), T (1))

k

=Y @@ T(HIDI™Y
k
=t Y (@) TP,
k

On the other hand, the inner product in Heo = (T (R0 A)) ™ i

(m(n1), T(2)) = thx(x(n2) 7 (1) D[ ™)

= (S wor) (L wor) 1074

=) Y mEa) o)D),
k

itj=k

(ii) A repetition of our earlier arguments involving ¢y, Hy and H;f show that Hoo >~ H®.
Indeed, the linear map ¢: 7 (QA) — QOOA/N(/‘;O, o (r(w) =+ N(;’O is well-defined,
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%@A) ~ S || (w) + Ker g2 = flo + N3°|1? for all 0 € Qo0 A, with the result we
4

get the isomorphic Hilbert spaces
Hoo = (m(Re0A))” Hausdorff completion

QoA .
:( s ) completion
Ng®

= Hgo.
Now the left action ) and the right action 7, of QoA on H are given by
m(w)7(n) = 7 (wn)
(@) (n) = w(hw)
Then by Lemmas 5.3 and 5.1, we have

7 (@) () lly, = 0. ((r ()7 (0)* 7 (@)1 (1)) [ D] =)/
=t (T (@) 7w () "7 ()7 ()| D] )2
< |7 (@) (M ltr,
= ||mp (@) l7 () llyr,

forall w, nin Qo A. Furthermore, since i, is continuous, it follows that || 7, (w) || < M|w]r,
(w € QuA) for some M > 0 and r > 0, which implies that 7;(w) and 7y (w) are
bounded linear operators on H,, and 7 and 7z, are continuous in the topology of Q2 A.
The homomorphisms ) and 7y of Q4,A into B(Hso) define x-representations of Q.,,A
on Ho, since, for example,

(@) (M), T (M2, = (7w (wn1), T(M2))
=t (7 (n2)*7 ()7 (n1)| D)
=t (7 (@)* 7 (n2)) *7 (n1) D] )
= tr ((m (@) (12)) *7 (n2)| D ~%)
= (7 (), 7(@*)7 (12))
= (7 (). m(@*) 7T (1)1, -

Further Jmj(w)J = mr(w)*, @ € Qo0 A, Where J is the conjugate linear isometry on Heo
defined by Jrr(n) = 7 (n™), n € Qoo A. We define

U:n+ N, € H(;o = (7)) € Hoo-
Then it is easily shown that U extends to a unitary operator of 7° onto Ho and
n(;fo(a)) =U*m(o)U, o€ QA

shows that 7z ° is unitarily equivalent to 7. This completes the proof of (1) and (2).
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Themapo: A — B(H), o(a)(Zx(nr)) = (Zxw(ank)), (nr) = g € Q*A, defines
a x-representation of A on H = @, H; satisfying ||o (a)é|| < |al ||, & € H. We show
that o extends as a homomorphism o: QoA — B(H). Indeed, let 0 = Zw; € Q*A
with each w; € Q/A. Let & = (&: & < Hy) € H be such that each & is of the form
& = (), mx € QKA. Then define the left action of w on & by o (wy)& = Zj m(wrn;),
o(w)§ ==}, w(w;nk). Clearly, o is linear on Q*A. Further, for o = 3> w;, 8 = 3 _§;

in Q*A,
g(wd) =0 (Z ( Z wi8j)>
k \it+j=k
=> > (o))

k it+j=k

=Y o@)o(s))

k i+j=k
= (Z(o(wn)) (Z(’@/)) = 0(@)o (6)
i J

shows that o is a homomorphism. However, o fails to be a x-homomorphism. Take w €
QLA n e QKA. Puté = () € Hy and ¢ = (wn) € Hyp1. We have o (w)€ = ¢, thus
(o). ¢) = lI¢]|?, while o (w*)¢ € Hyy2, thus (£, o (@¥)¢) = 0.

For the continuity of o: QscA — B(H), we show that given w = Y wy, & = Y &
both in @*A, llo (@&l < (X4 7 (@) llop ) 1€ 1l Indeed,

lo@0EI? = 3 Im @)l
=€) T m (@)D
J
< D Im@ligy . (e € ) m (E)IDI™)
J
= Iz @o)ligy Y I7 &I
J

= |7 (@i)lig, 1817

Then

llo(w)éll =

Y o(mp)E H
k

<) llo (@l
k

< (Z ||n<wk>||op> HEP
k
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Thus o (w) is a bounded operator from H to 7; and forany & € H,

lo (@] < (Z ||n(wk)||op> H
k

< (Z Mk|wk|,,> €]l asinLemmab5.1
k

< lol- &1 ifr =M.

Thus o is continuous in the topology of Q2.,A and so extends as a continuous homomor-
phism o: QoA — B(H). Now let T: H — H(;’o be the bounded linear operator defined
by

T((r() ==n+Ng° =) =) n € Q*A.

Then ngo(a))T = To(w) holds for all w € Q5 A. This completes the proof. O
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