THE THEORY OF MULTIPLICATIVE ARITHMETIC
FUNCTIONS*

BY
R. VAIDYANATHASWAMY

INTRODUCTION

1. The work the results of which are embodied in this paper was carried
out during the period from August, 1927, to October, 1928, when the paper
was sent for publication in these Transactions. In October, 1927, I con-
tributed a note On the inversion of multiplicative arithmetic functions to the
Journal of the Indian Mathematical Society, pointing out the fact (which I
then believed to be new) that every multiplicative function of a single argu-
ment possesses an inverse, which is also a multiplicative function. In this
note, certain of the ideas of the earlier part of this paper are presented in an
undeveloped form; in particular, there occur the term “linear function” and
the notion of “rational integral function.” This note called forth, a year
later, a paper entitled An outline of a theory of arithmetic functions, by E. T.
Bell (Journal of the Indian Mathematical Society, October, 1928), wherein
he pointed out that he had established the existence of the inverse function,
for a wider class of functions than the multiplicative, and gave a general
survey, with full references, of his own work on numerical functions. Such of
the literature indicated by this extremely useful paper of Dr. Bell as was then
available to me, showed that the particular types of problems, for which I
was interested in finding a solution, had not been considered previously.
When, two or three months after the paper had left my hands, his memoir
An arithmetical theory of certain numerical functions (University of Washing-
ton Publications in Mathematical and Physical Sciences, vol. 1, No. 1, 1915)
became available for reference, it became apparent that some of his ideas
were in close relation with the part of this paper (namely, the first three sec-
tions) which deals specifically with functions of a single argument. (A precise
account of the relation is given in §4 of this Introduction.)

Some of my main results were communicated early in 1928 to the Inter-
national Congress of Mathematics, Bologna, but the abstract published in
the Acts of the Congress is imperfect, and does not cover the whole ground
of this paper.

* Presented to the Society, April 3, 1931; received by the editors in November, 1928, and
revised, with new introduction, in December, 1930.
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In revising the paper, some explanatory passages and further references
have been inserted, but little new matter has been added to the text.

2. The arithmetical functions f(IV) which have the property that f(M N)
=f(M)f(N) when M, N are mutually prime, are well known, and are of para-
mount importance in arithmetic; the functions of » arguments which possess
the corresponding property

f(MlNl, M2N2, e ,MrNr) =f(M1; M21 ] M')f(Nl; NZ: T N'):

when the two products M1M, - - - M,, NiN: - - - N, are relatively prime, are
less widely known.* The functions with this property have received several
names, and are here called “multiplicative.”f Though some of the processes
and results of this paper could be stated for a wider class of arithmetic func-
tions, it has been thought desirable to confine it strictly to the functions with
this property, so that “function” used here without any qualification, means
always “multiplicative arithmetic function.”

Though multiplicative functions of a single argument are widely known
and used, they have not been studied, as such, by any writer before Bell;
this indeed may be inferred from the fact that there is no recognized name for
the fundamental process relating to them, here called “composition.” Bell
has termed this process “ideal multiplication,” referring, for distinction,
to the ordinary product of two functions, as their “algebraic” or “absolute”
product.f The process of convolution of arguments, which is the logical basis
of composition, does not appear to be known at all, though I have seen it
used in a solitary instance, for a function of two arguments by Ramanujan.§

In Section I fundamental concepts are defined, and certain elementary
functions are introduced; the method of generating series is explained, and
the independence of the elements of a multiplicative function is affirmed.

Section II studies the five fundamental processes of the calculus, multi-
plication, convolution, composition, inversion and compounding, the last
of these being new.|| Composition is really a particular case, though a most

* I am not aware of any writer other than Bell who has treated these functions: see E. T. Bell,
A ray of numerical functions of r arguments, Bulletin of the American Mathematical Society, vol. 32
(1926), p. 341.

t Bell uses “factorable,” and refers (Journal of the Indian Mathematical Society, October, 1928)
to the German and French equivalents “zerlegbar” and “réguliére,” which I have not seen. I have
adopted “multiplicative” from Pélya and Szegd, Aufgaben und Lehrsitze aus der Analysis, vol. II,
p. 126, where it is used in this sense.

1 An arithmetical theory of numerical functions (loc. cit.) and An outline etc. (loc. cit.).

§ Collected Papers of Srinivasa Ramanujan, Cambridge, 1927, p. 180.

| Bell was led, in 1915, in a purely symbolic manner, to the compounding operation, by working
with “generators,” without being aware of its arithmetical significance. He called it “ideal addition.”

The names “ideal multiplication” and “ideal addition” appear to have been chosen under the mis-
taken impression that the latter distributes the former; see Introduction (4).
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important one, of convolution, which is logically prior to it; this is not how-
ever usually recognized, owing to the fact that in order to explain composition
in terms of convolution (as is done here), one must work from the start with
functions of several arguments. The theory of inversion in its widest form is
due to Bell.*

Section III studies rational functions of a single argument, proves the
result that multiplication and compounding are rational processes, and gives
various applications.

Sections IV and V, though both of independent interest as treating of
important special types of multiplicative functions of several arguments, are
intended to be preparatory to Section VI, which investigates a general form
of identical relation, which is satisfied by every multiplicative function. The
special functions are also determined, for which this relation reduces to a
“Busche-Ramanujan identity,” namely, an identity which, for functions f of
a single argument, is of the form

M N
J(MN) = Zf(;)f(;)m),
summed for all common divisors § of M, N. The function ¢,(N), representing
the sum of the ath powers of the divisors of N, is the known instance of a
function admitting an identity of this type. On the other hand, the ¢-function
of Euler also satisfies an identity of the same form, namely

s = Bo(2)(2)

summed for common divisors & of M, N, provided the values of M, N, are so
restricted as not to contain any common prime factor to the same power.{
All functions of a single argument which admit a “restricted Busche-Rama-
nujan identity” of this kind are also determined.

The seventh and last section finds the general form of a multiplicative
function, which can constitute the general element of a determinant capable
of evaluation by the same method as Smith’s determinant. Two new forms
of such determinants are added here to those already known, namely, the
determinants whose general element a.. is equal to (1) von Sterneck’s func-

* On a certain inversion in the theory of numbers, T6hoku Mathematical Journal, vol. 17 (1920),
Pp. 221; Extension of Dirichlet multiplication and Dedekind inversion, Bulletin of the American Mathe-
matical Society, vol. 28 (1922), p. 111.

1 This property of the ¢-function was discovered by Mr. S. Sivasankaranarayana Pillai, while a
research scholar of the Madras University; it suggested to the author the concept of “restricted
identity.”
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tion f(m, n), (2) any “integral quadratic function” of the product m=, e.g.,
the sum of the divisors of mn or the number of representations of mn as a
sum of two squares.

3. It may perhaps help the reader to follow the paper with greater under-
standing, if T explain the exact manner in which it arose. The paper is mainly
an attempt to understand the well known identity

(A) oulmn) = Yo (%) oo (%)am(a)

summed for common divisors & of m, n, and to answer the converse problem sug-
gested by it, of finding the most general function admitting an identity of this
form.

It is also, to a lesser extent, a study of two other particular results:

i oa(n)oy(n) _ (s —a)(s — B)E(s — a — b)

(Ramanujan).
n=1 ne ?(23 - a - b)

(B)

(C) The determinant |a,|(r, s=1, 2,---, N), where a, is the least
common multiple of 7 and s, has the value []}-,¢(/)I1(j), where ¢ is Euler’s
function and J](5) is the product of the negatives of the prime factors of j
(Cesaro).

At a fairly early stage in the work, I succeeded in proving that the most
general multiplicative function f(V) admitting an identity of the form (A)
must be an “integral quadratic function.” Thus, it is not possible to answer
the converse question in (A), without the concepts of “linear” and “rational
integral” functions. At the same time I had grasped the fact that the identity
(A) could not be properly understood, unless .(MN) was treated explicitly
as a multiplicative function of the two arguments M, N, and its right side,
as the composite of two functions, each of two arguments; from this point
of view F(8) = °u(3) can only be described as “the function of one argument
equivalent to a ‘principal’ function of two arguments.” The more difficult
question of the form of the corresponding identity for the general function
f(N) was solved much later, giving the concepts “cardinal function,” and
“conjugate function,” so that it became possible to describe the specialization
which occurred when f became integral-quadratic, as the specialization of a
cardinal function into a principal function. Also, I had previously been led
to the compounding process, in working at problems involving the l.c.m. and
g.c.d. of divisors of a number, but had felt doubtful whether it should be
taken seriously; the occurrence of the “conjugate function” in this context con-
vinced me that the compounding process should be given as fundamental a place
as composition. In the last stage the whole theory was generalized and stated
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for functions of r arguments, thereby necessitating the concepts “cardinal
and principal functions of a matrix-set of arguments.” Thus in all (A) has
been responsible for (1) acceptance and systematic treatment of multiplica-
tive functions of more than one argument; (2) the concept of rational func-
tion; (3) the theory of cardinal and principal functions; (4) the systematic
study of the compounding operation. The secondary line of thought indicated
by the restricted Busche-Ramanujan identity joins on with (A); it had its
genesis in the attempt to understand the property of the ¢-function (already
mentioned), which Mr. S. S. Pillai communicated to me in answer to the
problem which I proposed to him for solution, namely, either to explain in a
satisfactory manner why Euler’s function does not satisfy an identity of the
type (A), or to find some altered form of the identity which it does satisfy.

After the concept “rational function” had been fully formed, the result
(B) was recognized as giving “the expression in rational form, of the product
of the two integral quadratic functions o, and ¢,.” This suggested the result
that the product of two rational functions is rational and raised the question
of expressing it in rational form. In regard to this question, it was easily
proved that the “integral component” of the product-function was capable
of immediate derivation from the integral components of the factors; but no
result, more general than the theorem of III §4, was obtained in spite of pro-
longed effort, for the specification of the inverse component. The immediate
extension of (B) to the product of two general integral quadratic functions
was proved both from the general theory, and by arithmetical methods
utilizing the compounding operation (Example 9 and III §6 (b)). The theory
of simplex functions (IT §5(d)) has also been suggested by (B).

The result (C) has necessitated the close study of functions of the g.c.d.
and l.c.m., the former joining on with the theory of principal functions, while
the latter gives rise to the new concept of “semiprincipal function.” In
Smith’s original statement of his determinant-theorem, ezy multiplicative
function of the g.c.d. of m, # can serve as the general element an, of his de-
terminant,* whereas in Cesiro’s extension,} it is only the linear function of
the l.c.m. of m, » which can so serve. This difference in character between
the l.c.m. and the g.c.d. is explained by the fact that the “semiprincipal”
function assumes a special form suitable for the production of a “Smith
function,” only when its equivalent function is an “enumerative totient” (cf.
Example 2, VII).

4. The relation between the first three sections and Bell’s memoirAn
arithmetical theory of certain numerical functions. This memoir studies com-

* Dickson, History of the Theory of Numbers, vol. 1, pp. 122, 123,
t Dickson, ibid., p. 128.
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position under the name “ideal multiplication.” Its main object appears to

be the selection of a suitable subclass of multiplicative functions f(N), ad-
mitting a theorem of unique (compositional) factorization into primes, and
the associated arithmetical theory, and the illustration therefrom of general
principles relating to arithmetical structure. The “generator” of a multipli-
cative function f(N) is a function f(x, z) of two arguments, such that, for
every prime p,

f(P’ Z) = f(P)Z +f(p2)22 4+ ...
The “generating function” F(x, z) of f(IV) is defined by
F(x) Z) =1 +f(x, Z).

The functions f(N), whose generating functions F(x, z) are finite polynomials
in both x and z, are called “primitive” functions, and also “positive” functions;
if in addition F(x, 2) is an irreducible polynomial in x, z, f(N) is called a
“prime primitive.” The inverse of a positive function is called a “negative”
function, and the composite of a positive and a negative function is a “mixed
function.” Thus the mixed functions are those whose generating functions
F(x, 2) are rational functions of (x, z), and it is shown that they admit of a
unique factorization theorem, corresponding to the factorization of the
numerator and denominator of F(x, z) into‘their irreducible polynomial fac-
tors. The mixed functions are special types of the rational functions of this
paper.* It is clear that, if there had been no insistence on the variable x in
the generating function, the theory reached would have been identical with
that of this paper; but in that case, the purpose of the memoir would not
have been fulfilled, since rational functions admit of (compositional) factor-
ization, in an unenumerably infinite number of ways (cf. I §3 and remarks on
Theorem II). The whole difference of outlook turns upon the difference in
procedure between defining f(NV) by means of a single function F(x, z), “the
generating function,” and defining it by means of an infinity of generating
series F(p, z), where p stands for each prime in turn. In actual application
there may not appear to be much difference between these, but theoretically
there is this profound distinction, that the latter definition affirms the indepen-
dence of the elements of the general function f, while the former denies it.

* The inversion in the nomenclature, indicative of the difference in view point, may be noted;
namely, the “negative” and the “positive” functions of Bell are, respectively, rational integral func-
tions and their inverses. From the view point of arithmetical structure, the functions f(V) whose
F(x, z) is a finite polynomial are fundamental, and are therefore called positive functions by Bell.
On the other hand, from the view point of the multiplicative property, the functions f(V) which
possess it unconditionally are the fundamental ones, and should be termed “linear integral,” even
though their generating series to any base is the expansion of a fraction of the form 1/(1—ar).
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Thus, the concept of rational function is present in the memoir, but does
not reach full clarity, as it is not freed from the admixture of elements ex-
traneous to the nature of the multiplicative function.

The memoir also defines the compounding operation, under the name
“ideal addition,” in a purely symbolical manner, from the addition of genera-
tors, the author indeed appearing to believe that it does not possess any
simple arithmetical significance.* The ideal difference is also defined in the
same manner, without the concept of the conjugate function. It is stated
without proof on page 32, 5.34, and repeated on page 33, 6.26, that ideal ad-
dition distributes ideal multiplication; that this is erroneous is shown by
Theorem X1V of this paper, which proves that compounding is not distribu-
tive but only quasidistributive, in respect to composition.t

SecTION I. PRELIMINARY

1. Definition. An arithmetic function f(M:, M, - - - , M,) is one which
is defined for all (non-zero) positive values of its arguments. Thke arithmetic
Sunction f(M,, My, - - - , M,) is multiplicative, if

f(MNy MyoNgy - - -y M.N,) = f(My, My, - -+, Mo)f(N1, No, - -+, Ny),

whenever the products MM, - - - M., Ni\Ny--- N, are relatively prime.
With the convention that unity is both prime to and a factor of every num-
ber, we see that f(My, 1, - - -, 1)=1;0r

THEOREM 1. Every multiplicative function takes the value unity, for simul-
taneous umit values of the arguments.

2. The elements of a multiplicative function. Let the arguments
My, M, -, M,.of f(M,, My, - - -, M,) be resolved into their prime factors,
so that

M, = P':“P;?iﬁaau (1, = 1’ 2, , 1 < pe < ps< - .),
the ax being zero, or positive integers. Then it follows from the multiplicative
property, that

My My, -, M) =TI oy o) A=1,2---).
A

We shall mean by the element of the multiplicative function f to the base pa
the aggregate of values f(pr4, pr%2, - - -, pa'), for all zero and positive integral

* “Tt is clear that in no quantitative sense is an ideal sum or difference a sum or difference; the
ideal sum expresses a relation between functions, which is only remotely connected with their argu-
ments”; p. 32, 5.33.

t Introduction dated November 2, 1930.
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values of ¢, &5, - - -, t,. Thus the values of f for arbitrary arguments can be
found by multiplication, if the elements of f to every prime base are known.
In other words, the elements of a multiplicative function completely determine
the function.

3. The independence of the elements. The definition of the multiplica-
tive function f implies no necessary relation between its elements. In fact,
not only can the system of values which constitute an element be chosen in
an arbitrary manner, but also the «! elements can be chosen in entire in-
dependence of one another. It therefore appears that the general multipli-
cative function falls apart into a series of elements, which while unrelated to
one another, generate the function by multiplication.

This independence of the elements is the most characteristic property
of the multiplicative function, and our method of generating series is based
directly upon it. It introduces, however, an element of indefiniteness into the
multiplicative function, allowing it, as it were, an infinity of degrees of free-
dom. To illustrate, let fi, fo be two function-types, both possessing a multi-
plicative property P (i.e., a property which is implied by a property of the
elements of the function only). Then each of the unenumerably infinite
number of functions f, whose elements with respect to certain prime bases
are the corresponding elements of f;, and with respect to the remaining bases,
the elements of f,, also possess the property P. Hence, when f, f. are solu-
tions of the problem of determining the functions with the property P, each
of the unenumerably infinite number of crosses f between f, f2 is also a solu-
tion. Several examples of this will occur in this paper.

4. Generating series. With each element to a base p, of the multipli-
cative function f(M,, M., - - - , M,) we associate the power series

f(p)‘)(xly Xegy © " 7y xf) = Zf(p';ly ?’:’; R} P';')x’;‘x';, T x?"
We call this power series the generating series of f to the base p». From
Theorem I, it follows that the constant term in every generating series is unity.

If the generating series is the formal expansion of a function
Son (®1, 2, - - -, &) we call this latter the generating function of f to the base
j2%

We shall generally use the generating series as the representative of the
corresponding element of the function. The variables x,, x, - - - , x, are not
to be regarded as quantities, but purely as algebraic symbols, which are in
formal correspondence with the arguments, and exhibit the element in an
ordered shape; thus no questions of convergence of the generating series can
arise.
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5. Linear functions. The multiplicative function f(M,, - - - , M,) will be
called a linear function, if the equation

(1) f(MlNl’ MzNz, ) Mi'N") = f(Ml) M2: ) M')f(Nlr Ny - -, Nr)
holds not merely when M M, - - - M, is prime to NNz - - - N,, but for all
values of M, Ni(i=1,2,---,7).

It is clear that a linear function of » arguments can be expressed as the

product of  linear functions, each of one of the arguments. Thus, from (1),
we have

f(Ml,M2" . "M") =f(M171" : '71)f(1yM2) 1" . ’1) o f(lyly : ')I}M");

and f(M,, 1, - - -, 1) is a linear function of the argument M.
The generating function to the base p of a linear function f(M) is

faor(®) =1+ fp)x + f(p)a* + - - -

1+ f()x + {f(p)} 22 + - - -

1l

= ! y if f(p) = a.
1—ax

Similarly the generating function to the base p of a linear function of r argu-
ments is of the form (1 —awx)~'(1 —asx2)~' - - - (1—ax,)"%

6. The elementary functions. These are of fundamental importance, and
may be divided into four groups:

(1) the E-functions,

(2) the M-functions,

(3) the I-functions,

(4) the power units my, €.

We shall first define these functions for a single argument.

E(M) =k; v=the number of different prime factors of M. For k a posi-
tive integer, E(M) may also be defined as the number of decompositions of
M into k factors every two of which are mutually prime.

M(M) is defined to be the linear function, which takes the value ¥ when
M is a prime; hence M\,(M)=F"; »=total number of prime factors of M,
multiple prime factors being counted as often as their multiplicity.

The general linear function of M is obviously a cross between an infinity
of functions A;.

I.(M) is the linear function M.

The power units s, € are defined (for positive integral values of k) as
follows:
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0 if M is divisible by a kth power,
(M) = { .

1 otherwise;

1if M is a kth power,
(M) = .

0, otherwise.

The corresponding elementary functions of r arguments are defined by
Ek(MI’ M2; T M") = Ek(M1M2 e Mr);
=k

if My, Mo, - - -, M, are all powers of a prime p;

MMy My, - -+, M) = MMMy - - - M,) = M(M)M(My) - - - M(M);

Ilc(Ml; MZ’ T Mr) = Ik(M1M2 T Mf) = Ik(Ml)Ik(M2) T I"(M')7

Wk(Ml’ M?) Y Mf) = Wk(Ml) Tt Wk(Mr);

ek(Ml) Tty M,-) = ek(ﬂll)ek(ﬁl» cr ek(Mr)'
Among the E-functions, those which occur most frequently are E,, E,, E_,,
E,. We shall write simply E for E;. The function E, vanishes for all values
of its arguments, excepting simultaneous unit values, for which it takes the
value 1 (Theorem I). The function E=E, takes the same value 1 for all
values of its arguments. Among the E-functions, E,‘and E are the only ones
which are linear.

Among the A-functions, the most important is A_;, which we shall write
simply as X\. It will be noticed that

7l'1=)\o=Eo; x1=€1=lo=E.

The function I, (which is equal to the product of its arguments) will be
written simply 7.

The generating series to the base p of these elementary functions are
easily obtained; they are

14+ (B — Dx
Ek(p)(x)=1+kx+-kx2+-~-=_._I~.____;
-z
Even ) : (k= 1)
k(p) (%1, X2, y ¥r) = (l—xl)(l—xz)(l—x,) )
Eoy (%1, %2, -+, %) = 1
1
E , Xgy ot &) = :
(0 (%1, ®2 %) A—x)d =2 - -1 —x)

1
)\k(r)(xl) Xoy 7y xr) = I'I 1— kx.-;
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Aoy (%1, %, - -+, 2) = ]I ;
» ) M b T, P 1 + x|7
Trio( Y= T —
ko) (X1, X2y " 0 0y Xr) = PEETR
P ) ) y T ; 1 _ ka."
1
ek(l’) (xl) x2, ct b x’) = II —_—_—;
i 1 — 2k
1 - x.-"
Tk(?)(xl’ 2 P xr) = H
[ 1 - Xi

SeEcTiON II. THE PROCESSES OF THE CALCULUS

The calculus of multiplicative functions consists of certain processes,
which while applicable to arithmetic functions in general, have the character-
istic property of yielding only multiplicative functions, when performed on
multiplicative functions. These processes are the following:

(1) Multiplication (including division) of functions;

(2) Convolution of arguments;

(3) Composition of functions (including inversion);

(4) Compounding of functions.

We shall consider these in turn.

1. Multiplication of functions. If f(M\, M,,-- -, M,),¢(M1, M,,- - -, M,)
be multiplicative functions of the same r arguments, their product

f(Mly M2’ ) M")¢(M1) T M"))

which we shall denote by (fX¢)(M,, M,, - - - , M,), is also a multiplicative
function of M,, M., - - - , M,.
If the generating series of f, ¢ to the base p are

m; my m,
f(p)(xl’ ¥2, 0, x’) = Zaml,mz--“.mrxl X X,
my, m, m,
¢(P)(x17 Xgy ", xr) = men.mz.-...mrxl X X,

then the generating series of their product fX¢ is given by

m; my my

(IX) (%1, Koy =y %) = DlmysmyreeeimBomyimgse e img®1 Xz @ - Ky s
Also, if ¢ does not vanish for finite values of its arguments, we can define its
reciprocal function 1/¢ by
1

1
— My, My M) = —m—————;
] : ? ¢(M13"')M')
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then

1 1 —— my
<¢>(p)(x1, X2, ) %r) me,,m,,m.m, X1 X2 Xr .
By taking the product of f and the reciprocal function of ¢, we have the case
of division.

We have defined the symbol fX¢ only for the case in which f and ¢ are
functions of the same r arguments. We can extend the scope of the symbol
by a device which will be generally useful. If fis a function of M, M,, - - -, M,
while ¢ is a function of M1, M., - - -, M, only (: <r), we regard ¢ as a function
of My, Ms, - - - , M, which vanishes unless M\, =M ;= --- =M,=1, and
is then equal to ¢(M1, My, - - -, M,); that is, we consider ¢ (M1, My, - - -, M)
to be the function ¢(My, My, - - -, MJ)Eo(M iy, - - -, M,). The justification
for considering these to be identical is that the generating series are the same
for the two functions (since the generating series of E, to any base is simply 1).
With this convention, then, fX¢ is seen to be a function of M,, M5, - - -, M,,
which vanishes unless M1 =M;.2= - - - =M,=1, that is, for all practical
purposes, a function of the common arguments only, of f and ¢. In following
this convention, it should not be forgotten that we are making a distinction
between the funmctional multiplication in fX¢, and the multiplication of
quantities; thus, if f(M), ¢(N) are functions of different arguments,
(fX¢)(M, N) should be the same as E,(M, N) according to our interpretation,
but f(M) X¢(N) is not Eo(M, N), the multiplication in the former case being
functional, and in the latter, quantitative. The distinction between the two
senses of multiplication will be generally evident from the fact that the
arguments will appear explicitly in algebraic multiplication, while they will
usually be dropped in functional multiplication.

If we take for ¢ the elementary function Ex(M1, My, - - -, M,) (Section I),
we have

m; m, me

(f X Ex)py(1y 29, - - -, 2) =1+ Zkaml,m,'...,m,xl Xy v Xy,

where the summation on the right is for all zero and positive integral values

of my, ms, - - -, m,, with the exception of simultaneous zero values. In par-
ticular,

fXE=f,

f X Eo = Eo.

Thus the functions E, E, behave like unity and zero, with respect to func-
tional multiplication.

The linear functions have a special property with respect to multiplica-
tion, namely:
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THEOREM II. The product of linear functions is also a linear function.
For, if
K(p)(xl; Xyt c 0, xr) = H(l - aixi)—ly

Ly (21, %9, - -+, %) = H(l — Bixd)?,

then it is clear that
(K X L)y (21, %2y - -+, 2) = I — aBixs)™.

In particular, the multiplicative powers of L, namely LXL, LXLXL, etc.,
are all linear functions. Conversely, we may expect the existence of linear
root-functions L, L,, - - - , such that

LiXLi=L; Ly XLy XLy= Lj---.

Supposing, for simplicity, that L is a linear function of a single argument, we
can take

L(p)(x) =14 ax+ o222+ ---.
Then, since L, is to be linear, we must have

either 1 + a'/%x + (@922 + - - - = (1 — all2)1,

Lip(x) = {or 1 — a2 4 (— at/?)2x2 4 - - - = (1 + at/2x)71,

Thus each element of the root-function L, has two determinations, and there-
fore by choosing one of the two admissible elements for each prime base
(which we are at liberty to do, from the independence of the elements of a
multiplicative function), we can construct the root-function L, in an un-
enumerably infinite number of ways. This shows that the concept “root-
function” is an unprofitable one. We shall however see later on, that we can
construct a unique function called the “root-composite” from the elements
of the root-function.

2. Convolution of arguments. Let f(M1, M, - - - , M,) be a multiplica-
tive function of 7(>1) arguments. The process of convolving M, M, in f
consists in forming the function

¢(M,Ma,"',M,)= Z f(Ml)MZ,M%"':IMr%
M \My=M
From the multiplicative property of f it is easy to show that ¢ is a multi-
plicative function of its »—1 arguments.
If the generating series of f to the base p be
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m; m, m,
f(P)(xl’ X2, "0, %) = Zampmz,“'.m.-xl X %,
then
m mg m,
S (%, X3, - -, %) = 2( Z aml.mz.-“.mr)x X3 v Xr .
m+my=m
Thus the generating series ¢, (¥, #3, - - - , %) is obtained by putting 2y =x,=x
in fp (1, %9, - - -, x,). Therefore,

TuaeoreM II1. Convolution of arguments is equivalent to identifying the cor-
responding variables in the generating series.

The process of convolution is evidently applicable to any number s of
arguments, and is equivalent to the identification of the s corresponding
variables in the generating series. Hence in convolving several arguments,
it is immaterial whether we convolve them all together, or in stages.

The functions obtained by convolving sets of arguments in all possible
ways in f(M,, M,, - - - , M,) may be called convolutes of f. Among these con-
volutes, there is one which is a function of a single argument only, namely,
that in which all the arguments have been convolved together. This par-
ticular convolute may be termed “the convolute of f.”

We shall also use the term convolute in another special sense. If ¢(M) is
a multiplicative function of a single argument, we can define a multiplicative
function ¢'(M,, M., - - - , M,) of r arguments by

¥ M, M, -, M) =y(M),
V' (M, M, - - -, M,)=0, if two of the arguments are unequal.
The function ¢’ is termed the principal function of » arguments equivalent

to ¢(M). The convolute ¢,(M) of ¢’ (M, M,, - - - , M,) will be referred to as
the rth convolute of Y(M).

THEOREM IV. The rth convolute y.(M) of Y (M) is the function defined by
V(M) if M is an rth power,
0, otherwise.

w00 = {

For, by the definition,
¢,(M) = Z\b,(Mb M?) Ty M"))

where ¢/ is the principal function of 7 arguments equivalent to ¢/(M), and the
summation on the right is for all values of M, M,, - --, M, such that
MM, - - M,=M. Since ' vanishes whenever two of its arguments are
unequal, it follows that the right side vanishes when A is not an rth power,
and is equal to ¢'(N, N, - - -, N) =¢(N), if M =N". As an illustration, the
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elementary function e, is the kth convolute of E. It is obvious that the
generating series of the rth convolute of Y (M) is obtained by substituting x~
for x, in the corresponding generating series of y.

To avoid misunderstanding, we shall use the phrase rth convolute of ¢
with the second meaning of convolute, only for functions ¥ of a single argu-
ment. The great utility of this concept will be seen from the applications
in IT §5 (c).

3. Composition of functions. Letfi(M., My, - - -, M,),fo(Ny, Ny, - - -, N,)
be two multiplicative functions of » arguments. Then fi(M, M,, - - - , M,)
Xfa(N1, No, - - -, N,) is a multiplicative function of 2r arguments. The re-
sult of convolving the 7 pairs of corresponding arguments (M;, N;) in this
product is therefore a multiplicative function f of r arguments. We call f the
composite of f1, f5, and denote it by the functional symbol (fi-f3).

From the arithmetical significance of convolution, it follows that the
composite can be defined arithmetically by

M, M M,
f(Ml’ Mg, T M') = Zfl(617 b2, - - 75r)f2<_1’ _3, RIS ),

61 52 Br
summed for all divisors 8; of M; (z=1,2,- - -, 7).

There is a simple relation between the generating series of fi, f» and their
composite f. If fip (%1, %2, - - -, %), foy(¥1, ¥2, - - -, y») are the generating
series of fi, f» to the base p, the generating series of fi(M, M,, - - -, M,)
Xfa(Ny, N, - - -, N,) to the same base is evidently fi (%1, %2, - - - , %)
Xfey(V1, ¥2, -+ -, ¥r). Since convolution of arguments is equivalent to identi-
fication of corresponding variables in the generating series (Theorem III),
it follows that the generating series of the composite is given by

for (31, 32, - -, 3) = fum (21, 32, * -, %) X fapy (21, 22, - - -, 20).
Thus,

THEOREM V. Composition of functions of r arguments is equivalent to the
multiplication of their generating series to each base, after identifying correspond-
ing variables.

Hence composition of several functions of r arguments is associative and
commutative.

The process of composition of fi, f; implies a correspondence between their
arguments. A convenient way of expressing this fact would be to say that
f(My, My, - - -, M,) is the composite of the functions fi, f, of the same r argu-
ments My, M, - - - , M,. With this understanding we can interpret the com-
posite of functions of different arguments in the same way as was done in the
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case of multiplication. Thus the composite of ¢ (M,) and f(M1, Ms, - - -, M,)
is to be interpreted to mean the composite of Y(M1)Eo(Ms., - - - , M,) and
f(My, My, - - -, M,), which are functions of the same 7 arguments. In the
same way, the composite of functions fi(M1, M, - - -, M,), fo(N1, N, - - -, Ny)
without common arguments is to be interpreted as the composite of

fl(Mb M% ) M')EO(NI, N21 ) Nr)

and Eo(My, M, - - -, M,)fo(Ny, N, - - -, N,), and is easily seen to reduce to
the product fi(M1, Ms, - - - , M) Xfo(N1, Na, - - -, N,). Theorem V is easily
seen to hold when composition is extended in this manner.*

The composites of f(M1, Ms, - - - , M,) with itself will be indicated by ex-
ponents. Thus f-f=f2%; f-f-f=f3; etc. To avoid confusion, products like f X f
will not be denoted by exponents, but will be written out in full.

The composite of f(M1, My, - - -, M,) and E(M,, M, - - -, M,) is given by

(fE)(Mb Mz, T M") = Zf(ﬁl,a?y T ,5')

* The object in introducing the extended sense of composition as well as functional multiplica-
tion in addition to quantitative multiplication may be explained here. Composition in the unextended
sense has two defects; namely

(1) The symbol f; - f2 is not completely defined by f, and f3, but requires in addition a knowledge
of the correspondence between the arguments in fi, fa.

(2) Since composition has been defined only for functions of the same number of arguments,
we cannot speak of an expression likezw(b)j (M /8, N) summed for divisors & of M, as a composite.

Both these defects are removed if we adopt the following conventions:

(1) Corresponding arguments in the composition f; - f2 shall be thought of as identical, so that
composition becomes a process which is defined (in the first instance) only for two functions of the
same r arguments.

(2) If f1, f2 are not functions of the same arguments, they are converted into functions F, F; of
the same arguments, by multiplication by E, (as explained in the text), and fi - f: is defined to be
F 1° F 2.

If we accept these conventions, it follows that between any two functional symbols fi, f2 there
exists a relation, which is expressed by one of the three statements “f; and f; are functions of the
same arguments, or f; and f> have some or no common arguments.” Does this relation betwecn
J1, f2, which, by our accepting the conventions, has become implicit in the functional symbols them-
sélves, affect the product fi Xf>? The answer is: f1X f» must be interpreted as the functional product,
and this is the only possible answer if we wish Theorem VII (namely 6X (fi-f2) =(6Xf1) - (6Xf2),
when 6 is linear) to be unconditionally true. For example 8(M)X(fi(M)f2(N)) is equal to
0(M) X (f1(M)f2(N)) (by the use of the extended definition of composition), which cannot be equal
to (0(M) X f1(M)) - (6(M)Xf(N)), unless we interpret X as functional multiplication, in which case
we should have

0(M) X (il M)f2(N)) = 6(M)f1(M)Eo(N),
(6(M) X fi(M))- (6(M) X f(N)) = {6QNf{(M)EoN)} - Eo(M, N) = 6(M)f(M)Eo(NV).
Even without this example, functional multiplication and extended composition may be justified by
using generating series, as the reader may easily verify for himself.

The reader may note the elegant application of extended composition, made in the proof of

Theorem X below.
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summed for all divisors §; of M; (:=1,2,---,r). We call f-E the numeri-
cal integral or simply the integral of f. The function E? is the integral of E,
and is given by
E*(M) = number of divisors of M,
EXMy, My, - - -, M;) = EXM)E(M,) - - - EX(M,).

The function E*(M), where k is a positive integer, is equal, from the definition
of composition, to the number of ways of expressing M as a product of
factors, attention being paid to the order of the factors.

The composite of fi, f» has been defined as the result of convolving the r
pairs M,', N,' in the productfx(Ml, Mz, Ty, Mr) sz(Nl, Nz, ey, Nr). NOW,
we have seen that the result of a series of convolutions is independent of the
order in which they are performed. Hence the result of performing any con-
volution on the composite of fi, f; is the same as that of first performing this
convolution on f; and f;, and then taking their composite. Hence '

THEOREM VI. Convolution is distributed by composition; or, explicitly,
Qf1-f2) = () - (), where f, f2 are functions of r arguments, and Q represents
any convolution of the arguments.

In particular the rth convolute of the composite of f(M), ¢(M) is the com-
posite of their rth convolutes.

We have already observed that, given a linear function L, we can always
find a linear function L’ such that L’ XL’ X - - - (to r factors) = L, and that
each element of L’ has r determinations. Therefore we can find 7 linear func-
tions L;(¢=1, 2, - - - , r) no two of which have any elements in common, such
that

L; X L; X - - - (rfactors) = L, i=1,2,---,7.

It is clear that the elements of L; to any base p are the r determinations of
the elements of L’ to the same base. Hence, even though the functions L;
can be chosen in an unenumerably infinite number of ways, yet their con-
tinued composite L;-Ly-L; - - - L, is the same function f in every case; we
call f the rth root-composite of the linear function L. An important property
of the linear function is

THEOREM VI(a). The rth root-composite of a linear function is also its rth
convolute.

For, if

Liy(x) =
then

1

1—ax

)
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1 1

1 —a'rx)(1 — watl™x) - - - (1 — w™lallrx) T 1— e

fm(x) =

)

w being a primitive rth root of unity. But 1/(1 —aa’) is clearly the generating
series, to the base p, of the 7th convolute of L; hence the theorem.

The function E, plays a special rdle in composition. For, since its generat-
ing series to any base is 1, we must have

f‘Eo =f; Ey* = E,.

It was observed that E, behaves like zero with respect to functional multi-
plication. Accepting the analogy, the fact that f- E,=f suggests that com-
position must be considered analogous to addition. Like addition, composi-
tion is associative and commutative, but unlike addition it does not distribute
(functional) multiplication. It has however a restricted distributive property
given by

THaEOREM VII. The compositional operation distributes multiplication,
whenever the multiplier is a linear function.

For, let 6(M,, M., - - -, M,) be a linear function multiplying the com-
posite (f-¢)(M, M., - - - , M,). We have

{OX ) OXe)} (M, My, -+, M,)

M, M M, M M,
= Y 051,02, -+ +,0,)f (81,89, - - .,5r)0(_f, o, )4,(.__1, R )
01 2 oy o1 or

M M
=ZB(M11M2)"')Mr)f(ab"')8r)¢<6_1’ ctt 5
1 r

T . - 3
), since 6 is linear,

={0X (o)} (My, My, - -+, M,).

It is easy to see that the same result will hold even if some of the arguments
in 0 are different from those in the composite,

4. Inversion. From each generating series f(,)(x1, %2, - - - , x,) of a multi-
plicative function f(M,, M, - - - , M,), we can determine uniquely a second

power series f() (€1, #2, - - -, %,) such that, on term-by-term multiplication,
we get

-1
fao(®1, e, - -+, ) X fo) (%1, %2, - -+, %) =1

(apart from any questions of convergence which are irrelevant). The series

S have all the constant term unity, and are therefore the generating series
of a determinate multiplicative function f~!, which we call the inverse of f.
The relation between the functions f, f~! is clearly symmetrical, each being
the inverse of the other.
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Since every generating series of Eo(My, M, - - -, M,) is 1, the composite
of f and its inverse function f~! is E,. This property may be taken as the
definition of the inverse function. It also follows from this that in a com-
positional equation we can transpose any term from one side to the other,
provided we replace it by its inverse. Thus from

fl'fz = ¢l'¢2’
we have
oit-fifa = o1 d17°¢: = Eo- 93 = ¢s.

The only function identical with its inverse is the function E,. Since E(M)
has the generating function 1/(1 —x) to any base, the generating function of
E-1(M) to any base is 1 —x; hence E~!(M) is the same as Mertens’ function
p(M) which is equal to zero if M has a squared factor, and to (—1)" if M is
the product of » different primes. The function E-'(M,, M,, - - -, M,) is
equal to E-Y(M\)E-Y(M,) - - - E-\(M,).

THEOREM VIII. Inversion is permutable with convolution.

For the equation f, (1, 23, - - -, %) Xf5) (#1, 23, - - -, %,) =1 continues to
be true if we put x,=x.=x. Hence if Q represents any convolution or series
of convolutions of the arguments, 2(f~!) must be identical with (2f)-*. It
also follows from this theorem, that the inverse of the rth convolute of f(M)
is the rth convolute of its inverse.

THEOREM IX. Inversion is distributed by composition; that is, the inverse
of the composite of any number of functions is identical with the composite of
their inverses.

For, the generating series to base p of the inverse of the composite of f, f’ is

{f(ﬂ)(xl, Xyttt x,.) X f(;)(xl.’ X2y~ "y xr)}_l)

while the generating series to the same base of the composite of their inverses
is

{f(ﬁ)(xly £Z T x")—.l X f(’p)(xlr 7 T xr)—l} .
Since these series are the same, the theorem follows.

COROLLARY. It follows from this theorem that (f~1)"=(f)"'. We may ac-
cordingly denote each of these by f~", so that

f—r = (f—l)r = (fr)—l’
frie = fr-f*, for positive or negative integers r, s;

fo = E,.
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It was already observed that the product of two functions
fl(Ml’ M2) ) M')Jf2(N17 N2’ ) Nr)

without common arguments is the composite of the two functions
My, My, - - -, M)E((Ny, Ny, - -+, N,) and Eo(M1, My, - - -, M,)f2(N,,
N,, - -+, N,). Now, it is easily seen that the inverse of fi(M, M., - - -,
M,)E(N,, ---,N,)is fi'(M1, My, - - - , M,)Eo(N,, - - -, N,). Hence, from
Theorem IX we have

TueEOREM X. The inverse of the product of functions without common argu-
ments is the product of their inverses.

An important property of the linear functions with respect to inversion
is given by

TueoreMm XI1. If 0 is a linear, and f an arbitrary, function, the inverse of
0Xf is 0XfL.

For

O@Xf-OXfYH=0X(f1 (Theorem VII)
=60 X Eo
= Eo.

COROLLARY. Since 0 =0XE, the inverse of 0 is 6 X E1.

5. Some applications to functions of a single argument. (a) Examples.
The following functions of the argument N are of frequent occurrence:

(1) 7(N)=number of divisors of N = E*(N); ¢(N) = sum of the divisors of
N=(-E)(N);0x(N)=sum of the kthpowers of the divisorsof N = (/- E)(N);
u(N)=E-(N).

(2) ¢(N)=Euler’s function representing the number of numbers less than
and prime to N =(I-E~Y)(N); ¢x(N) = Jordan’s function™® representing the
number of sets of ¥ numbers not greater than N, whose greatest common
divisor is prime to N, = (Ix- E-1)(N); 7x(N) =7(N*) = (E:- E)(N).

3) I,.(N)=Nr, if N is an sth power, and =0, otherwise; in other
words I, , is the sth convolute of I,.

To prove the statements in (2), we note that the number of numbers not
greater than N which have the greatest common divisor § with it, is ¢(N/$).

Hence
N
Zd’ (;) = N)

&§/N

* See Dickson’s History of the Theory of Numbers, vol. 1, p. 147. This book will be hereafter
quoted by the author’s name.
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or¢-E=1I sothat¢=1I-E-'. An exactly similar type of grouping shows that
¢r=1I,-E~', and also proves Cesdro’s general result*

N
2f@) = (- )W),
i=1
where d; denotes the greatest common divisor of j and N.

To prove that 7,=E;- E, we note that E;(N) is equal to the number of
divisors of N* which do not divide §*, where 8(<N) is any divisor of N. For,
if N=pg1pg2 - - - p», the divisors in question are the terms of the product

(pial—l)k+l,+ P + L. + pa,k)(?;a,—l)k+l + . + P:’k),
and are hence #” in number. Now to each divisor D of N* we can make cor-
respond a unique divisor 8 of N, such that D divides %, but does not divide
the kth power of any other divisor of 5. Hence (Ex-E)(N) enumerates all
the divisors of N¥, or 7, =E;-E.

As applications of Theorem VII, we have

Example 1. If Lis a linear function, L¥*=L X E*  where % is a positive or
negative integer. For

L*=L-L-L---=(LXE)LXE)---
=LX(E-E---) (Theorem VII) = L X E*,

(a—1)k+2
1

For the case of a negative integer, —k&,
(L X E¥)-(L X E-¥) = L X (E*-E-*¥) (Theorem VII)
=L X Ey = E,.

Hence

L% = (L¥)~t = (L X E¥)~t' = L X E-* (Theorem XI).
As an example,

oo =I-E-I-E=( X E¥)-E,

or, explicitly,

IO (%V) = Y or(d)r (?) (Liouville) .

§IN §IN
Example 2.
Zan—""' r#n(8)Tutp (1_\3 = 25"_"7%» QLN <£) (Liouville)$.
5N 8 §/IN ]

* Dickson, p. 127, Note 57.
t Dickson, p. 285, 25.
1 Dickson, p. 286, 30.
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For the left side
= {In—v X (Iv+)\'E)} Ty E

= “+x'lﬂ_.,'1“+p'E (Theorem VII),
and the symmetry of this in A, p proves the result.

(b) Relations between the elementary functions. The following relations
between the elementary functions are fundamental:

1) e T = E;

(2) E, = ENY
in particular,

A3) Ey\ = E;

4) E-\N = ¢

(5) Eye = E2;

(6) E, X \ = E3'.

These relations are immediately evident from the generating series and are
also capable of direct arithmetical proof. For instance the truth of (1) follows
from the fact that a number can be expressed in only one way as the product
of two factors, the first of which is an exact kth power, and the second is not
divisible by any kth power. To prove (3), we observe that E-A~!(N) enumer-
ates all the divisors of N which possess no squared factor, and is therefore
equal to Ex(N). The relation (4) expresses the fact that the second convolute
e; of E is also its second root-composite (Theorem VI (a)); for, the linear
functions E, N have no common elements, and each of them yields E on
multiplication with itself, and therefore the second root-composite of E is
E-\. To prove (5), we note that the number of divisor-pairs §, N/ of N
with a given greatest common divisor §; is zero if 82 does not divide N, and
E,(N/5:2) otherwise. Hence (E, e)(N) is equal to the total number of
divisors of N. The relation (6) is a consequence of (3); for, by (3),

E, = E-\7},
therefore
E; XN=XX(E- X1 =X A XN (Theorem VII)
= \-E-! = E;! (Theorem IX).
Example 3. E, E=E?XE? For (E*XE?)(N) is the number of divisor-
pairs of N. Let 8y, 8; be two divisors of NV, I their least common multiple, and

¢ their greatest common divisor. Group the divisor-pairs in such a way that,
for each group, I/t is a fixed divisor 6 of N. It is clear that, for each group, ¢
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is an arbitrary divisor of N/§, while 8;, 6, must be of the form #,, #l,, where
b, I, are relatively prime, and /i/; = 8. Thus the number of divisor-pairs in the
group specified by 8 is 7(N/8)E,(8). Thus E,- E*=E?*X E*.

As an alternative proof, the number of divisor-pairs of N, which have &
for their greatest common divisor, and N for their least common multiple, is
E;(N/8). Hence (E;-E)(N) is the number of factor-pairs which have N for
their least common multiple. Hence E,-E-E=(E,- E?)(N) is equal to the
total number of factor-pairs of N, that is, to (E2X E?)(N).

The following results bear on this and previous theorems:

1) (r X 7)-(Eg X \) = (E? X E?)-E;! = E2, or
L (N N
PREIOY x(?) E, <?> = (V) (Liouville)*;
2) A\ X 79):0, =X Eg)-NE-I, (Theorem VII)

= Ei'N-E-I, = \\-I, = \ X E?)-I,; or

> A (62)a, (%V) = D)) (%) (Liouville)t;

(3) 7o'N = Ey-E-\ = E?, or
D r(B2)N(N/8) = (N) (Liouville).}

Example 4. Y 7(8,)7(8;) summed for all pairs of numbers 8;, 3, with the
least common multiple N is equal to {r(N)}3.

To prove this, let us introduce the term “block-factor of N” to denote a
factor & in which each prime factor has the same exponent as in N, that is, a
factor & which is relatively prime to N/5. Two factors 8;, 6 which have N for
their least common multiple, can be evidently put into the form

61 = PQf,

62 =P Rq,
where P, Q, R are block-factors such that PQR=N, and ¢, r are respectively
factors of Q, R, having no common block-factors with them. Hence

7(01)7(82) = 7(P)r(Q)7(r)r(p)r(R)7(q)
= 7(N)r(P)r(q)r(r).
Thus > _7(8,)7(8;) is of the form 7(N)>_r(8), where each & occurs as many
times as N/& can be expressed as the product of relatively prime factors.
That is, D_7(8,)7(8;) =7 X (- E;) = E* X E* X E* (Example 3).

* Dickson, p. 285, 27.
t Dickson, p. 286, 29.
1 Dickson, p. 285, 27.
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If we make N vary over the factors of a given number M, and sum each
side of this result, we obtain Liouville’s theorem:*

2
{ Zr@)} = T {r(®}3, or E* X E? = (E* X E* X EY)-E.
M M

(c) Applications of Theorem VI. The following results due to Liouville
and Gegenbauer serve as applications of the theorem that the rth convolute
of a composite is the composite of the rth convolutes:

0 Zo0r(5) = ZoE(S)t
o) 2E)r(2) = Tore(5)
3) Zx(p)r(;—\b - Y, (G_JY)

where the summations extend over the square divisors D? and the biquadrate

divisors ¢t of N.
Writing conv f and conv, f for the second and the rth convolutes of f, we

have
(1) conv ¢ -7 = conv I-conv E~l-r
= conv [ -1 E?
= conv I - E,,
which proves (1);
(2) conv E;-7 = conv Ez-e2- E,
= conv E;-conv E- E,
= conv (E;- E)- E,
= conv 73 Eg, which proves (2);
(3) conv\-E? = conv A€ E,
= conv (E-\)-E; = conv €3 E; = ¢4+ E, which proves (3).
In what follows, d; denotes a divisor of N such that N/d, is a fth power, d

denotes an arbitrary divisor of N, px, (V) =>"d.*, and the summation is for
integers m, n such that N =mnr.

@ Sesmooatn) = Tonaldons( )+

* Dickson, p. 286, 28.
t These results are taken from Dickson, p. 285, 27.
t Results 4-12 are taken from Dickson, p. 298, 72, and p. 299, 73.
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For the right side is E-e-Is-€,, while the left side is Ii-E-conv, (E-e2)
= Ik'E‘ég'ézt.

(5) Zpr,t(m)d’:k(n) = N¥p,_;«(N).

Forl, e-convy (I E™) = I, e e -conve Il = I, (I X &) = I X (Ii—i- &)
= T X pr_t,t-

(6) 2o i(m)r(mym* = 3 pi «(@)p, «(N/d).
For (It X o,—x)-convy (E?) = I, Iy €€t = py,t pr.t.

) 2ok e(mN(n) = pr.2(N).

For

Ii-e-convy (\) = I-conv, (E-\) = I -conv;es = I €3.
In the following, % is put for (N/dy)/2.
(8) 2uk(d) = 2NH).
For
€4 = conv es = conv (E-N\) = e2-conv A.

Hence ¢4-A\"! = N1-e;-conv A = E-conv A,
©) 2 Ex(Ru(ds) = 2w(h).
For

A l.conv E; = A1l-conv (E-N"!) = A 1l-g-conv\"! = E-conv N\,
(10) 2r(W)w(ds) = Ex(h).
To prove this, note that the kth convolute of F(N)=f(N*) is fXe:. Hence

conv (E;-E) = conv 7y = E? X ¢,.

Therefore
(E?* X €2)'N"! = conv (E;- E)-N! = conv E;-e;- N1 = E-conv E,.
(11) 2 r(d)u(h) = Ex(N).
For E2-conv E~! = E?.¢,7! = E,.
(12) 2 u(d)gu (g) = D dsu(h).
For

ANl¢r=N1.E 1], = conv E!-I,.
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(d) Zeta-series and simplex functions. When the necessary conditions of
convergence are satisfied, we obtain by Dirichlet multiplication

$ UD® {Z @}{F(N)},

N=1 N Ne N®
R
Hence
(1) 2 EEN)/N* = {¢(s)} ¥,
(2) 2e(N)/N* = ¢(ks),
(3) 2L (N)/N* = ¢(s — k).

More generally, if I, . is the ¢th convolute of I,, we have

2L (NN =¢(s — )5 ZI7(N)/N* = ———
' C(ts — 7)

We shall refer to the functions I, ., I,__,l (where 7 is unrestricted, and ¢ is a

positive integer) as the elementary simplex functions. A composite of o« func-

tions of the type I,,. and 8 functions of the type I;;' will be called a simplex

Sfunction of structure (a, 8).

THEOREM. The composite of simplex functions, and the inverse of a sim-
plex function, are simplex. Also, every comvolute of a simplex function f is a
simplex function with the same structure as f.

If f is a simplex function, I f(N)/N*, supposed convergent, can be evaluated
as a product of quantities of the form {(ts+k)t!, where k is arbitrary and t is a
positive integer; and conversely.

The first part follows from the definition. To prove the second part of
the theorem, we observe that the £th convolute of a simplex function must
be the composite of the kth convolutes of elementary simplex functions
(Theorem VI). Since the pth convolute of the qth convolute of f is its pqth
convolute, we have

convg I, ¢ = I, x¢; convy I,—l, = ,_l,,,
Thus any convolute of a simplex function f(N) is a composite of elementary
simplex functions of the same type as the components of f, and so is a simplex
function of the same structure as f.

The generating series of a simplex function f to any base must clearly be
of the form
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(1 — pram)(1 — prex®) - - - ‘
(1 —_ PPlx"l)(l — Phxh) e

Since I,=E, it follows that, among the elementary functions, the I-
functions, as well as the functions E and E*¥, are simplex. The power units
€z, being convolutes of E, are simplex, while the power units =, are simplex
because mi-ex=E. Also, since A=¢,- E~1, it follows that X\ is simplex; and
lastly, E, is simplex, since E,= E-\~1. It is easy to verify that no others from
among the elementary functions are simplex.

The values of the zeta-series determined by m«, E;, N are

fa(x) =

(1) 2mu(N)/N* = ¢(s)/5(ks),
() 2MN)/Ne = ¢(29)/¢(s),
A3) 2 Ex(N)/N* = (¢(s))2/¢(25).

The product of simplex functions is not in general simplex. Ramanujan’s
result that

Zaa(N)db(N) _ $(9)$(s — a)i(s — B)f(s —a —b)
Ne t(2s —a —b)

shows that the product of the simplex functions ¢, o5 is also simplex. It does
not appear to be easy to obtain any general theorem to cover such exceptional
cases. The following results in this direction seem to be worthy of notice:

(1) The product of two elementary simplex functions is either an ele-
mentary simplex function, or a simplex function of structure (1, 1).

For

(@) I,,:XI,+=1,,, where 7 is the least common multiple of ¢, #, and
p=(rr/t+r'r/t).

(b) I,,.XI;} =I5, or Ey, according as ¢’ =kt, or is not a multiple of .

(©) I}'XI;p=Is¢1ry2e- I3, or Eqaccording as ¢ is or is not equal to ¢

(2) More generally, the product of two simplex functions of structure
(1, 1) is also a simplex function of the same structure.

It follows from this, that f X\ is a simplex function when f is simplex. For,
N being linear, multiplication by it can be distributed to the simplex com-
ponents of f (Theorem VII); and since  is a simplex function of structure
(1, 1), its product with an elementary simplex function must be simplex, by
the present result.

(3) Iffis any simplex function of structure (2, 0) or (1,1), f X e is simplex,
and therefore f(V?) is simplex.

* Collected Papers, p. 135, =Messenger of Mathematics, 1916, p. 83.
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For example ¢.(N?) and ¢x(N?) are simplex functions of N.

(e) Crosses between elementary functions. Some of the most important
functions of arithmetic are crosses between elementary functions. We men-
tion a few such below.

(1) The function T'(N) = (—1)¥~! is easily verified to be a multiplicative
function of N. For the base 2 it has the same element as E_;, and for the
remaining bases it has the same elements as E. We may conveniently repre-

sent it by the notdtion
2 E,
T(N) =+ , B (N).

Hence, if ¢ is Euler’s function,

enwm={, " tw

¢ Y .

Now ¢-E=I and ¢-E_y=1-E~'-E_;=1-\'; but \;}(2™)=1-1(2™), and so
(¢-E_1)(2™) =E(2™). Hence, we have the result of Liouville*

N
Z(— 1)¢-1¢ (7> = 0 or N, according as N is even or odd.

(2) Let R(N) denote the number of representations of N as the sum of
two squares, all representations being counted twice, with the exception of
those of the form 02+ M2, M2+ M?, which are counted only once. Itisknown
that R(N) is equal to the excess of the number of divisors of N, of the form
4k+1, over the number of those of the form 4k —1. Thus R(N) =(E-E)(N),
where G(N) is the cross between E, \, E,, given by

2 Eo?
@={4k+1 E .
4k — 1 )\}

6. Compounding of functions of a single argument. We confine ourselves
in this subsection to functions of a single argument; the compounding of func-
tions of several arguments is treated in Section V.

By a block-factor & of M we shall mean a factor § which is relatively prime
to M/4. If & is a block-factor, the complementary factor M/4 is also a block-
factor. We have to consider 1 and M also as complementary block-factors of
M. If f(M), F(M) are given multiplicative functions, the sum

D J(O)F(M/5)

* Dickson, p. 121, 29.
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extended to all the block-factors & of M, is easily seen to be a multiplicative
function ® of M. We call ® the compound of f and F, and denote it by the
symbol f®F.
If the generating series of f, F are
fo@® =1+ ar+ax?+ -,
F(,)(x) =1 + b1x+ ng"’-l- trry

it follows immediately that the generating series of their compound is given
by

O F)p(x) =1+ (a1 + b))x + (a2 + bo)a + - - - .
The constant term here is not 2, but 1, as must be the case with every multi-
plicative function. Similarly the generating series of the compound of 7
functions is obtained by adding the corresponding generating series of the
functions, and replacing the constant term r by 1, in the sum. If we say that

two power series in the same variables are equivalent (symbol ~), when they
differ only in their constant terms, we have

THEOREM XII. The generating series of a compound is equivalent to the
sum of the generating series, to the same base, of the functions compounded.

Hence compounding is associative and commutative.
THEOREM XIII. The compounding operation distributes multiplication.
For, let the functions fi, f», f have the generating series
fim(®) =1+ ax + asx® + - - -,
fem (%) = 1+ bix + box® + - - -,
fo@®) =14+ cx+cox?+ - - .
Then
{f X (h® @) =1+ ale + b)x + calas + bo)a® + - - -,
while
{UX) S XD =1+ (o1 + cib)x + (ceaz + cba)a? + - - -,
which establishes the distributive property.

THEOREM XIV. Compounding is quasidistributive with respect to composi-
tion.

For, consider the composite of f with the compound of fi, fa, - - - , fr. We
have
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(/- (he® - @m0k
= fi (@) X {/1m(®) + fom(® + -+ + frm(x) + 1 — 7} {Theorem X1}
= 2o@fim(®) + (1 = Nfe) ()

= Z(f’fi)(p)(x) 4+ (Erer X () — 7
~ Z(f'fi)(p)(x) + (Err X ) m(2).

Hence

S (h@L® &)= 201 (EX).

This formula is fundamental. The term “quasidistributive” in the enuncia-
tion refers to the occurrence of the additional term @ (E,_, Xf), which marks
the failure of the distributive property.

The compound of two linear functions is capable of simple expression as
a composite.

THEOREM XV. The compound of two linear functions L, L, is the composite
of L\, L, and the inverse of the second convolute (or root-composite) of
L= (LiXLs,).

More generally, the compound of the rth convolute of L, and the sth convolute
of La, is their continued composite with the (r+s)th convolute of Ly;'.

For let

L = ) L = ’
102 (%) ra— 29 (%) 1— =
so that
1
» L =T
(conv, Liz) (»)(%) 1= ofz’
Then
(L @ La) () S 1 L
x) = — 1=
1Y@ 1—ax 1-—Bx (1 — az)(1 — Bx)
= (Ly- Ly conv L:zl)(p)(x);
L® Ls) (5)(%) : + : e
(conv,. 1 conv, Liz) (p) (¥ 1—ax’ 1—Bx* - (1 —_ ax')(l - ﬂx')

—1
= (conv, L;-conv, Lz conv,y, L1a ) (p)(%).

As a corollary from this theorem it follows that the compound of simplex
linear functions is also simplex. For instance, if
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—1

Sa.b = Ia (&) Ib = Ia'Ib'la+b,2y
Sal = Ia @ )\ = [.,')\-conv (Ia X x)-l = Ia'x'[a.2'1;al.4,

then S.,5, SJ are simplex functions, and

5 Seald) g axe-b

2 (2t —a—1b)
> SCO)_s0r = as0i— @)
N Nt c(@)¢(4t — 2a)

We note also that E, is a particular case of S, ,, namely, S, .
The conjugate of f(M) is the function conj f defined by

f @ conj f = E,.

If the generating series of f to any base is 1 +)_ n-10.2 ™, the generating series
of conj f to the same base is evidently 1—)_,._.a,x™ Hence an alternative
definition of conj f is

conjf = fX E_;.
The conjugate function has evidently the properties
conj conj f = f; conj (f X ¢) = conj f X ¢ = f X conj ¢;

conjugate of a compound = compound of the conjugates.

The E-functions play an important part in relation to the compounding
operation. In fact, their algebra under compounding and functional multi-
plication is isomorphic with the algebra of ordinary numbers under addition
and multiplication, so that any identity between ordinary numbers can be
translated into a relation between E-functions. Thus

Er &) Ea = Er+s; Er X Ea = Ers; Conj Er = E—r;
fOfD - (torterms) = f X E,.

We give below several results involving the E-functions.
Example 5. f-(E.X¢) =/ (6@¢® - - -) = {(f-¢) XE.} & (E1_, X[)(Theo-
rem XIV). As particular cases, we have

) conj (f-¢) = {f-conj¢} @ (E.X f) {r=—1};
@ [E={(B)XE}®E_.Xf {6=E};
@ fEXfHY=E.X/ (6 = 1},

4) f-conjfl=E, X f {¢=f—1;,=_1}.
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Example 6.
EXNEXfH={fefe -}{f'of e -}
= {Er(l—a) X f} @ {Ec(l—r) X f’l} .

Putting r=s= —1, we have conj f-conj f-1=E_,X (f®f?).
Example 7.

1 E-E, = (E*' X E,) ® (E' X E._,).
In particular, putting r=1, E? X E, = (E,-E) ® E,,.
(2) E X Ey = M, X E,.
For, since E,-\_.=E (II §5 (b)),
M, X E, = (E " E) X E,
= (E,-E,) ® (E,_; X E,7') (Example 5) = E,' X E,_;.

In particular, E; ! = E;X)\, as has been already proved.

Example 8.
(1) E.-E, = 7,4 ® Eq-r)(e—1);
2) T E =17 X7,
For

E,-E, = {(E.-E) X E,} ® (E:-, X E,)
= (E!* X E, X E,) ® (E,, X E,) ® (E1-, X E,)
= (E* X En) ® Epuors
= (E,;-E) ® E;my ® Erys—srs (Example 5,(2))
=7 ® Eqne-n;
and
rX 1, =E*X (E-E)=E*X {(E*X E,) ® E;_,} (Example 5)
= (E*?X E* X E,) ® (E? X E1,)
= {(E* E;) X E,} ® (E* X E,_,) (Example 3)
=FE2(E;® E, ® - - - tor terms) (Theorem XIV)
= E* Ey = 79 E.*
* The results in Examples 5-8 are proved here only for the case in which 7, s are positive integers;
they may be easily proved for arbitrary values of r, s, by considering the generating series. It is

also possible to deduce their truth for arbitrary values of 7, s, from their truth when 7, s are integers,
by purely logical considerations.
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Example 9.

(a) 2-f1(d)f2(de) - - - fr(dx) summed for all sets of divisors dy, ds, - - - , di
of N, such that every two are relatively prime, is equal to {(fi®f.® - - -
®f:)-E}(N).

(b) D_fi(d)f2(ds) - - - fi(dx) summed for all sets of divisors dy,ds, - - -, di of
N, with the least common multiple N, is equal to [{(fi-E)X(fz-E)X - - -
X (fu- E)} - E)(V).

The first part is obvious. To prove (b), we observe that if the required
sum be F(N), then (F-E)(N) is equal to )_fi(d\)f2(d2) - - - f+(d+) summed for
all sets of divisors di, ds, - - - , d of N; that is, to {(fi-E)X(f2-E) - - -
X (fr- E) ().

Putting £ =2, we can deduce an important result from these two theorems.
Let d,, d; be divisors having the least common multiple N. If their greatest
common divisor is 8§, we can write d,=dt;; d»= 8l,, where ?,, {; are relatively
prime, and #,fo=N/§. Hence, if L,, L, are linear functions.

2 Lu(d)La(ds) = 2 Li(E)La(8)Ly(tr) La(t)

> L12(8)L1(t1)La(ts), where Lig = Ly X Lo,

{Lia- (L1 ® L)} (V) = {Ly2-L1-Ly-conv Ly} (V)
(Theorem XV).

But the left side is, by the present theorem, equal to {(L;- E) X (L,-E) } - E-1.
Hence, if L, L. be linear functions,

(Ly-E) X (Ly-E) = Lyy-Ly-Ly- E-conv Ly,
In particular, (I,-E)X(Is-E)=Is4v-Ia-I5-E-1;},, which proves Rama-
nujan’s result (IT §5(d)) that
2 aa(N)os(N)  §(s)§(s — a)i(s — D)§(s —a —b) '
N Ne ¢(2s —a —b)

SecTION III. RATIONAL FUNCTIONS OF ONE ARGUMENT

1. The concept of rational function. A function of N which is the com-
posite of 7 linear functions will be called a rational integral function of degree
r*. If f(N) be such a function,

fa(2) =

1
1 — el — asx) - (1 — ay2)’
Jor(®) = (1 — a0)(1 — ) - - (1 — a,3),

* The notion, though not the actual expression “rational integral function,” as well as Theorem
XVI, occur in the last part of my note On the inversion of multiplicative arithmetic functions, Journal
of the Indian Mathematical Society, October, 1927.
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so that f~1(pn) =0, if n>r. Hence

THEOREM XVI. The condition that f(N) be a rational integral function of
degree r is the vanishing of f~'(N) for all values of N divisible by an (r+4-1)th
power.

The composite of a rational integral function P, of degree r, and the in-
verse of a rational integral Q, of degree s, will be called a rational function of
degree (, s); P, will be called the integral component, and Q; ', the inverse com-
ponent, of the rational function. The linear components of P, and Q. will also
be called, respectively, the linear and the inverse-linear components of the
rational function P,-Q;'. Also,a rational function will be'said to be expressed
in rational form, when its integral and inverse components are put in explicit
evidence.

It follows from the above that the generating series f(, (%) of a rational
function f of degree (r, s) is the expansion of a rational function of x, whose
denominator and numerator are of degrees 7, s respectively; f(, (%) is thus a
recurring series of order » according to the usual definition.

Rational functions of degree (1, 1) will be called fotients.

The fundamental theorem in the theory of rational functions may be
stated as follows:

THEOREM XVII. All the processes of our calculus, excepting division,* are
rational processes, in the sense that, when performed on rational functions, they
yield only rational functions.

The truth of this theorem is obvious from the definition, so far as com-
position and inversion are concerned. For, the inverse of the rational function
P,-Q; ! of degree (7, 5) is the rational function Q,- P; ' of degree (s, 7); and the
composite of the rational functions (P,-Q;'), (P,-Q,") is the rational func-
tion (P,-P,)- (Qs-Q,)~!, which is in general of degree (r+p, s+0). It remains,
therefore, to prove the fundamental theorem for multiplication and com-
pounding.

We shall prove in a general manner that the product of two rational func-
tions is a rational function. Let f, ¢ be two rational functions, whose integral
components are of degree 7, p, respectively. Then the generating series

fr(x) =1+ ax+ax®+ -,
dm(x) =1+ a1x + aex® + - - -
* That division is not a rational process may be seen from an example. The series > narisa

recurring series, but the series Y_x"/# is not a recurring series. Thus the quotient of two rational
functions need not be rational. (Cf. the form of the generating series of a quotient obtained in IT §1.)
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are recurring series of orders 7, p, respectively. To prove that (fX¢) is a
rational function, we have to show that the series

(f X ¢)m(x) =1 4+ a1012 + @002 + - - -

is also a recurring series (in fact, of order 7p, as we shall see). To prove this,
observe that when m is sufficiently large, the two sets of quantities

Qmy Am—1y * * * 5 Cm—ty

Omy Om—1y * * * 5 Om—¢

are connected respectively by t—r+1 and f—p+1 linear equations. On
multiplying each of the linear equations between the a’s by each «, and each
of the equations between the a’s by each a, we obtain (¢+1)(2t—r—p+2)
linear equations connecting the (¢41)? quantities a,a,. Of these, (1—7+1)
-(t—p+1) equations are redundant, since we obtain this number on multi-
plication of each of the t—r+1 equations between the a’s with each of the
t—p+1 equations between the a’s. The remaining (¢+1)2—7rp equations be-
tween the products a,a, are in general linearly independent; if the (¢4-1)2
— (¢+1) products a,a, () are to be just capable of elimination from these,
we must have

C+1D)?—rp=0¢+1)"-0¢+1)+1,
or
t=rp.
Hence the series 14+ a10nt+as0022+ - - - is a recurring series of order 7p, as

was to be proved.

This result may be looked upon as a particular case of Hadamard’s theo-
rem on the multiplication of singularities,* according to which, the singulari-
ties of the analytic function represented by the power series ) a,b,x" are in-
cluded among the products anB.(\, u=1, 2, - - ), the a’s and B’s being the
singularities of the analytic functions represented by the respective series
>-a,.x” and >_b,a"; for, if _a,x" and ) b,a" are both rational functions, then
the o’s and B8’s, as well as their products, must be finite in number, so that
> a,b,x" has only a finite number of isolated singularities and is therefore a
rational function. This theorem shows also that the integral components of
the product-function fX¢ may be specified in terms of the integral com-
ponents of f and . We shall indicate below a second proof of this theorem,
which has the advantage of specifying the integral component of the product-
function.

* Bieberbach, Encyklopidie, Band II, Teil 3, erste Hilfte, p. 464.
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The behavior of inverses of integral functions under multiplication, com-
position and compounding is noteworthy; we have

TreorEM XVIII. The product, composite, or compound of inverses of in-
tegral functions is also the inverse of an integral function.

To prove this, we have only to observe that the generating series of in-
verses of integral functions to the base p,are all finite polynomials 1+ a,x ™,
14+ bax™, etc. Hence each of the power series 14+ anbnx ™, (142 anx™)
-(142_bnx™) and 1+ (an+bn)x ™ is a finite polynomial.

We may also note that the composite of two rational integral functions is
a rational integral function. Thus, composition is not only a rational, but
also an integral, process. It will appear that it is the only one of our pro-
cesses which is integral.

2. Properties of totients. Totients being rational functions of degree
(1, 1), are functions of the form L,-L;!, where L,, L, are linear. Two special
types of totients are of great importance. The totients of the form L,- E-!
(including Euler’s and Jordan’s functions as special cases) will be called
enumerative totients. It follows from this definition, that the integral of an
enumerative totient is a linear function.

The inverse of an enumerative totient T=L,-E-! is of the form
T'=E-Lt*, and will be called a level totient. The property of the level
totient which gives it its name is 7-1(p) =T-1(p?) = - - - =T-'(p"), where p
is any prime. The level totient is consequently the integral (=composite
with E, IT §3) of the inverse of a linear function. Since Ei(p)=Ei(p?)= - - -
it follows that the elementary functions E; are level totients, though of a
special type, since the value of E.(p) is independent of the prime p. Hence,
also, the general level totient may be regarded as a cross between (in general,
an infinite number of) E-functions. Consequently, from the independence of
the elements of a multiplicative function, we can deduce properties of level
totients from known theorems on E-functions. For example

Example 10. The product and compound of level totients are level to-
tients.

To deduce the truth of this for level totients, from its truth for E-func-
tions, we observe that

E, = )\:_lk-E; Ey, X Exv = Egpr = )\:kk"E;

-1 -1 -1 -1 -1
Mokkr = Mok D M—kr & Nk X M—ir).
Hence

Mtk E) X OVewr E) = {Niok © Niew © (Nt X Niow) } - E.
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Now, if T1'=Li'-E, T,=L;'-E are two given level totients, and if T4, T,
have the same elements as E;, E;, for the base p, then for the same base,
L,, L, should have the same elements as \;_z, \;_. Hence the two functions

(L -E) X (Lz - B),
(Lo L' ® L' X L1)}-E
have identical elements for every base, and are therefore identical. Since the
part within braces is the inverse of a linear function (Theorem XVIII), this

expresses the product of the level totients in rational form as a level totient.
In the same way, since

E@®E =Eu.=N"eE=MN,ONLON)E,
it follows that the compound of the level totients Li'- E, Li!- E is the level
totient given by
(L ®L; ® X )E.
Example 11. It was proved that
(f-¢) X E, = f-(¢ X E,) ® (E-—1 X f) (Example 5).
Hence, if T is a level totient,
() XT=f(¢XT)&{fX(T&E,)}.

It follows from this, that if f is a rational function, fX T is also a rational
function, with the same integral component as f. For, if f=P-Q~!, where
P, Q are rational integral functions, then

PL(fXT)={(P1f) X T} ® {P* X (conj T @ E)}
= {0'X T} & {PX (conj T @ E)}.

Since the expression on the right is the inverse of an integral function, this
expresses f X T in rational form.

The enumerative totients do not form, like the level totients, a closed
system under multiplication, or compounding, but they possess this property
for a different process of combination. It was proved that the function f(N)
defined by

JWN) = ZH(dfa(ds) - - - fuld),

where the summation is for all sets of divisors dids - - - d; having the least
common multiple N, is equal to [{(fi-E)X(fo- E)X - - - X (fx-E)} - E-'](N)
(Example 9). The function f may be called the combinant of fi, f5, - - - , fi-

From the expression for the combinant, we immediately have
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THEOREM XIX. The combinant f of any number of enumerative totients
fufo, - - -, fi is also an enumerative totient; the linear component of f is the prod-
uct of the linear components of f1, fz, - - -, fx.

As an example, the Jordan function ¢; is the combinant of % functions
each identical with the Euler totient ¢.*

The general totient may be investigated by means of a canonical form,
which expresses it as the product of a level totient and a linear function.

THEOREM XX. The totient Li-Ly'=T is the product of its integral com-
ponent Ly by the level totient L- E~', where L is the linear function defined by
L(N)=Ly(N)/L\(N).

For, let
1 1
Lip(x) = PR Loy (%) = - Bx;
then
1—Bx a—f a —
T (p(x) = =1+ ax + @’y 4 - - = (L1 X K) 5)(%)
1 —oax «a a
where
‘1 - EJc
a—fB «a
Kop(2) =1+ A+z+22+---) =T (L7 E) (%),
o _
where
Loy(x) = 1 ‘ L(N) = Lx(N)
»\x) = 8 ; or _LI(N)
1——x
a

The theorem will however become invalid if L, vanishes for finite values
of its argument, that is, if L, has common elements with E,.

We may call the totient K =L-E-! the associated level totient of T. We
also observe that the general totient can be obtained by multiplication of the
general level totient and the general linear function.

We shall use this expression for the totient to prove

THEOREM XXI. The product of the totients Ty, T'» is a totient T, whose linear
component is the product of the linear components of T, T.

For, let K,, K, be the associated level totients of T, T, and let

* This property of the Jordan function is due to von Sterneck; see Dickson, p. 151, 215.
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Ti=Li-Pi; Ty = Ly P; .
Then
T=T:XTe=Li XLy XK1 XKy=LXK,

where L = L; X Ly, and K is the level totient which is the product of the level
totients K;, K,. Thus the product is a totient whose linear component is
LiXLy=L. The inverse-linear component of T may be easily shown to be

(LyX Pi) @ (Lo X Pi)) @ (P X P3).
This proof will, however, become invalid, if L, or L, has the same element as
E, for certain prime bases p. For such prime bases, however, either T; or T
or both must reduce to the inverse of a linear function, and therefore, also,
their product. Since the inverse of a linear function may be considered as a
degenerate case of the totient, the theorem is always true.

As a special case of the theorem, we may note that the conjugate T” of a
totient T, being equal to the product 7' X E_,, is also a totient. By Example
11, the linear components of T', 7’ are the same.

3. Compound of rational functions. Let F=A4:B-!, $=C-D-1; A, B,
C, D being rational integral functions. Also let L be the least common com-

posite of A, C, that is, the integral function of least degree, which is of each
of the forms 4 -L,, C- L., where L., L, are rational and integral. Then

F®®= (4B @ (CDY
= {(4-L)-(B-L)™'} & {(C-Ly)-(D-La)}
=L-{D(B-L)™' @ (D-L)"'} ® L
=L-{(BL)"'® (D-L)'} & (Ex X L) ® (E_; X L).
Now
E; X L = L-conj L7! (Example 5(4)).
Hence
F® &=L {(BL)'® (D-L)  conj L1} .

This shows that the compound of the rational functions F, ® is a rational
function, and (since the expression within the braces is the inverse of an in-
tegral function) also expresses it in rational form.

4. Product of compositional powers of linear functions. The following
theorem which expresses the product L] XL}, where L,, L, are linear func-
tions, in rational form, is of fundamental importance.



618 R. VAIDYANATHASWAMY [April

TaeorEM XXII. If L., L, are linear functions, and Ly, =L, X L,,

r4a—1 —(r-1) —(s=1)

LiXL=Ly (L XL ),
r and s being positive integers.

To prove this, let
Lin(x) =

Ly (%) = .
l—ax, 2 (%) 1-—-8x

Also, let 7 denote the coefficient of z» in (1—x)~, and (;), the usual bi-
nomial coefficient. Then
r 8 H H
(L1 X La) (%) = Dra-n (af)™2",
and

{ r4s—1 —(r-1) —(s-1)

Ly (L X L, )} (%)

=t B () G ) 8

We have therefore to show that

-1 -1 -1
Fosm=rst = (0 T e = (700,
1 n n

To prove this, we note that when #>r+s—1, F(r, s, n) is a polynomial in »
of degree r+s—2, and represents A, (s - sx), where the operator A, is de-
fined by

Anf(n) = f(n) — f(n — 1).
Hence it follows that
F(r,s,n) =0,if nzr+s—1,
since 72 - st is a polynomial of degree r+s—2 in n. Also, when #<r+s—1,

0=27""(rn50)

+s5—1 r+s—1
=F(r,s,n) + (— 1)n+1{rf,.sf,,<r”i 1 ) _ rfysz‘( . _:- ) >+ .. }

Nowr?, =0unless k > r; hence the part within the braces will contain no signif-
icant terms if r4+s—1—n<r,orif r+s—1—n<s. Hence F(r,s, n)=0if nis
greater than either r—1 or s—1. Also when n<r+s—1, F(r, s, n) is a poly-
nomial in 7,-and also in s, of degree #, and we have just proved that it vanishes
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for the » values r—1=0, 1, 2,--- | n—1, and also for the n values
s—1=0,1, .-, n—1. Hence we must have, identically.

o =ool X7

By putting 7 =s =0, we immediately find that (n) =1. The theorem is thus
established.

We may note that the relation E*X E?=E,-E? (Example 3) is a very
special case of this theorem.

5. Regular rational functions. By an elementary rational function, we
shall mean a function which is either the inverse of a rational integral func-
tion, or is of the form T'X L, where T is a level totient, and L a linear
function (» being a positive integer).

A rational function will be said to be regular, if no two of its distinct
linear components have any common elements.

THEOREM XXIII. A regular rational function can be expressed as the com-
pound of elementary rational functions.
For, let the integral component of the rational function f be LT - L7 - - - LY,
Ly, L,, - - -, L; being the distinct linear components of f. Also let
¢(x)

1= ax)n(1 — agx)m - - - (1 — asx)™ ’

fm(x) =

where ¢(z) is a polynomial. Now, if the function f is regular, then no two of
the linear functions Li, L,, - - - , L; have common elements, and therefore the
quantities ai, @3, - - -, a; will be unequal for every prime p. Hence for every
prime p, we can express f(» (x) in partial fractions in the form

i bae

THD LI

=1 (1 — a1x)t =1 (1 — axx)t - (1 —a x)‘

S (®) =

¢1(x) being a certain polynomial. That is to say, the function f can be ex-
pressed as the compound of the inverse of an integral function, and functions
of the type T XL}, where T is a level totient, j=1,2,---,4, and ¢=1,
2,1

If, however, two of the functions L, say Li, L,, have identical elements
for the base ¢ (so that ¢ is an irregular base of the function f), then f(, (x) is
not of the above form, the quantities by, Lai(s=1,2, - - -, 7r156=1,2, - - -, 73)
now becoming infinite with certain mutual relations. We may however deal
with this as a limiting case when a;—a;. The limiting process will show
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generally that results proved for regular functions may be interpreted as
true for irregular functions as well.

TaEOREM XXIV. The product of regular rational functions is a rational
SJunction.

For, a regular function is the compound of elementary rational functions.
Hence the product of two regular rational functions can be expressed as a
compound of products of pairs of elementary rational functions. Now, the
product of the inverse of an integral function by any other function is also the
inverse of an integral function. And the product of the elementary functions
TyXLi, ToX L is Ty X T2 Xf’, where f’ is the rational function L3* . (L7 ¢
X Lz¢@-1) (Theorem XXII). Also T, and T, being level totients, their prod-
uct T2 X T, is also a level totient, and T, X T2 X[’ is a rational function with
the integral component Li; ' (Example 11). Thus the product-function
can be expressed as a compound of rational functions with known integral
components, and is therefore a rational function.

To specify the integral component of the product-function, let the in-
tegral components of the regular functions F,, F. be

L)Ly L:‘,
Ky K- K;i,
respectively, the L’s and K’s being distinct linear functions. By what has
preceded, F1XF, is the compound of rational functions, whose integral
components are of the form

L:,.,’H,—l’ Pu S 14y 00 S 55 LM=L;IXK' (/-"=1’27"',i;V=l’2:"')j)°

The integral component of FyXF; is therefore the least common composite
of these (ITI §3); but this latter is evidently identical with the least common
composite of the 4j functions L% ** ™. This least common composite will co-
incide with the continued composite, if the 7 linear functions L,, are all
distinct.

If n,, no, n are the degrees of the integral components of Fy, F; and F1 X F,,
so that

m=r-+r+t- -+
ny=s1+ s+ -+ sy
it is easy to see that

n = jn, + in, — ij.
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These results will hold generally, even when the functions are irregular,
provided we consider that the product function has a certain number of
elements in common with E, for the irregular bases.

6. Some special cases. (a) The rational form of f XL, where L is linear,
and f is rational. We can immediately find fX L, where L is linear; for

(f X L) (»)(%) = fi»)(12), where L(p) = 1.
Since L7 = L X E’, it follows that it is sufficient to evaluate f X E. If
fo@ =1+axr+ e+ .-,

then
X EV(2) =14 arr1 o+ arrat+ - - -
e (@)
T =D der TN

When f is rational, this can be evaluated in finite terms. For example,

E? X E* = E*-E, (Example 3).
Hence

14 =2
(E* X EY)(py(2) =

(1 — 23

Therefore

{x(l+x)} _l+4x+x*

d
(E* X E* X E? (p(2) = — 1 — a8 (1 — x)4

dx

so that
E? X E* X E* = E*-(E~2 X E~%) = E-!'.(E3 X E®) (Theorem XXII).

This gives a second proof of Liouville’s theorem (Example 4):

Lir@p = { Zr@}e

d/N
(b) Product of integral quadratic functions. If the L’s are linear func-
tiOHS, L,',' =L,'XL,‘, a.nd L1234 =L1 XLz XL3 XL4, then
-1
(LI'L2) X (Ls'L4) = L13-L14-Ly3- L34 conv Lyg3q.

This may be proved directly from the generating series, or by the method
of grouping factors according to their greatest common divisor and least
common multiple, employed in Example 9. Let the function f(N) be defined
by

N N
fN) = ZLl(dl)L2<d—)La(d2)L4<d—>,
1

2
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where the summation is for all pairs of numbers d, d; having the least com-
mon multiple N. We shall evaluate f(N) in two different ways. First group
the terms in the sum according to the greatest common divisor & of di, ds.
Writing

d]_ = 5[1; dz = 512,
so that

N = 5‘1‘2,
we have

s = ZLI“*’“(%)““”“(%)

D L1(8)Ly(#1)La(ts) L3(8) Ls(t2) La(tr)

= ZLla(a)Lu(tl)Lza(tz)

= {Lls' (L1sa ® Lqs) } ()

= {Ly3-L1s Lys- conv L1;al4} (N)
(Theorem XV).

Secondly, let us evaluate f-L,,. We have

f(‘s)Lu(?N) ZL1(61)L2<%)L3(62)L4(%)L24 (g)
ZLl(&l)Lz<g)L3(6g)L4(g> ,

the summation extending to all pairs of numbers 8y, &, having the least com-
mon multiple §. Summing both sides of this over all divisors é of N, we see
that (f- L) (NN) is equal to

s on(?)

summed for every pair of divisors &;, 8, of N, thatis, to { (Li- Ls) X (Ls- L) } (N).
Combining the two relations, we have immediately

(L1-Ls) X (L3-L4) = L13-Lya- Lo~ Los-conv L12_314-

As a special case of this, we have the result already proved (Example 9):

-1
Oq X Op = E'Ia'Ib’Ia+b’Ia+b.2-
As another special case:

2
(Ll’Lz) X (Ll'L2) = Lu'Lzz'le'COIlV (Ln X Lm)’l
= Ly1-Las-Li2- (L1e X N7Y).
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SectioN 1V. THE CARDINAL, PRINCIPAL, AND SEMI-PRINCIPAL FUNCTIONS

1. Derivates of a function of r arguments. The derivate of the multi-
plicative function f(M., M,, - - -, M,) with respect to any subset M,
M., - - -, M; of its arguments, is defined to be the function of the remaining
r—i arguments, obtained on putting Mi=M,= ... =M;=1 in f(M,,
M,, - - -, M,). This derivate is clearly a multiplicative function, and may
be denoted by the symbol D, . . .n,(f)-

If fi) (1, 22, - - -, %) is the generating series of f to the base p, the gener-
ating series of Du,u,...m;(f) to the same base is clearly f,(0, O, - - -,
Xiy1, Xigs, - © -, %,). From this we immediately deduce

THEOREM XXV. If f, ¢ be two multiplicative functions of My, M, - - - , M,,
then

(a) DM,M,H-M;U) X DMlM,...M'.(q&) = DM,M,-nM,-(f )¢ d)),
(b) DM,M,-nM;(f)'DM,M,-"M,'(QS) = DMle“'M"(j'¢);
(c) DMxM:"‘M.'(f—l) = {DM,M,-.-M‘(f)}—i.

Or briefly, the product or compound of derivates is the derivate of the product or
compound, and the derivate of the inverse is the inverse of the derivate.

It will be seen in the next section, that the derivates also possess a similar
property with respect to the compounding operation.

THEOREM XXVI. The necessary and sufficient condition that a multiplica-
five function f of the r arguments My, M,, - - - , M,, be also a multiplicative
tunction of a subset M1, Mo, - - - , M ; of its arguments, is

DM|M1"'M.'(f) = E(MH-I) M~'+2, Y Mr).

The condition is obviously necessary, since a multiplicative function of
M, M,,---,M; must be equal to 1, when M =M,= ... =M;=1.
To prove that it is sufficient, we observe that, when Dau,u,...u,(f)
=EM ., - - -, M,), the value of f(M,, M., - - - , M,) is not affected either
by introducing into, or removing from, the last r —i arguments, such factors
as are relatively prime to MM, - - - M. For, if p be any prime which does
not divide MM, - - - M,-,

J(Myy - oy My Miap®, Miopoph, - - -)
=f(Ml;M2: T M") Xf(l,ly o ’7?“1?”: o )
=f(M1’M2) ° ',Mr) =f(M17 M?; R ’M‘i; Mi—}-lpa,, Mi+2pa,) ttt )’

Hence, writing
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’

Ml = Minp*; Mie = Miap?; etc.,
a —a=uaqa; B’ — B =2b; etc.,
we have
a b
f(Mly M27' . ;Miy Mt{l-l; Tt )M"‘) =f(M17' ) Mi) Mil+lp ) M:+2P y T )7

where p is any prime not occurring in My, M, - - - , M;. This proves our
statement.

To prove that f(Mi, M., ---,M,) is a multiplicative function of
M\, M,, - - -, M,, that is, that, whenever M,\M, - - - M, is relatively prime
to N]Nz e N",

f(MlNI, M2]VZ; Tty MiN‘l', Mi+l; DY Mr)

=f(M1) M, - - -, M") Xf(le <o, Ny, Mi+11 Tty M")’
suppose that M/ s, M/, are the maximum factors of M i, which contain
only prime factors occurringin M1M; - - - M, NiN; - - - Ny, respectively. It
follows that M/.x, M'/,, are relatively prime, and therefore M .=
M.;’+kM,."+kT;+k, Where T{+k is relatively prime to Mle s Mc N1N2 s N.'.

Now, since M/, s, M'{,  are respectively prime to N\N, - - - Ny, M\M. - - - M,
it follows that

f(My, Mo, -+, My) = f(My, Ma, - -+, My, Migy, Mips, - - -, M),
f(Nl’N%" ')Ni:MHI)' ":A’Ir) =f(N1’N2y' ";Nt’: Mifl-llyM:-,l-'h' . ')Mi",)'

Now, however, M\M, - - - M;M [, - - - M/ is relatively prime to NiN; - - -
N:; M., --- M]'. Hence, since f(M,, M,, - - - , M,) is a multiplicative func-
tion of its » arguments, it follows that the product of the left sides is equal to

f(M\Nyy MoNo, - -+, MiN sy Mig My, - - -, MiM)).

Here, the factors T';;«, which are relatively prime to the first ¢ arguments of
this function, may be introduced into the last »—7 arguments, without af-
fecting the value. Thus
f(Mly Tty Mf’ Mi'+1x Ty Mr)f(]vl’ T, Ni’ Mi-i-ly ) M")
=f(M1N1, s, MiN,, Ti+1M.‘,+1M£4’.1, S
= f(M\Ny, -+, MiNgy Mir, - - -, My),

establishing the multiplicative property in respect to My, M, - - - , M..
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As an illustration of the theorem, any multiplicative function f(g) of the

greatest common divisor g of M, M, - - - , M, is seen to be a multiplicative
function, not only of M1, M,, - - -, M,, but of any subset of them as well;
for when any of the arguments M, M,, - - - , M, becomes equal to unity, g

and therefore also f(g) take the value unity.

2. Cardinal functions of r arguments. A cardinal function of M, M,, - - -,
M, is defined to be a function f, all of whose derivates are identical with E,;
it is clearly necessary and sufficient for this that the r derivates Dy (f)
(i=1,2, - - -, r) beidentical with E,. This implies that the generating series
(fp) (x1, %2, - - -, %) of a cardinal function f, is of the form 14z, - - -2,
F(x, %2, - - - , x,), where F(xy, %, - - - , x,) is some power series. The arith-
metical property of the cardinal function f, implied by this, is evidently that
f(My, M, - - -, M,)=0, whenever M ; admits a factor relatively prime to M,
or in other words, that f(M1, M,, - - - , M,) =0, unless each of the arguments
has the same distinct prime factors.

From Theorem XXIV, we now have, immediately,

THEOREM XXVII. The product of a cardinal function and an arbitrary
Sfunction of the same arguments, is also a cardinal function. The composite of a
cardinal function and an arbitrary function f has all its derivates identical with
the corresponding derivates of f. Lastly, the inverse of a cardinal function is also
a cardinal function.

To prove the last statement, let F be a cardinal function. Then,

Dy (F)-Dyy(F~Y) = Dy, (F-F~)
= DM.'(EO) = E,.

But, since F is a cardinal function, Dy,(F) =E,. Hence Dy, (F-!) =E,, or
F-1is also a cardinal function.
The converse of this theorem is of great importance; it is as follows:

TrEOREM XXVIIL. If ¢1, ¢2 are functions of M1, M, - - - , M., whose cor-
responding derivates are identical, then each of them is the composite of the other
with a cardinal function; also, each is the product of the other and the integral of
a cardinal function.

For, if
61 = ¢ f = ¢ X (F-E),

then
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Dy ($1) = Du,(¢2) - Du;(f) = Du;(¢2) X (D, (F)-E) (since Dui(E) = E).
Since Dy, (¢1) =Dy, (¢2) by hypothesis, it follows that
Du,(f) = E,,
DuF)-E = E, or Dy,(F) = E,.

Thus both f and F are cardinal functions.

COROLLARY 1. If ¢1, ¢ are functions of M1, M, - - - | M. which are known
to be equal to one another, whenever two of the arguments My, M, - - - , M, are
relatively prime, it is thereby implied that the functions are also equal when any
of the arguments is equal to unity. Thus ¢1, ¢; have identical derivates, and the
theorem applies to them.

COROLLARY 2. The most general function f(My, M, - - - , M,) with the
property of being a multiplicative function of every subset of its arguments is
the integral (11 §3) of an arbitrary cardinal function.

3. Cardinal functions of a matrix-set of arguments. A function f of the
matrix-set of  Xs arguments | My, Ma, - - -, M| (i=1,2,-- - ,5), is said
to be a cardinal function, if the derivate of f with respect to the s arguments
of any column (or, briefly, if each column-derivate of f) is the function E,.
This reduces to our earlier definition for s =1. It follows that a cardinal func-
tion of the matrix-set IM a, Mo, - -+, M| (i=1,2,-- -, s) vanishes if any
of the » column-products M1;M,; - - - M,; (j=1,2,- - -, r) contains a prime
factor not dividing one of the others. We have the following obvious analogue
of Theorem XXVIII:

TueoreM XXIX. If ¢1, ¢: are two functions of the matrix set | M,
Mo, -, M .~,| (=1,2,---,s), which have identical column-derivates, then
each is the composite of the other with a cardinal function, and also the product
of the other with the integral of a cardinal function of the matrix-set.

The proof is on the same lines as the proof of Theorem XXVIII. Asin
Corollary 1 of that theorem, this also applies to two functions of the matrix-
set, which are known to be equal to each other, whenever any two column-
products are relatively prime.

From the definition of the cardinal function of a matrix-set | M, , it is
easy to specify the peculiarity of its generating series to any base. Let x;; be
the variable corresponding to the argument M ;;. Since every column-derivate
of the cardinal function is E,, it follows that the generatihg series must re-
duce to 1, if we put the variables corresponding to any column equal to zero.
Thus the peculiarity of the generating series is that every non-vanishing
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term of it contains at least one representative from each column of the matrix
| x| , or in other words, the terms which involve none of the variables of a
column vanish.

4. Principal functions. These constitute a very important subclass of
cardinal functions. The function f(M,, M,, - - - , M,) is called a principal
function, if it vanishes whenever two of its arguments are unequal. The
function

'P(M) =f(M, M),M)

is called the function of one argument equivalent to the principal function f.
Itis clear that ¢ determines f completely; for, if

"l‘(p)(x) =14 a1x+ ax?2+ - - - s
then

S (@1, 2o, - -+, %) =1+ ax(drzy - - - &)

+oaa(wama - @) A
This will be indicated by writing
f = princ, ¢ (f is the principal function of r arguments, equivalent to ).

More generally, a function f of the matrix-set | My, My, - - -, M| (i=1,
2,---,s) will be called a principal function, if it vanishes whenever two
arguments in the same row are unequal. The function ¢(M,, M,, - - -, M,)
to which f reduces when My=My= - - =M,=M; (i=1,2,---,5), is
called the function of s arguments equivalent to the principal function f. It is
clear that Y determines f, and that the generating series of f is obtained
from ¢ (21, %2, - - -, %,), by substituting xaxs - - - 25 for x,(6=1,2, - - -, ).
We also call f the principal function of 7 Xs arguments equivalent to ¢(M,,
M,, - - -, M,), and denote it by princ, .

THEOREM XXX. Ify, ¥/ are functions of s arguments, and princy, princy’
the equivalent principal functions of r X s arguments, then

(a) princ ¢ -princ ¢’ = princ (y-¢’),
(b) (princ y)~! = princ (¥ ).

These relations follow immediately from the fact that the generating
series of princ ¢ is obtained from the generating series of ¥ by substituting
XiaXia * ° Xy for x,~(i=1, 2, ey, 8).

5. Functions of the greatest common divisor (g.c.d.). We prove the fol-
lowing theorem.
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THEOREM XXXI. The necessary and sufficient condition that f(M,,
M., - - -, M,) be a function Y(g) of the greatest common divisor g of M,,
M,, - - -, M,,is that f be the integral of the principal function of r arguments,
equivalent to (Y- E-1)(M).

The necessary and sufficient condition that f(| Mo, M, - - -, My]) (i=1,
2,---,s)beafunctiony(g, go, - - - , &) of theg.c.d’sgiof M, M, - - -, M,
is that f be the integral of the principal function of r X s arguments, equivalent to
('p'E-l)(Mly M, - -, M')

This theorem illustrates Theorem XXIX; for, if two column-products
are relatively prime, it is clear that g, g5, - - -, g. all become unity, and so
f=1=E. Hence, by Theorem XXIX, fis the composite of E and a cardinal
function. The present theorem identifies the cardinal function as a certain
principal function.

To prove the first part, let

my m mr
f(p)(xl, X2, x") = Za(ml) Mma, * -+ )mr)xl lx2’ cc Xy,
so that
m, m mr
(f'E-l)(P)(xl) Xy * v 0y x") = Eb(mly LTI mr)xl lxz' c Xy,
where
b(m1, Mg, * * -, mf) = a(m;, my, - -, mr) —_ Za(ml —_ 1, ma, c - -, mr)
+ Za(ml— l,m-z— I,M3,- - -,mr)— s,

terms with negative suffixes not appearing in the summations. Since f is
given to be a function of the g.c.d. of its arguments, a(m,, m,, - - - , m,)
must depend only on the least of its suffixes. Suppose that m is the least of
m,, msy, - - - , m,, and that

My =My =+ - =M; = M; Miy1, Miya, * - , My > M,
a(mlr LTI mr) = A(m)
Now group the expression for b(my, ms, - - - , m,) in such a way that in each

group the values of the first 7 suffixes remain the same. If m =0, then, since
negative suffixes are not permitted, there will be only one group, and the
value of b(my, m,, - - - , m,) will be 1, or 0, according as all the m’s do, or do
not, vanish. (This result might of course have been anticipated, since we
know that f- E-! must be a cardinal function.) If m >0, then there are 2¢
groups of terms, and we have

b(mh LTI )mf) = A(m)(l - l)r—-i - (:)A(m - 1)(1 - 1)'&‘



1931] MULTIPLICATIVE ARITHMETICAL FUNCTIONS 629

+<;)A(m - 1D — 1) — etc.

= {A@m) — Am — 1)} — 1),
This vanishes unless 7 =%, and is then equal to A(m)—A(m—1). Thus
b(my, ma, - - - , m,) vanishes unless all the m’s are equal, and is equal to
A(m)—A(m—1),if m=my= - - - =m,=m. Now the series

1+ Z{A(m) — A(m — 1)}x"‘

m=1

is evidently the generating series to the base p, of the function - E-!. Thus
f-E-!is the principal function equivalent to the function (¢-E-!)(M).

The same method will apply to the case of a matrix-set of arguments.
For convenience of writing we may take s =2, so that

Mll, Mlz, ttt ,er
i

M?l) M‘Z?y ) M27‘|) - 'p(gl’ g2).

Let
‘p(p)(x’ y) = ZA(m: ")x"'y",

X1, X2, * * ", X My, Moy = = =y M\ my m,y mr ny g nr
f(P) Za X1 X2 % Y1 Y2 Y,
Y, Yo 000y Y

nl) n2’~ . . ,”r
so that, as before,

]

m’m’... mr
a( b ’ )=A(m,n),

nl, n2, . .. y nr
where m is the least of m,, m,, - - - , m,, and n, the least of #,, ny, - - - , n,. If
xl’ x2’ . e . , xr
(f~E—1)(,,)<
L Y2, 0y Yr
-~ my, Mz, - - -, My my my mr ng ny
=Lb xxx2..'xryl...y"
ny, Na, o, Ny
then
My, My, * -+, My my, My, - -, My mi—1, mq, , M,
- - S
ny, N2, y Nr ny, ng, ty M ny, na, , Ny
my — 1, me 1, ms, , My
+ D — etc.,
nl, n?y n3) ) ny
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where the kth summation sign indicates that every set of k suffixes from
among mi, Mg, - - - , My, My, - - - , N, are to be diminished by unity, terms
with negative suffixes being omitted.

As before, let

ml=m2=...=m‘.=m;mHl’mi+2,...’mr>m;

NG =Ng =+ =N; =N, n,~+1,n,-+z,---,n,>n.
Group the terms in the expression for
b( ml’.. . ’mr)
" EICIL n,
in such a way, that, in each group, the first 7 suffixes in the top row and the

first j suffixes in the bottom row have the same values. Then it is easy to see
that, on evaluating each group separately, we obtain

b( s, Mz, - m) == 1)2'"“"{A<m,n>+A<m- 1 X~ 1)"(Z)

Ny, Mo, -, Ny p=1

+Am,n— 1) i(—l)’(i)

r=1

+Am—1,n—1) T(- 1)*(;><i>}

=1 —1)=~i{dm,n) — Alm — 1,n) — A(m,n — 1)
+Am—1,n— 1)}.

. ml’mz’...,mr
b}
7, ”2,"',nr

is equal to zero, if two of the m’s or two of the #’s are unequal, and to

Thus

Am,n)—Am—1,n)—Am,n—1)+Am—1,n—1),if my=my= - -+ =m,
=m; my=ny= - --=n,=n. Thus f- E-1 is the principal function equivalent
toy-E-1.

CoROLLARY 1. The generating function to the base p of the multiplicative
function of My, My, - - - | M,, which is equal to their g.c.d., must, by the present
theorem, be

1 — 22 - 1,
A —2x)(d—x2) - (1 — )1 — praxz- - - x,)
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This may be easily verified by direct expansion.

COROLLARY 2. The composite of F(M1, Ms, - - - , M,) and a principal
function can be expressed as the composite of F-E-* and a function K(g) of the
gecd.gof Myy My, - - -, M,.

For

F-princy = F-E~'-E-princ (y- E-E™)
=F-E'-(-E)(g).

As an illustration we may show that

: o2x(g)
Zd’k(g—f)lﬁk(g)f@u) = Mk N* o ’

where ¢ is the Jordan function, and the summation is extended to all divisors
d10f M, and §;of N, 6;; being the g.c.d. of 8;, 8;,and g theg.c.d.of M, N. For,
if we write ®,(M, N) =I.(M,N)-E-'(M, N), so that ®,(M,N) =¢:(M)$:(N),
the left side is

;- E*(g) = & E-princ (E*- E7Y)
= [-princ E
= M*N* ) 6~ summed for common divisors 3,

= M*N'ou(g)/g®.

6. Semiprincipal functions and functions of the least common multiple
(l.e.m.). The semiprincipal functions are analogous to the principal func-
tions, in that they are determined by functions of a smaller number of argu-
ments; but they are not cardinal functions.

The function f(My, M, - - - , M,) is said to be the semiprincipal function
equivalent to y(M), if, for any prime p, f(p4, p*, - - -, p*) vanishes, whenever
any two non-zero exponents ¢ are unequal, and is equal to (—1) #+i(p"), if
u of the exponents ¢ are zero, and the remaining are equal to 7. Otherwise
expressed, the semiprincipal function of M, M, - - -, M,, equivalent to
¥(M), vanishes unless the g.c.d. gi;; of M, M, is relatively prime both to
M/g:;,and to M ;/g:; (i,j=1,2,- - -, r), and is equal, when this condition
is satisfied, to

V() E_1(M)E_y(Ms) - - - E_i(M,)
E_i(l) ’

where ! is the least common multiple of My, M,, - - -, M,.
It follows from this definition that if

Vo(®) =1+ aix+ a2+ -+,
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then
S (%1, 2oy - -, 2) =1+ 01{ le — lexg + lexzxa —_ ... }
+oanf Taf — Yafar 4+ Yatadad — -} 4 -
= Z‘P(p)(xe) - Z'ﬁ(p)(xixi) + 2 (wwm) — - -

1.9,k

We may denote f by the symbol semiprincy, or if we wish to put the number
of arguments in evidence, by semiprinc, . It will be noticed that the deri-
vate of semiprinc, ¢ with respect to s of its arguments is simply semiprinc,_, .

An analogous definition holds for the case of a matrix-set of arguments.
f(|Ma, M, - -, M|) 6=1,2,- - ,s) is called the semiprincipal function
of 7 Xs arguments, equivalent to ¢(M,, M,, - - - , M,), if, for any prime p,
f(|pt, p%, - - -, p|) vanishes unless all the non-zero numbers among

L, i, - - -, by are equal to each other (1=1,2,---,5), and is equal to
(= 1)ovtort - Hortaf(pr pr2 . . . p7e) if all but o;0f the exponents t;, ti, - - -,
t;, are zero, and these equal to 7;(=1, 2, - - - ; 5). As an alternative defini-

tion, the semiprincipal function of 7 X s arguments M;, equivalent to ¢ (M3,
M,, - - -, M,), vanishes whenever the g.c.d. g:jx of M;, M is not relatively
prime to both M;;/g:jx and M /giin(j, k=1,2,- - - ,r;4=1,2,---,5),and
is otherwise equal to '

Yy, by, - -, L) HE—I(Mij)
E_,(h)E_1(ls) - - - E_1(l)

where ; is the least common multiple of M, My, - - -, M,,.

THEOREM XXXII. The necessary and sufficient condition that f(M,,
M, - - -, M,) be a function Y(l) of the l.c.m.lof My, My, - - -, M,, is that f be
the integral of the semiprincipal function of r arguments equivalent to
@-E-1)(M).

The necessary and sufficient condition that f(|Ma, M, - - -, My ])(i=1,
2,---,s) beafunctiony(ly, b, - - -, l) of thel.em’sliof My, My, - - -, M,
is that f be the integral of the semiprincipal function of r X's arguments, equiva-
lent to (¢'E"l)(M1, Mg, ey, M,).

The sufficiency of the conditions may be easily proved for each case. To
prove that the condition is necessary, let

Vn(x) = 2A(m)zm;

m m me
f(P)(xl, X2, * "y xf) = Za’(ml’ Mme, - -, mr)xl ’x2, cc X

-
-

m; m
(f'E_l)(P)(xl’ X2, " 7y xf) = Zb(mly me, = -, mr)xl lxz, o x:’",
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where
b(m'l’ Moy =« mr) = a(ml; Mme, © * mr)
— Za(ml —1,mg, -+ ,my) -I:,Za(m; —1,my— 1, mg - ,m) — etc.

Since f(M1, M3, - - - , M,) is the function ¢ of the l.c.m. of My, My, - - - , M,,
a(my, my, - - -, m,)=A(m), where m is the greatest of the suffixes m,,
Mma, - - -, m,. Asin the proof of Theorem XXXI, let

my = Mg =+ = M; = M; Miy1, Migye, * * -, M < M.
Also, let ¢ of the r —i numbers m;,1, miys, - - -, m. be equal to zero. Group-
ing the terms in the expression for b(mi, ms, - - - , m,) in such a way, that in

each group the values of the first ¢ suffixes remain the same, and summing
each group, we obtain

b(my, me, - - -, m,) . .
= = o am) — (| )+ ()= -
+ (- 1)*-1(1,_" 1>Am + (= 1idm — 1)}

= (= 1)1 — D)—=t{Ad(m) — A(m — 1)}.

Thus b(m1, ms, - - - , m,) vanishes unless all the non-zero m’s are equal, and
is equal to (—1)7*1(A(m) —A(m—1)), if r—1 of the m’s vanish, and the re-
maining ¢ are all equal to m. This proves that f- E-! is the semiprincipal
function of » arguments, equivalent to (¢ -E-1)(M).

An exactly similar proof holds for the case of a matrix-set of arguments.

Example 12. The semiprincipal function of two arguments equivalent
to an enumerative totient.

Let ¢ =L-E-! be the enumerative totient, and let T denote the totient

¢ 'XL=LX(LYE)=L-(LXUL)"

Also, let the functional symbol ¢¢ denote the function ¢(M)¢(N) of two
arguments. If

1—x
dp(x) = ’
1—ax
1
Ly (x) = )
1—ax

then
1— a2

1—oax

Tipy(2) = {L-(L X L)} (p(2) =
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Now 1 1 1
_x —_— - X
{semiprinCz (#) } (%, y) = > .
1—ax 1—ay 1—axy
_ QA -axyd -2 —y)
(1 —=eax)(1 — ay)(1 — axy)
Hence,

semiprinc ¢ = ¢¢ princ T'.
As a consequence of this result, it follows that, if /is the l.c.m. of M, N, then
L(l) = E-semiprinc (L-E™!)
= E-¢¢-princ (L- (L X L)™)
= LL-princ (L-(L X L)™),

or

L()-princ (L X L) = LL-princ L.
In particular, it also follows that

1 — p2oxy .
(1 = p22)(1 = p°y)(1 — poxy)

{L.)} (%, 9) =

We add two illustrative results. On putting L =1,, it follows, from the ex-
pression for the semiprincipal function, that

(A) I,() princ Is; = I,-princ I,.
Composing both sides of this with E, we obtain

I,(l)-E-princ (Izo-E-E™Y) = I, - E-princ (I,-E-E™)

M N\)° M N\©
E{l(g’ g)} o24(g(81, 82)) = Z( 516]:) 7a(g(81, 82)) -

Here, the summation extends over all divisors 8, of M, and 6. of N, and / and
g denote functions, whose values are respectively the l.c.m. and the g.c.d. of
their arguments.

Composing both sides of (A) with E-princ E~!, we have

or
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E-I,(l)-princ ¢2, = I,- E-princ ¢,

where the ¢’s are Jordan functions; or

{5 )} et oot = (50 o a0l

SECTION V. COMPOUNDING OF FUNCTIONS OF SEVERAL ARGUMENTS

1. The formula for the compound. We define the compound f&¢ of two
funCtiOnSf(M:, M2, STty Mr), ¢(M1, MZ) Tty Mr), by

M, M M,
{f@ ¢}(M1) M, - - -, M") = Zf(al) g, 0 v 1, 67)4’(_1’ ’_3’ Tt )
81 02 o,
summed for all block-factors 8; of M;(:=1,2,---,7).
It follows from this definition that the compounding operation performed
on several functions is both associative and commutative; also, if

m, m mr
f(p)(xl, Xgy -t x,) = Za(ml, my, - - -, m')xllxzf cee 2,
m; m mr
¢(P)(x17 X2, * x") = Zb(mly M2, - -, mr)xl ’xz’ ccr X,
then

m; m me
(f @ ¢)(P)(x1) Xyttt xr) = Zc(ml, Mg, * * * R mr)xl lxz’ ce e x,

where

C(ml’ mse, - -t :mf) = a(mly Mme, - - )mf) + Za(oy Mae, - - - ’m')b(mli 0’ 0) Tt :0)

+ >-a(0,0,ms, - - -, m)b(my, mg, 0, - - -, 0) + etc.

Here on the right, the non-zero suffixes among m,, m,, - - - , m, are par-

titioned in every possible way between ¢ and b, so that the expression for

¢(my, mq, - - - , m,) contains 2% terms, when r =1 of m,, ms, - - - , m, are zero.
The expression for ¢(m,, ms, - - -, m,) shows that

THEOREM XXXITII. The derivate of the compound of any number of func-
tions is the same as the compound of the corresponding derivates of the functions.

Another expression may be given to the compound of f'and ¢. Write
Vo2, 22, - =+, x) = fipy(®1, %o, - - -, %)
+ Zf(?)(oy Xgy © xf)d’()’)(xl: 0) R O)
+ Zf(?)(O’O)x3) s "xf)d’(p)(xl;x%(); o ',O)+th.,
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'/’O(xb X2, , xi). = f(,,)(xl, Xoy + c v, Xy, 0, ce, 0)
+ Zf(i’)(o’ Xy, v, %40, 0 '70)¢(P)(x1)0, - +,0)
+etc.,

'pi(xh X2, ", xr) = Z\l’o(xl; X2y, * * xi),

summed for every set of 7 of the variables.

Then

OO m(x, 2o, %) =¢o— Y1+ ¢ — s+ -+
For the coefficient of x™x - - - x/™ (my, ma, - - - , m;,>0) on the left is
C,‘=a(ml’... ,m1;,0,"',0)

+ Za(oym%"'1mk)0:"'sO)b(mbO,""O)+ Zetc-7

while its coefficient on the right is seen to be

— &k
Ck (2r—k —_ (f ) >2r—-k—l + . ) = (2 —_ 1)"—ka = Ck.

This formula for the generating series of the compound is more complicated
than the corresponding formula for functions of one argument. But it is
important to notice that the two formulas are of the same type, if either f or
¢ is a cardinal function. For, if fis a cardinal function, then every coefficient
a with a zero suffix vanishes, and the expression for ¢ becomes simply

C(mly Mme, -, m") = a(mly Mo, « ° * mr) + b(mly Mme, = -y mr)-

The generating series of the compound of functions, all but one of which are
cardinal functions, is therefore obtained by adding the generating series of
all the functions, and replacing the constant term by unity.

It follows that, while the distributive and quasidistributive properties of
the compounding operation (Theorems XIII and XIV) do not hold in general
for functions of several arguments, the former continues to hold in the same
form, when all but one of the functions compounded are cardinal functions,
and the latter, when in addition, the function which enters into composition
with the compound is also a cardinal function. Thusif fis a cardinal function,
and all but one of fi, fs, - - -, fi are cardinal functions, then

(i@ - @Bf)=(S)DF i) D @ (ffi) D (Erk Xf),

where E,;_j is the elementary function of  arguments, which takes the value
1—% when the arguments are powers of the same prime. We notice that
E(M\, M,, - - -, M,) compounded with itself #—1 times does not give
Ek(Ml, Mg, ctey, M,-) but Ek(Ml)Ek(Mz) e Ek(M,)

From the factthat the derivate of the compound is the compound of the
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derivates (Theorem XXXIII), it readily follows that theorems like XX VIII
and XXTIX should hold with respect to compounding also; namely

TaEOREM XXXIV. If two functions of r arguments have identical derivates,
each is the compound of the other with a cardinal function.

If two functions of a matrix-set of arguments have identical column-derivates
each is the compound of the other with a cardinal function of the matrix-set.

2. The conjugate function. We define the conjugate function by
conj f ® f = E,.

We shall determine the conjugate of a given function, and thereby show that
it exists and is unique. Let
f(P)(xl) Xo, =, xf) = Za(ml; Mo, =+, ”’Lr)x';.'1 x';'2 L x':'",

mr

. my m
(conj f) py (@1, 2, -y %) = D blmy, ma, - - Mm% Wy - &y

Since the derivate of a compound is the compound of the corresponding deri-
vates, it follows from the definition of the conjugate function that any
derivate of conj f is the conjugate of the corresponding derivate of f. Hence
from the formula for the conjugate of a function of one argument (II §6), it
follows that

b(my, 0,0,---,0) = —a(m;, 0,---,0) (my # 0).

Similarly, by taking the derivate of conj f@f with respect to r—2 of the
arguments, we have

b(ml) me, 0; ] 0) + b(Or ma, 0: Ty O)a(mly Oy ) 0)

+ b(mlyoy t 70)0‘(0,’”2;0) T 70) + a(mlxm2)0’ tr ;0) =0 (ml,m? #= O)-

Therefore, using the previous result,

b(ml,mz,O,-..’O) = —a(ml,M2,0,"‘,0)
+ 2la(my, 0, - - -, 0)a(0, ms, 0, - - -, 0).

This process might be continued. We shall prove by induction that, generally,
(A) b(mly Mme, =, m")
= Z(_ 1)‘1' Za(mb ma, 0’ R 0)0(0; 07 ms, My, Mg, 07 ] 0)(1( tc ')’

where, on the right, the suffixes of the a’s constitute a partition of the non-
vanishing m’s into ¢ parts, and the second summation is for all such distinct
partitions.

Assume this formula to be true for conjugates of functions of r —1 argu-
ments. Then by taking derivates of both sides of the relation
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conj f @ f = E,,
it follows that the formula is also true for functions of less than r—1 argu-
ments. To establish its truth for the conjugate of a function f of  arguments,
we observe that it follows from the definition of the conjugate that

(B) 0= b(m17 ma, - - - ,mr) + Zb(oy Mme, - - - ymf)a(mh 0) T 0)
+ ...+a(ml,m2’. . .,mr).

If any of the m’s is zero, then the expression for b follows from the proved
truth of formula (A) for functions of less than r—1 arguments. We may
therefore take all the m’s to be different from zero. Substituting on the
right of (B) for b’s with zero suffixes, from formula (A), it becomes evident
that the expression for b(my, ma, - - - , m,) is a sum of products of a’s, whose
non-zero suffixes constitute a partition of my, ms, - - -, m,, multiplied by
certain numerical coefficients. To find the numerical coefficients of any a-
product corresponding to an i-part partition, say a(mi, ms, 0, - - -, 0)a(0, 0,
ms, ma, ms, 0, - - -, 0) - - - | we observe that this product could have come
from exactly i terms on the right of (B), namely

a(mla ms, 0, - -, O)b(oy 0,ms, - - -, mr):
0(0, Oy msg, My, Ms, 0) R O)b(mb ma, 0; 01 07 me, - -, mr)’

‘e

Substituting for the b’s from (A), it follows that the product in question oc-
curs on the right of (B) with the coefficient z- (—1)~1(i —1)!. Hence it occurs
in the expression for b(mi, ma, - - - , m,) with the coefficient (—1)%!, proving
the truth of (A) for functions of » arguments. Since (A) has been proved to
be true for functions of 2 arguments, the induction is complete.

In particular, for the conjugate of a cardinal function f, we have the
result that if

m m my
f(P)(xlr X2y, * " 7y xf) =1+ Za(ml! Mmay = -y mr)xl 1x23 cr o Xy
h (ml’mz’...’m’=1’2,...),
then
. m; m, m:
(conj f) (%1, %2y - 5 &) =1 — D almy, ma, -, m)xs x2 - %,

Thus the formula which gives the conjugate of a cardinal function is analo-
gous to the formula for conjugates of functions of a single argument.

3. The compounding of functions of a matrix-set. The two theories of
the compounding process, which have been stated for functions of one argu-
ment and of several arguments, respectively, have yielded formally dif-
ferent results, even though they have the same arithmetical basis. The reason
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for the difference lies in the fact that, while in (f®¢)(M) a term of the type
f(1)¢(M) occurs only once, there are in (f®¢)(M1, My, - - -, M,) (2r—1)
terms of the type f(8,, 8s, - - - , 8.) Xd(M1/b1, M2/8s, - - -, M,/3,), in which
one or more of the block-factors & are equal to unity. It is of course open to
us to develop a theory of the compound of functions of several arguments,
which is formally similar to that for a single argument; we could to this by
using the definition

M, M, M,
(f® ¢) (M1, Ma, -+, M) = D f(31,82, - - - ,5r)¢<_—’ — ),
81 82 8y
where the summation is for all sets &y, 8,, - - -, 8, of block-factors, which

have the property that no factor of any & is prime to any other & (in other
words, that the distinct prime factors of every é are the same), with a similar
property for the set M;/8;. Itis clear that the compound defined thus is a
multiplicative function, and indeed (as will be seen below) a cardinal func-
tion, of My, M, - - -, M,. We shall describe this definition of the compound,
by saying that, in it, the argument-group (M., M., - - - , M,) behaves like a
single argument. The possibility of this alternative definition suggests a
more general view of the compounding operation, which embraces the two
theories as aspects of itself.

Let a given set of arguments be divided into mutually exclusive groups
in any manner. The most general definition of the compound of two func-
tions of these arguments is then that the compound is formed in the usual way,
with the modification that each group of arguments behaves like a single argument,
in the sense defined above.

This generalized view of the compound will always be understood, when-
ever there is any indication of grouping in the arguments. For example, when
we talk of the compound of two functions of a matrix set of arguments, it
will be understood, by convention, that the arguments in each column of the
matrix have been grouped together, so as to behave like a single argument
in the above sense.

It is easy to see that the generating series, to any base, of the compound
of two functions f, ¢ of the matrix | My, Ma, - -+, Ma|(i=1,2,---,5),
need not be worked out ab initio, but may be seen at a glance, by a proper
interpretation of the formula (V §1) for the case of r arguments, viz.

C(ml, me, - - -, mr) = a(O’ 0, cee, O)b(ml’ e )mr)
+ Da(my, 0, -, 0050, ms, - - -, m,) + etc.

To do this, we consider that > a(mi, ms, - - -, m,)xp - - - xrrand D b(my, - - -,
m.)x{ - - - x7 still represent the generating series of the functions f, ¢ of the
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matrix set, on the understanding that each x stands for x7;1ix7;27 - - - 2737, and
each m; in the coefficients stands for the group of indices my;, ms;, - - -, m,;.
If, further, we interpret the occurrence of a zero in place of m; to mean
mij=me;= - - - =m,;=0, then the above formula determines the generating
series of the compound. For, the expression for the compound of two func-
tions f, ¢, when regarded as functions of the matrix | M;|, differs from the
corresponding expression when they are regarded as functions of the 7 Xs
arguments M,;, in the suppression of all those terms f(8:;)¢(M;/8;;), for
which the elements in any column of | 8;;] or | M;/8;;| do not all involve the
same prime factors; hence it follows that the expression for the general coef-
ficient c(m.;) of the generating series of the compound in the former case,
differs from its expression in the latter in the suppression of those terms
a(m.;), b(m;;), in which some only of the elements of a column of |m.;| are
zero.

In particular, it follows from the expression for ¢(m;;), that ¢(m;;) =0,
when one element from each column of |m;;| is zero, without all the m’s
vanishing simultaneously.

Definition. A function F of the matrix | MMy - - - M |(=1,2, - - -,s)
will be called a transcardinal function, if its derivate with respect to every set
of » arguments, chosen one from each column, is the function E,.

The following points may be noted in connection with this definition and
the correlated definition of the cardinal function of a matrix:

(1) A transcardinal function of | M ;| is necessarily a cardinal function of
the transposed matrix | M ;| , but the converse is not true.

(2) A transcardinal function of the “long matrix” | M, M, - - - , M,|is
any arbitrary function of M,, M,, - - - , M,; a transcardinal function of the
“deep matrix”

M,

M

o = |

is a cardinal function of M, M,, - - - , M,.
(3) A cardinal function of the long matrix | M}, - - - | is a cardinal func-
tion of My, My, - - -, M,, a cardinal function of the deep matrix | M| is an

arbitrary function of My, M, - - - , M,.

TrEOREM XXIII(a). The compound of any two functions of a matrix | M ;|
is a transcardinal function of | M ;|.

This may be seen directly from the definition of the compound, or thus.
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By definition, a transcardinal function vanishes when one argument in each
of the columns of | M ;] is equal to 1, unless all the other arguments are also
equal to 1. Hence, the coefficient ¢(m;;) of the general term of its generating
series vanishes when one element from each column of |m.;| is zero, unless
all the remaining m’s are also zero. But this property was noted above to
hold for the compound of two functions of a matrix, hence the theorem.
From this theorem it follows that if f is a function of the matrix which is
not transcardinal, f@® E, cannot be equal to f; as a matter of fact we see
directly that f@E, is that transcardinal function of the matrix, which is
equal to f for all sets of values of the arguments, except those for which it
vanishes in virtue of being a transcardinal function. We shall write

f® Ey = tcrd f,

and call tcrd f the transcardinal part of f.

THEOREM XXIII(b). The compound of two functions f, ¢ of a matrix de-
pends only on the transcardinal parts of f and ¢.

For, if f®¢ =y, then ¢ is transcardinal by the previous theorem, so that
tcrd Yy =y. Hence

f®d=y¢ =tcdy =y @ E,
=f®¢ D E, =D terd .

The conjugate of the function f of the matrix | M,;| is defined to be another
function conj f of the same matrix, such that

f @ conj f = E,.

Since the formula for the generating series of the conjugate function is simply
a consequence of that for a compound, it follows that we can deduce the
generating series of conj f from that of f, from the result (V §2)

b(mls Moy = = 7mr) = Z('— 1)'7" Za(ml:mZ; 07 T ')0(0) 0:m3’ v ) )

by proceeding in the same manner as was done in the case of the compound.
In particular it follows that the conjugate of a cardinal function f of the
matrix is another cardinal function of the same matrix, whose generating
series to any base is obtained from that of f, by changing the sign of all the
terms except the constant term.

4. Rational functions of several arguments. (Cf. III.) The function
f(My, M, - - -, M,) is said to be a rational function, if
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F(p)(xh Xo, ©t xf)

Jlon, 2 ) Dpy (X1, X2, -+, x,))

where F, and ¢, are polynomials for every p, whose degrees p;, o, in x;
have finite upper bounds as p—e« (i=1,2,---,r); the functions whose
generating series are ¢, and F,, are, respectively, the infegral and inverse
component of f.

Since polynomials in more than one variable are not necessarily factor-
able, a rational function can not in general be expressed as a composite of
functions of lower degrees.

The composite of rational functions fi, f» is clearly a rational function,
whose integral and inverse components are, respectively, the composites of
the integral and inverse components of fi, f>. Thus composition is a rational
and integral process. It is easy to show that the compound of fi, f2is a rational
function whose integral component is the composite of the integral compo-
nents of fi, f2, and of all products of complementary derivates of fi, f. The
product of rational functions is also a rational function. This may be proved
by a method similar to the one adopted for functions of a single argument.
It could be inferred directly, if Hadamard’s multiplication theorem can be
extended to power series in several variables; the extension appears however
to have been carried out so far only to two variables.*

We have to distinguish between a linear function of r arguments, and a
rational integral function of degree 1; the former is a product of linear func-
tions of single arguments, and is a particular case of the latter. We define a
totient as the composite of a linear function and the inverse of a linear func-
tion; thus the totient is, like the linear function, a separable function, being
the product of totients of single arguments (a function of 7 arguments is
separable, if it is the product of functions of fewer arguments). Thus a totient
of » arguments is not the most general rational function of degree (1, 1) in
each of the arguments.

SEcTION VI. THE IDENTICAL EQUATION OF THE MULTIPLICATIVE FUNCTION
1. The cardinal functions associated with a function of r arguments. The
wultiplicative property of f(M1, M., - - - , M,) implies that

f(Mlle M2N2, ct ,MrNr) =f(M1, Mz, T, Mr)f(le Nz, e ,Nr),

whenever the products MM, - - - M,, NiN.- - - N, are relatively prime.
Now the functions on both sides of this equation are functions of the matrix-

* Cf. U. S. Haslam-Jones, An extension of Hadamard’s multiplication theorem, Proceedings of the
London Mathematical Society, (2), vol. 27.
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set of 2Xr arguments | M;, N;|(i=1,2,---,r), and the equation asserts
the equality of the functions, whenever the column-products are relatively
prime. Hence it follows from Theorems XXIX, and XXXIV, that
f(MlNl, MzNz, Tty M,-Nf) iS

(1) the composite of ff and a cardinal function C; of the matrix | M, N,|
(where we use ff as the functional symbol for f(M,, M, - - - , M,)f(N,,
N'h ) Nr)),

(2) the product of ff and the integral of a cardinal function C; of the same
matrix,

(3) and, lastly, the compound of ff and a cardinal function Cj, of the same
matrix.

It will be convenient to refer to Ci, Cs, Cs, as the first, second, and third
cardinal functions associated with f(M,, M., - - - , M,). Unlike the second
and third cardinal functions, the first cardinal function can be expressed in a
simple manner in terms of f, by means of the processes of the calculus.
Namely, when F is a function of a matrix-set of arguments, let us denote by
crd F (the cardinal of F) that cardinal function of the matrix-set, which is
equal to F, except for those values of the arguments for which it vanishes in
virtue of being a cardinal function. Itis easy to see that the generating series
of crd F is obtained from the corresponding generating series of F, by sup-
pressing all those terms, in which the variables corresponding to a column of
the matrix-set are entirely absent. With this notation, it will now be shown
that the first cardinal function of f(M,, M, - - - , M,) is the conjugate® of
crd f~Y(M1N1, M;N,, - - - , M.N,), where f~! represents the inverse function
of r arguments, of f.

2. The expression for the first cardinal function. The first cardinal func-
tion C,(| M, N.|) associated with f is given by

f(M\Ny, MsNs, - - -, M,N,) = ff-C1.
Now, the inverse of ff is f~f~' (Theorem X). Hence
Ci = f(M\Ny, - -+, M,N,)- [~
To show that this is equal to
conj crd f~Y(M,N,, MyN,, - - -, M,N,),

we shall, for convenience of writing, take r =2, the method being the same
for any value of r. Let

* Notice that this is the conjugate of a function of a matrix, and must therefore be understood
not in the sense of V §2, but in the generalized sense of V §3.
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m m
S (31, 2) = D almy, mo)x; %2,

-1 m, m
f(p)(xl, xg) = Zb(mx, ma) %1 lxz ’,

so that
(a) Zb(ml — p1, my — po)a(uy, pe) =1 or 0,

according as m,, m, are, or are not, simultaneously zero (u1=0, 1, - -, my;
pe=0,1,- .. ms). Then,

{f(M\N1, MaN2) | ooy (21, 91, %2, 2) = > a(my + ny,me + ”2)55'1"1}"1"90;',}’;,;

mp; N2

{f1 (M1, M3) (N1, N2) } (o (21, 22, 31, ¥2) = D_b(ma, ma)b(ny, n)xy Y1 X2 ye -

Hence, if

my; my Ny Ny
Crip (21, X2, Y1, ¥2) = D_c(my, ma, ma, )1 %2 Y1 Y2 ,

we must have
b'(ml, Mz, N, ”2) = Za(ﬂl + vy, pe + Vz)b(ml - M1, M2 — M)b("l - Vi, N — 1'2)
(m=0,1,~-~,m1;y2=0,1,---,m2;u1=0,1,-~~,n1;1'2=0,1,--~,n2)

= Db(my — v1, ma — va) D a(u1tvi; patv2)b(my— p, ma— pa).
Pyibs Biikg
Since C; is a cardinal function, c(m,, m,, #,, n;) vanishes when m,, m, (or
n1, n;) are simultaneously zero. We may therefore suppose that m,, m, are
not both zero, so that m,~+v, and m,+v; are not simultaneously zero, for any
admissible values of », ».. Hence, by (A) above,

>alus + v1, pg + v2)b(my — p1, M2 — pa)

B1Ke
= — Ya(1 — ky,ve — k2)b(my + ki, ma + ks)
ky ko
(ky=0,1,---,v; ka=0,1,---,vs; kyand ks not both zero).
Therefore,

c(my, ma, ny, ne) = D — b(ny — v1,ms — va)a(vy — k1, va — k2)b(my + k1, ma+ ko)

Z - b(ml + kl, ma + kg) Zb(nl—vl,nz—vz)a(vl—kl,n—kz)

ky.ky vy,

(V1=k1,k1+1,"',n1;1!2=kz,k2+1,"’,ﬂ2).

It is clear that here the value of the inner sum is zero, unless 7, —ki, n2—k;
are simultaneously zero, in which case it is 1. Now k1=, k;=n2 is a set of
values within the range of ki, ks, only when #,, #; are not both zero. We see,
therefore, that
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c(my, mg, n1, ng) = 0, if either my, m,, or n1, ny are both zero,
= — b(m;s + n1, m2 + n,), otherwise.

But the cardinal function, the generating series of which has —b(m,+n,,
ma—+n,) for the coefficient of x[w32yhyy, is obviously conj crd f~!(M,N,,
M:N,).* The same method shows that, generally,

¢y = conj crd f~Y(M N, MsN,y, - - -, M,N,).
The equation

f(MlNl, MzNz, Sty M,-Nr) = ff'COI‘lj crd f_l(MdV;, Mz]Vz, Tty M,-N,)

is thus identically satisfied by any multiplicative function f, and will be
referred to as the identical equation of f.
For functions of one argument, the identical equation takes the form

Jwv) = {f()f(®)} - {conj crd f~ (u2)}.

3. The identical equation of a totient. Let T=L,-L;! be a totient-
function of a single argument, so that its identical equation is

T(MN) = T(M)T(N)-conjcrd T-Y(MN).
Let

T () l—Bx T_l()_l-—ax
»x _l—ax’ (»\% —.l—ﬁx

Then

{conj crd T-1(MN)} () (x, ¥)

1= 51— S )ay{ Sgmensny]

1 —-B(x+y)+aﬁxy'
(1 —Bx)(1 — By)

Hence
conj crd T-Y(MN) = Lo(M)La(N)- {L; (l.c.mof M, N) X L, (g.c.d of M, N)} .
Thus the identical equation for T becomes
T(MN) = LM)Ly(N)- Lz (M)L; (N)-La(M)Lo(N)- {Ls () X L3 ()}
= LONL(N)-{L: (&) X L7 (9)]}
= Ly(M)Ly(N)- {Ly()) X Li(g) X n(M)u(N)}

where g, I are, respectively, the g.c.d. and the l.c.m. of M, N.
For example, the identical equation of the totient ¢,,x=1I,-Ai! (which

* Compare V §3.
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reduces to Jordan’s function for k=1, and for k£ =a positive integer, is iden-
tical with Schemmel’s extension of Euler’s function,* when the argument
has no prime factors equal to, or less than k) is

MN
ér W (MN) = Z( v

102

)rx,,{z(al, 82) } {g(81, 82) } (81 (52)

or

$r t(MN) {501, 80)}"
(A) WN)—'—— ZEI:(8162)'—(6182)' u(81)u(82).

If T is an enumerative totient, then L,=E, and the identical equation takes
the form

T(MN) = Ly(M)Ly(N)- { Ly(g)u(M)u(N) } .

In particular, for the Jordan function

o:(MN) < {56, 8)}
[y > o0 u(81)u(82),

a result which may also be derived from (A).
4. The Busche-Ramanujan identity. E. Buschef stated that

M
ooa(M)ao(N) = de( d:\)

summed over the common divisors d of M and N; Ramanujan has utilised
this result (for the case a =0), as well as its inverse form:{

0. (MN) = Z%(%)aa(g)d“ﬂ(d)-

We shall say generally that a function f(M1, M., - - - , M,) admits a Busche-
Ramanujan identity, if we have identically

f(M\Ny, M2Ns, - - -, M.N,)

M, M, M, (Nl Ne N,)
= 2R, — =,y )Gy, bay - - -, b)),
Zf(al’ 5 a,)f 51 8 5, ) O o )

* Dickson, p. 147.
t Dickson, p. 319, Note 147.
1 Collected Papers, p. 134.
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summed for common divisors 8; of M, N; (i=1, 2,--- | r), F being some
(necessarily multiplicative) function of r arguments.

A relation of this form asserts that f(M,N,, Ms;N,, - - - , M.N,) is the
composite of ff and a principal function of the matrix-set | M, N.|(i=1,
2,---,r). Hence a function f admits a Busche-Ramanujan identity, if, and
only if, its first cardinal function is a principal function; that is, only if
conj crd f~Y(M1Ny, M:N,, - - -, M,N,), and therefore also crd f~'(MN,,
M,N,, - - -, M,N,), becomes a principal function. To find the condition
that this may be the case, let

m, m, mr

Ton(n, @, -y 1) = Sblmy,ma, - - m)ay s
so that
{crd fX(M Ny, MoNa, - -+, MUND) Y (81, -+ < @y 91, -+ 5 90)
= 1 Tblm e el T

where, on the right, simultaneous zero values of m,, m,, - - - , m, and n,,
%, - - - , n, are excepted from the summation. The condition that this may
be a principal function is the vanishing of b(mi+n., me+n,, - - - , m,+n,)
when any m;>n; (with the understanding that neither all the m’s nor all the
n’s vanish together). In other words d(Ay, As, - - - , \,) =0, whenever the \’s
admit a partition N\;=m;+n; (i=1, 2, - - -, r), in which at least one m;=~n.,
neither the m’s nor the #’s being all zero. Hence

(1) b, e, - - -, \,) =0, if any A>2. For if \;=3 (say), we can write
N=mitng mi=1,n,=2; m;=“n;; m;=0, n;%0.

(2) b(A1, Ny, - - -, N\,) =0, if at least two of the N’s do not vanish. For, if
M=0, \25#0, we can write Ay =mi+n1; Ae=ma+n2; mi=\;, #1.=0; my=0,
Ny = Xg.

It results that 5(A;, Nz, - - - , \,) can have only 27 non-vanishing values
b, ¢, corresponding to A, =1 or 2; \;=0 for j#:. Thus it follows that

f<;)l(xly Xoy -y %) =14+ biwr+ boxa+ - - -
+bx, + izl Feaxd + - - Fexk.

Therefore
1

L4 Db+ dca?

Hence f(M,, M,, - - - , M,) is an integral function of a special type, quadratic
in each of its arguments, its special property being that f~*(M,, M,, - - - , M,)

f(p)(xl, Xo, = -y xr) =
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vanishes unless every two of its arguments are relatively prime.* Also, v/hen
f is a function of this form,

{conj crdf~{(MN1, MoNs, - - -, MND Y (21, -+ o, 20,90, - 7, 9)
=1- Zc;x,-yi.

Now the derivate of f(M1, M, - - -, M,) with respect to the » —1 arguments
other than M, is evidently an integral quadratic function of M;, which we
may denote by L;-L/; we have

1
1+ bixs + cox?

(LtLl,)zp)(xt) = (1' = 1>2} R ,f);

(L,‘ X L,')(_,,l)(x.) =1 — ¢;x;.
It therefore follows that conj crd f~'(M 1Ny, - - -, M,N,) is a principal func-

tion, princ F (say), where

F(My, M,, - - -, M,) = 0, if two of the arguments have a common factor,

= KII(MI)K;I(Mz) - K:I(Mr), otherwise,
where
Ki=L;XL! (G=1,2,---,7).

We have thus reached the following theorem:

THEOREM XXXV. The only functions of r arguments whick admit ¢ Busche-
Ramanujan identity are the integral quadratic functions, whose inverses vanish
unmless every two of the arguments are relatively prime. The identity for a function
f of this type has the form

f(M\Ny, - - -, M,N,) = fprinc F,

where F(M1, My, - - - , M,) =0, if any two of its arguments have a common fac-
tor, and is otherwise equal to Ki'(M,)Kz'(M,) - - - K;Y(M,); K;=L;XL!,
and L;-L! (M) is the derivate of f with respect to the r — 1 arguments other than
M.

In particular, the functions f of one argument, which admit a Busche-
Ramanujan identity, are the integral quadratic functions and these only. W hen
f=Li-Ls the identity has the form

f(MN) = f(M)f(N)-princ (L, X Lg)~'.

* Functions with this property are, in a sense, the exact opposites of cardinal functions; they
may be called “anti-cardinal functions.”
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As illustrations of the identity for functions of one argument, we have
(1) since ¢,=1,-E,

oo(MN) = Za(%l)aa(g)&‘n(&),

summed for common divisors 8, of M and N;
(2) in particular,

AT 2
d,(N?) = E{ua(?)} 5%u(5), summed for divisors 8, of N.

Generally, if f=L,-L,, and Ly =L, X L., then when M is a multiple of N,

) = A3 o,
sanm) = (20,

the summation extending to divisors 8, of N, in each case.
In particular, if M =N*¥,

SR = Zf(iva—k)f(g)L;‘@;

N R+
; )Lm(&).

JINBF(N) = 2f< ;

A different form may also be given to the Busche-Ramanujan identity
for f(M)=(L:-L;)(M). Namely, we have

J(MN) = {(M)f(N)-conj crd f~{(MN)
= {{-E"- E-princ L2 -E-E )

= ff-E {a B) @},

where g is the g.c.d. of M, N.
For example,

cu(MN) = I,- {3 E)(g)}

- (G

102

>“F{g(¢s1 82)} (6,/M, 65/ N),

where g(3,, 3;) denotes the g.c.d. of 8, 8, and F(N) =the product II(1— p°)
extended over all theiprlme factors ole
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An alternative form of the same result is
f(M)f(N) = f(MN)-E~'-E-princ (Ly2- E- E™")

= f(MN)-E-'-{(Li2-E)(g)}
or

M
¢ BODG-BXW) = Tf{(os )L Bt 09,
102
which is valid, when f is any integral quadratic function.

5. The second and third cardinal functions. We shall next investigate
the form of the functions, whose second, or third, cardinal functions become
principal functions.

The second cardinal function C;(| M., Ni|) of f(M1, Mo, - - -, M,) is given
by

f(M\Ny, M2Ns, - - -, M.N,) = ff X (Cs-E).
Writing

m m m
f(p)(xl, Xy, o v, &) = Za(ml, Mg,y -« -, Me) Xy lx2' SR T

it follows that
(Cﬁ'E)(p)(xly MR 7 P30 ) VIR yf)
a(m1+ nl,m2+ Ngy - - - ’m"+ "") my my

my 1y Ny
= X, X2 o Xy yl “ .. y' .
a‘(ml) Mme,y + - - 7m1‘)a(nl; Noy - - yn")

This determines C;. If C is to be a principal function, C.- E must be a func-
tion of the g.c.d.’s g; of M;, N; (Theorem XXXI). Hence

alm, + ny, mqg + 0o, - - -, my + n,)

a(ml’ my, - - -, mr)a(”l; Mg, -y ”r)

must depend only on the smaller element of each of the pairs (m, ),
(mq, n3), - - - . Hence, if miZn,,

almy+ k+ nyme + ngy - -, me + ny)

a(ml + kr Mmo, - - - ymr)a("‘h Moy - -y nr)

is independent of %, and is equal to

alm, + ny, - - -, m. + n,)

a(ml’ ) mr)a'("lr Moy = ° "y nf)

It follows from this that if m;>0,

m;—1 .
a(ml,mz, cee,my) = N a(my,my, - - -, miy, 1,mipq, - - m)(i=1,2,-- ).
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Also
0(1,1,0,"',0) _ 0(0;1»0"'°’0)
(1»(0, I’Oy" ',0)0(1,0,‘ )0) a(O, 1’0"' ',,0)0(0,0,"',0)

=1’

since in both cases the lesser of m;, n; is the same. Hence
a(1,1,0,---,0) =a(0,1,0,---,0)a(1,0,---,0).
Similarly
a(1,1,---,1) =4a(1,0,0,---,0)«(0,1,0,---,1,0) - - -.
Thus
almy,ma, - - -,mi,0, - - -,0) = (A" a(1,0,- - -,0)} {\6(0,1,0, - - -,0)} - - -,

where
my, me, - - -, m; > 0.

Writing
a(1,0,--+,0) =N —ay; a(0,1,0,:--,0) =\, — ay, etc.,
it follows that

(1 — ax)(1 — agx) - - - (1 — a,xy)
(1 - )\1x1)(1 - Xsz) e (1 - )\,.’X?,-)
Thus f is a totient. Also it is easy to see that (C;- E)(| M:, N.|) now becomes

T'(g1, g2 - - - , &), where T is the level totient such that T’ Xf=the linear
component of f. Hence

fo(xy, 22, -+, 1) =

THEOREM XXXVI. The totients are the only functions of r arguments,
whose second cardinal function is a principal function. Also,if T(M., M., - - -,
M,) is a totient, and T’ is the level totient such that T X T’ is a linear function,

T(Mi\Ny, MaNs, - - -, M,N)
=T(Myy Ms,- -+, M)T(Ny, No, -+ -, N)T'(g1, 82, - * » &)
For instance, if ¢«(M) is the Jordan function,
é:(MN) g*
p(Moe(N)  dule)
More generally, if ¢¢,, =1 -\~ is the Jordan-Schemmel totient (VII §3),
b (MN)  g*
Des(Mi(N)  Gus(e)
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The third cardinal function is less interesting than the other two, and
becomes a principal function only in a trivial case.

TueoreEM XXXVII. If the third cardinal function Cs of f is a principal
Sfunction, it is the principal function Eo, and f must be a linear function.

For, with our previous notation, it follows that when Cs is a principal
function, we must have,

a(my + ny, mg + ng, - - -, m. + n,) — almy, mo, - - -, m)a(ny, Ny - - -, m,) =0,
whenever any m;=n; (i=1,2,-- -, r). Hence writing
a=4a(1,0,---,0); 8, =4a(0,1,0,---,0) etc.,
we have
a(m;, 0,---,0) =a(2,0,---,0)a™? (m, = 2),
and similar equations. Also, if m17#2, n,%2, mi#n,,

my+n,—4

{0(2, 0)" ')O)}zal =a(m1, 0:' . ',0)0(”],0,‘ ce :0)
=a(m + n,0,---,0)

my+n,—2

= 0(27 0,--- )0)01

Hence a(2,0, - - -, 0)=a2, so that a(m,, 0, - - -, 0)=am(m,=0,1,2,---).
Also, if m,, mq, - - -, m;#0,

a(ml""imboy"'yo)
= a'(ml’o} c -,O)a(O,mz,O,' : )0) s 'd(O, v ‘iormi)o, o ,0)
=a";la";’ boﬁa":‘.

Thus f is the linear function whose generating series
1

f(;»)(x) = m

6. The restricted Busche-Ramanujan identity. If F(M, N), F'(M, N)
are two functions with identical derivates, then Theorems XXVIII and
XXXIV state that each of F, F’ is the composite of the other with a cardinal
function, and also the compound of the other with a cardinal function. We
can however state the relation between F, F’ in the more general form, that
each of F, F’ can be obtained from the other by composing it first witha
cardinal function, and then compounding the composite with a second car-
dinal function; that is,

F’ = (FCI) @ Cg.
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Now, if f(M) be a function of a single argument, f(M N) and f(M)f(N) have
identical derivates. The relation between f(MN) and f(M)f(N) can there-
fore be put in the general form

f(MN) = (ff-C1) & Cy,

where Ci, C; are cardinal functions of M, N. Itis clear that, in this relation,
either of the cardinal functions C;, C; may be arbitrarily chosen, and that the
other becomes then determinate. We enquire, in regard to this equation,
when it can happen that both C; and C; are principal functions.

The arithmetical significance of the assumption that C; and C; are simul-
taneously principal functions is clearly that f satisfies a Busche-Ramanujan
identity for certain restricted values of M, N. For it is evident that the
compound of F(M, N) and a principal function of M, N has the same value
as F(M, N), whenever M, N do not both contain any prime factor p raised
to the same power. Thus, when C;, C. are principal functions, f satisfies the
Busche-Ramanujan identity

J(MN)=ff - Cy,

for all such values of M, N as have no common block-factor. We say in this
case that f admits a restricted Busche-Ramanujan identity.

To investigate when Cy, C, are both principal functions, take
fo(®) =14+ a1z + asx® + - - -,
UMM (2, 9) = Zamemzmyn,
Cin(x,9) =1+ tixy + a2y + - - -,
Comy(2, 9) = 1+ kaxy + kax?y® 4 - - - .
Then
> tminz™ym = ( 2amx™)( 2 a.y") (1 + tixy + tax2y? + - - )
+ kixy + kox?y? - - -
(V §1). Hence, if m==n,
(A) Gmin = Cmln + 018m_10n—1 + l2Gm_2Gn—2 + - - - .
Hence, if m>n+2,

mlnyr + Am_1Gnitfs + © 0+ Gmon_2fnio

= am+n+2

= G1Amint1 + am+ntl (by (A))
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= 01(@mns1 F Gmo1@nts + - -+ Cmentbat1)
+ 11(@mbn + Gm_18nts + - -+ Gmenln)
= Gmlni2z + Cm18aprts + - - -+ Gm_wln(ad + 8) + 618m_a_1layy,
so that
- Omon—tbnis + taGmn(aa —af — 1)) =0 (m > n+ 2).

By varying m in this equation, it follows that

a, 12
= aconstant \ = ———  (r > 2).
ar_2 af +t — a;

)

Similarly, by varying n, we have
3 tny2 = lnla.
Now from (2),

az = Qa2 + at = al)\,
therefore

4) either ¢; = 0, or A = a; + ¢;.
Again from (2), ¢,a,=a.a;. Hence
@203 + t1(a182 + aity) = @184 + asti = a5 = 0203 + 61026 + arte.
Hence,
(5) either a; = 0, or ¢, = t£.

Now, the relation @¢m+1—@m@1—@m_151 =0 holds from m =2 onwards, on ac-
count of (A). Hence the series f(5 (x) is a recurring series of the second order,
its value, in finite terms, being evidently

14 (a2 — a1 — ty)a?

1 - ax — t1x2

fm(x) =

There are now three possibilities to be considered.

Case1. a@;—a? —1,=0. For this case the element of f to the base p is that
of an integral quadratic function; from (2) and (3), we easily see that t,=0
for n>1. We also see that C, reduces to Eq, so that our restricted identity
becomes the unrestricted identity, which, we know, is satisfied by every
integral quadratic function.

Case 2. a;—a? —1,%0, a;0. For this case it follows from (4), (5), that

ta

tp =12 —————=\=gay+1.
v a,’+t—as '
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These imply the vanishing of af —a?(a:+14), which is the resultant of the
numerator and denominator of f (). Thus the element of f reduces to that
of a totient. Conversely, when f is the totient L,- L,™?,

1 — ax
1 — Bz
1 —a(x+ y) + afxy
(1 — Bx)(1 — By)
3 1 —ax)(1 — ay) alxy
T (=01 —By)(1—ofxy) 1- afzy
Hence f=L,- L,~! has the restricted identity
f(MN) = {ff-princ (L, X Ls)}.

Case 3. a;—a? —4#0,a:=0. Now
14 (a2 — t)x?

1 — tx? ’
so that f is the convolute of a totient. Conversely, when f is the second

convolute of a totient,

2
S (x) = 1 i— ;:2;
1+ a(2? + »?) — afx?y? + (a + Bzy
(1 — B=)(1 — By?)
1+ ax?)(1 + ay?)(1 + Bxy) = axy(l — axy)
T (=B — By (1 + aBaty’) | 1+ afaty
Hence if f is the second convolute of the totient T=L,-L,~, it has the re-
stricted identity

fm(x) =

b

{/(MN)} (2, 9) =

fm(x) =

{/(MN)} (2, y) =

f(MN) = jf-princF,
valid whenever M, N have no common block-factor, where
_ L(M)LD)
L)
D being the greatest number whose square divides N. Combining these
results, we have

THEOREM XXXVIII. Tke only functions of M which admit a restricted
Busche-Ramanujan identity (namely an identity valid when M, N have no com-
mon block-factor) are (1) the integral quadratic functions, (2) totients, (3)
second convolutes of totients, and (4) crosses between these types.

F(N)
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As illustrations of the theorem, we have the following identities, valid
when M, N have no common block-factor:*

(1) $(MN) = Z¢(¥)¢ (96

summed for common divisors §, of M, N, where ¢ is Euler’s function.

(2) conv ¢(MN) = D conv ¢(9 conv ¢<§)F 9),

where F(N) is the least divisor of N, which is divisible by its complementary
divisor.

SecTiON VII. THE THEORY OF SMITH'S DETERMINANT

1. Ordinal functions of r arguments. A function f(M, M., - - -, M,) of
r arguments may be called generally an ordinal function, if it vanishes when-
ever certain prescribed inequalities of the form M;>M; hold between the
arguments. Since we restrict ourselves to multiplicative functions, this
property may be shown to imply a more specialized property of f.

TreoreEM XXXIX. If a multiplicative function of My, M., - - -, M,
vanishes whenever M ;> M ;, it necessarily vanishes whenever M ; is not a factor
0f M i

For by hypothesis, f(p™, p™, - - - , p™) vanishes, for any prime p, when-
ever m;>m;; that is, unless p™ is a factor of p™. Hence f(M1, Ms, - - -, M,)
vanishes if any prime p occurs to a higher power in M; than in M ;, that is,
unless M; is a factor of M ;.

We shall concern ourselves only with two types of ordinal functions;
namely, the functions f(M1, M,, - - -, M,), which vanish whenever a pre-
scribed argument M; is greater than any of the remaining arguments, and
functions F(M,, M,, - - - , M,) which vanish whenever a prescribed argument
M ; is less than any of the other arguments. We call (M, M,, - - -, M,) a
minor ordinal function with the minor argument M ;, and F(M1, Mo, - - - , M,)
a major ordinal function with the major argument M ;. We shall usually indi-
cate the major or minor argument by writing it without the suffix.

2. Major ordinal functions and functions with a modulus. There exist
multiplicative functions f(Mi, My, - - - , M,_1, M), whose value is unaltered
if M is increased by any multiple of M (=1, 2, - - - , r—1); such functions
may be said to possess the modulus M. We shall now show that, with each

* These two results (the first of which is due to Mr. S. S. Pillai, as already stated) have been pub-
lished as questions for solution in the Journal of the Indian Mathematical Society (December, 1928,
last page, Nos. (1529) and (1530)).
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function f(M., M., - - -, M,_1, M) possessing the modulus M, we can as-
sociate a major ordinal function F(M,, M,, - - - , M,_,, M) with the major
argument M, in such a way that

f(My, My, -, Moy, M) = F(gi, g2, -+, gr—1, M),

where g; is the g.cd. of My, M (1=1,2,---,r—1).
For, since f(My, My, - - - , M._;, M) has the modulus M, and is a multi-
plicative function of its arguments, it follows that

f(Ml, M% ] Mr—ly 1) =f(1) 11' Ty 1)'

Hence Dy(f) =E, so that by Theorem XXVI, f is a multiplicative function
of its modulus M alone. Further, let N be any number prime to the
modulus M. Then by a well known theorem, My, M1+M, M1+2M, - - -,
M+ (N —1)M is a complete residue system mod N. Hence there exist inte-
gers Ay, Ne, - - -, A,y such that M;+N;M isprimeto N (4=1,2,---,7r—1).
Hence

S(My, M, -, M.y, M)
=f, 1, -, )f(My, My, - - -, M,_1, M)
=f(N, 1, -, Df(My + MM, M2+ MM, - - -, M,y + MM, M)
= f(MiN + MMN, My + MM, - -, Mr_y + MoiM, M)
(since f is a multiplicative function of its  arguments)
= f(M;N, My -, M,_y, M)

(since f has the modulus M).

Hence the r—1 arguments M, M,, ---, M,, of a function f(M,,
M., - - -, M,_,, M) with the modulus M can not only be increased by multi-
ples of M, but can also be multiplied by any number prime to M, without
affecting the value of the function. Hence f depends on My, M,, - - - , M,_,
only through their g.c.d.’s with M.

Now, if f(M1, My, - - - , M,_1;, M) be any multiplicative function, we can
define a function F(M,, M, - - - , M,_1, M) by

F(er Mz, Ty M"—-ly M) =f(M1) M2) ) M"—ly M))
when each M, is a factor of M,
= 0, in other cases.

The multiplicative character of F follows from that of f. Thus an arbitrary
function f(M,, M., - - -, M,_,, M) defines a major ordinal function F(M,, - - -,
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M,_,, M); but it is obvious that F does not determine f uniquely. If, how-
ever, f(My\, My, - - - , M,_,, M) possesses the modulus M, then from what we
have proved, f both determines and is determined uniquely by F.

As an illustration, we may mention von Sterneck’s function f(N, M)
which represents the excess of the number of partitions of N into an even
number of parts mod M, over the number of those into an odd number. This
function can be shown to be multiplicative, and possesses, by definition, the
modulus M. Hence it must be a multiplicative function of the modulus alone,
and can be expressed as a function of M and its g.c.d. with N.*

3. Minor ordinal functions. If f(M, M, - - -, M,_,) is a minor ordinal
function with the minor argument M, we shall call (M) =f(M, M, - - - , M)
the kernel of f.

We can associate with every minor ordinal function f(M, My, - - - , M,_y)
a general multiplicative function F(M, Ny, No, - - - , N,_1), of r arguments,
defined by

F(M, Ny, Na,-- -, N.o) = f(M, MNy, MNs, - - -, MN,_y).
Conversely, from any multiplicative function F(M, Ny, - - -, N,_1), we can
define a minor ordinal function f(M, My, - - -, M,_,) by

Ml M2 Mr—l ..
fM, My, - M,2) =F<M,———: — e ,when M divides each M,
M M M
= 0, otherwise.

Thus the minor ordinal functions are in reversible one-to-one correspondence
with all multiplicative functions. We observe, in particular, that the derivate
of the function F(M, Ny, Na, - - -, N,_,) with respect to Ny, Ny, - - -, N,
is the kernel of the corresponding ordinal function f(M, My, - - - , M,_,).

The case in which the associated function F(M, Ny, - - - , N,_,) is of the
form ¢ (M)Y(N,, N, - - -, N,_,) is of special importance. For this case we
have

THEOREM XL. When the associated function of the ordinal function
f(M, My, - - -, M,_,), with the minor argument M, is of the form y(M)WY(N\,
N,, - - -, N,_)), then

(1) ¢ is the kernel of f,

(2) the ordinal function f is the composite of princ ¥ and a function of
Ml, Mz, cety, Mr_l only.

Conversely, the composite of a principal function P of r arguments, and

* See Bachmann, Niedere Zahlen-Theorie, part 2, p. 230 ff.
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any function of » — 1 of the arguments, is a minor ordinal function, whose
kernel is the equivalent function of P.

The first part of the theorem follows from the fact that the kernel is the
derivate of the associated function. To prove the second part, let the as-
sociated function have the generating series

m m, mr—1
Fopy(x, 20, -+ -, %,1) = Zambm.m,---mr-xx TR s

Then, the generating series to the same base of the minor ordinal function is

evidently

m m4m; m4m, m+mr—1
Zambmlm,...m,_,x X X Ce X
m, m mr—1
= { Zam(xxl Tt xr—l)m}{ me,m,---m,-,xl le’ c e xr:l ’

which proves the theorem.

Definition. The composite of a minor ordinal function with any function
of its minor argument M, will be called a Smith function in respect to M.
Also, the kernel of the ordinal function will be termed the kernel of the cor-

esponding Smith function.

It follows from this definition, that, if S(M, M,, - - - , M,_,) is a Smith
function in respect to M, there exists a function (M), such that S-¢ is a
minor ordinal function with the minor argument M.

4. Smith’s determinant. Let S(M, M,, - - -, M,_;) be a Smith’s func-
tion in respect to M. The values taken by S when its » arguments range from
1 to m may be taken as the elements of an r-dimensional matrix of the mth
order, | S(M, My, - - -, M,_))|, the r arguments of S serving as the indices
of the matrix. This matrix can be evaluated as a determinant, if we assign
a signant or a non-signant character to each index.* We shall call the de-

* The modern theory of the r-dimensional determinant
|a(m|,mg,~--,m,)| (ml’m2,"',mr=l,2,"",n)

assigns either a signant or a non-signant character to each index m. The value of the determinant is

1

—-'Z + a(mll) Moyt 0y mfl)a(mlfy Mag, * * mﬂ) cc a(mlm Many m"l))

n:
summed for all permutations (M) Mgz« + + min) of 1,2, -+« ,n (i=1,2,+ -+ ,r), so that there are
(n!)r terms in the summation. If ¢ represents +1 or —1 according as (m; mq2 « - + ms,) is an even
or odd permutation of 1, 2, - - - | n, the sign of the general term is defined to be He.', where the
product extends over those values of i for which ; is a signant index.

The theory is due to Rice (P-way determinants with an application o transvectants, American
Journal of Mathematics, vol. 40 (1918)) and was also discovered independently by Lecat and the
present writer (On mixed determinants, Proceedings of the Royal Society of Edinburgh, 1925). For
further information reference may be made to the works of Lecat, e.g. Coup d’Oeil sur la Théorie des
Déterminants Supérieurs, Bruxelles, 1927, and also to a recent article of Lecat, Le déterminant su-
périeur, qu’est il exactement? Les conceptions de Cayley, Gasparis, Rice et autres, Revue Générale des
Sciences, 1929.
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terminant |S(M, M,, - - -, M,_1)| a Smith determinant, if the signant
character has been assigned to the index M.

TrEOREM XLI. The value of the Smith determinant IS M,M,, - M ,__x)l
=A., of order m, is zero if the number of signant indices is odd, and is
F(1)F(2) - - - F(m) otherwise, F being the kernel of S.

The first part follows from the fact that a determinant vanishes identi-
cally, unless it has an even number of signant indices.

The elements of the Smith determinant A,,, in which the index M has
the value %, constitute an (r—1)-dimensional matrix of the mth order,
which we may call the kth section of A,. Since M is a signant index in A,
it results that we may add to the elements of a section, any the same multi-
ples of the corresponding elements of any other section. Also, since S is a
Smith function, there exists a function ¥(M), such that S-¢ is an ordinal
function with the minor argument M. Therefore if we add to the elements of
the mth section y/(m/5) times the 5th section (where & represents successively
each divisor of m other than m itself), and denote the new elements of the

mth section by S’(m, My, - - -, M,_,), we have
S'(m, My, - -+, M,_y)

= (S¥m, My, -+, M,)

= 0, if any M; # m,

=S Ymm, -, m

=Fm),if My =My = - = Ms_y = m.

Now, expanding the determinant in terms of the elements of the mth section,
it follows immediately that

Am = F(m)A,,._l
= kF(m)F(m — 1) - - - F(2)F(1),

where £ is easily seen to be zero or 1, according as the total number of signant
indices is even or odd.

It will be noticed that the result does not depend on whether the signant
or non-signant character is assigned to the remaining indices.

The following are applications of the theorem:

(1) Any function F(g) of the g.c.d. of My, M, - - - , M, is a Smith func-
tion in respect to any of the arguments, with the kernel F-E-!. For,
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F(g) = E-princ (F-E™),
therefore
E—I(Mi)F(g) = E(Ml) ) Mi—l, Mi+l’ Ty Mr) 'Princ (FE—I)

=an ordinal function, with the minor argument M, and the kernel F E-!.
Hence the corresponding Smith determinant of order m and any number of
dimensions has the value

(F-EY)m) X F-E)(m—1)X---,
if the number of signant indices is even.
(2) Any linear function L(J) of the l.c.m. ! of two arguments M, N is a
Smith function with respect to M or N. For
L(l) = E-semiprinc (L- E™Y)

= E- {(L'E‘l)(M)(L‘E—l)N} -princ {(E-L‘l) X L} (Example 12)

= L(M)L(N)-princ {(E-L') X L}.
Hence
L~Y(M) - L(}) = L(N)-princ {(E-L?) X L}

= an ordinal function with the minor argument M, and kernel

(E-L™%) X L.

Hence the Smith determinant of order m and two dimensions formed with
the elements L(g), has the value

HL(J)(EL_I)O) (J = 1’ 2, ] m)
In particular, if L =1, the value is
e (GH= () G=1,2,---,m) (Cesaro)*

where II(5) is the product of the negatives of the prime factors of ;.

(3) Von Sterneck’s function f(N, M), which is equal to the excess of the
number of partitions of NV into an even number of distinct parts mod M,
over the number of those into an odd number (zero not being admitted as a
part), is a multiplicative function with the modulus M, and may be shown
to be equal to E-(M)E(N)-princ I.f Hence it is a Smith function with the
kernel 7, the value of the corresponding Smith determinant being therefore
ml.

* Dickson, p. 128, 61.
t Cf. Bachmann, loc. cit.
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(4) If f(M)=(L,-L,)(M) is an integral quadratic function, f(MN) is a
Smith function with the kernel (L, X L;)~!; for, from the Busche-Ramanujan
identity,

S(MN) = f(M)f(N)-princ (L, X L2)~".
Since the kernel is the inverse of a linear function, it vanishes for all numbers

with a squared factor, and so the corresponding Smith determinant of order
m vanishes unless m <4.
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