
Astron.Astrophys.337,1–8(1998) ASTRONOMY
AND

ASTROPHYSICS

Roleof the scalar field in gravitational lensing

K.S. Virbhadra 1,2, D. Narasimha1, and S.M. Chitr e1

1 TheoreticalAstrophysicsGroup,TataInstituteof FundamentalResearch,Homi BhabhaRoad,Colaba,Mumbai(Bombay)400005,India
2 Departmentof AppliedMathematics,Universityof Zululand,PrivateBagX1001,Kwa-Dlangezwa3886,SouthAfrica

Received 30January1998/ Accepted30April 1998

Abstract. A static and circularly symmetric lens character-
izedby massandscalarchargeparametersis constructed.For
the small valuesof the scalarcharge to the massratio, the
gravitational lensingis qualitatively similar to the caseof the
Schwarzschildlens;however, for largevaluesof this ratio the
lensingcharacteristicsaresignificantlydifferent.Themainfea-
turesaretheexistenceof two or nil Einsteinring(s)andaradial
critical curve, formationof two or four imagesandpossibility
of detectingthreeimagesnearthe lensfor sourceslocatedat
relatively large angularpositions.Sucha novel lensmay also
betreatedasanakedsingularitylens.
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1. Intr oduction

Thedeflectionof light in a gravitationalfield predictedby the
generaltheoryof relativity witnessedexperimentalverification
in 1919.Thespectacularphenomenaresultingfrom thedeflec-
tion of light in a gravitationalfield arereferredto asthegrav-
itational lensing(GL). Chwolson,in 1924,pointedout that if
a backgroundstar(source),a deflector(gravitational lens)and
an observer areperfectlyaligned,a ring-shapedimageof the
sourcecenteredon thedeflectorwould appear(seein Schnei-
deretal.1992).Thisis,however, usuallycalledasthe‘Einstein
Ring’. Einstein(1936)obtainedtheapparentluminositiesof the
imagesof astar(source)dueto aforegroundstar(gravitational
lens).Hementionedthatif thesource,thelensandtheobserver
aresufficiently aligned,the imageswill be highly magnified.
However, arguing that theangularimagesplitting causedby a
stellar-masslensis too small to beresolvedby anoptical tele-
scope,andwe shallscarcelyever approachcloseenoughto an
alignmentwith the sourceandthe deflector, he remarked that
thereis a little chanceto observe lensingphenomenacausedby
stellar-masslenses.Thoughseveral authors(Eddington 1920,
Chwolson1924)discussedthatthedeflectionof light in agrav-
itationalfield maygive rise to GL, only Zwicky (1937a,b)ex-
pressedhis vision clearly that the observation of the GL phe-
nomenawould be a certainty. The studiesof GL remainedin
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almosta dormantstageuntil Klimov, LiebesandRefsdalin-
dependentlyre-openedthis subjectwith their pioneeringwork
in 1960’s . Klimov (1963)investigatedthe lensingof galaxies
by galaxies,whereasLiebes (1964)studied lensingof starsby
starsandalsostarsby globular clustersin our galaxy. Refsdal
(1964a,b)was thefirst to arguethatthegeometricalopticscan
be usedin studyingthe propertiesof point-massgravitational
lensesandthetimedelayresultingfromthelensingphenomena.

A quasaris anidealsourcefor GL becauseof its highlumi-
nosity, point-like appearance,prominentspectralfeaturesand
the large distancefrom the earth(high probability of deflec-
tors interveningthesourceandtheobserver).Thegreatvision
of Zwicky becametrue whenWalsh,CarswellandWeymann
discoveredthe first exampleof the GL - the QSO0957+561
A,B (Walshetal. 1979).Thetwo imagesof asingleQSOwere
separatedby six arcseconds. Both imageshadsimilar optical
spectra,a galaxy was found betweenthe images,the flux ra-
tio betweenimageswas foundto bethesamein theopticalas
well asin theradiowavebands,andVLBI observationsshowed
detailedcorrespondencebetweenvariousknotsin the two ra-
dio images(cf. Narasimhaetal.1984,NarayanandBartelmann
1996).TheVLBI featuresweremodelledby Narasimhaet al.
(1984)who demonstratedthata clusterin additionto thegiant
elliptical was neededfor producingtheobservedfeatures.Fol-
lowing this landmarkdiscovery, morethana dozenconfirmed
examplesof multiply- imagedquasarsareknown and,in addi-
tion,six ring-shapedradioimageshavebeenfound(Refsdaland
Surdej1994,KeetonandKochanek1995).TheEinsteinrings
for extendedsourceswerepredictedby Saslaw et al. (1985)and
werefirst discoveredby Hewitt et al. (1987).Thedetectionof
new lensingphenomena,namelygiant luminousarcsandar-
clets,andmicrolensingeventshave increaseddramaticallyin
recentyears.For a review on giant luminousarcsandarclets
seeFort andMiller(1994) andon microlensingseeNarasimha
(1995) and Roulet and Mollerch (1997).Chengand Refsdal
(1979,1984)aswell asSubramanianet al. (1985)developed
thetheoryof microlensingto explain theflux variability in the
images.Thetraditionaldynamicalmethodto obtainmassesof
celestialbodiesin theuniverserequiresthatthesystemunderin-
vestigationis in dynamicalequilibrium.Therefore,thismethod
haslimitation in its use.However, therearenosuchrestrictions
to theuseof GL andtherefore,in recentyears,it hasbecomethe
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mostimportanttool for probingtheuniverse.IndeedNarasimha
andChitre(1989)predictedthatdarkextendedmassiveobjects
couldactaslensesfor systemslike 2345+007,MG 2016+112
etc.whichwasconfirmedwith thediscoveryof adarkbut X-ray
bright clusterat redshiftof 1 in the systemMG 2016+112by
Hattori et al. (1997).Narasimha(1994)discussedthegravita-
tionallensasaprobeof darkmatterin theuniverse.TheGL can
give importantinformationson massesof galaxies,the com-
positionof darkmatter, cosmologicalparameters,existenceof
exotic massiveobjects,thelargescalestructureof theuniverse
andcanbealsousedto testthealternative theoriesof gravita-
tion. A gravitational lensprovidesa highly magnifiedview of
thedistantobjectsin theuniverseandthereforeactsasacosmic
telescope.SincethelastdecadetheGL hasbecomeoneof the
mostimportantresearchfields in cosmology(Schneideret al.
1992,RefsdalandSurdej1994,NarayanandBartelmann1996,
Wu 1996).

TheGL isverylikely toserve an importanttool todetectex-
oticobjectsin theuniverse,suchascosmicstringsandtherehave
beenattemptsto investigateif any of theconfirmedgravitational
lensescouldbedueto the actionof cosmicstrings(seeHogan
andNarayan1984,Vilenkin 1984, 1986,Gott 1985,de Laix
andVachaspati1996andreferencestherein).Thereis no com-
pellingevidencethatany of theobservedgravitationallensesare
dueto a cosmicstring.However, it is essentialto developnew
gravitationallensmodelswith objectswhicharethoughnotyet
observed,arenot forbiddenon theoreticalgrounds.It is well-
known thatthescalarfieldshavebeenconjectured(sincebefore
theoutsetof thegeneraltheoryof relativity) to give riseto the
long-rangegravitational fields, andseveral theoriesinvolving
scalarfieldshavebeenproposed(seeAbraham1914,Bergmann
1956,BransandDicke1961,Callanetal.1970,Garfinkleetal.
1991, 1992,Yilmaz1992,HorneandHorowitz 1992,1993and
referencestherein).Thescalarfieldsminimally aswell ascon-
formally coupledto gravitation have beena subjectof active
theoreticalresearch.In recentyears,thereis agrowing interest
in thestudiesof scalar(dilaton)fields,becauseof their impor-
tancein stringtheories.Therehavebeenanumberof studiesof
light propagationin theunconventionalscalar-tensortheoriesof
gravity (Sanders1989,BekensteinandSanders1994andref-
erencestherein).However, theproblemof formationof critical
curvesandconsequentappearanceof multiple imageshasnot
received adequateattention.In thepresentpaperwe studythe
effectsof themasslessscalarfieldontheSchwarzschildlensing.
More precisely, we build a new staticandcircularly symmet-
ric singular lensmodel characterizedby two parameters:the
Schwarzschildmassandthe “scalarcharge”. For this purpose
wetakethemostgeneralstaticsphericallysymmetricasymptot-
ically flat exactsolutionto theEinstein-MasslessScalar(EMS)
equations,given byJanis,NewmanandWinicour(JNW)(Janis
et al. 1968).Wyman(1981)obtaineda staticsphericallysym-
metric exact solutionto the EMS equationsandlater Roberts
(1993) showed that the most generalstatic sphericallysym-
metricsolutionto theEMS equations(with zerocosmological
constant)is asymptoticallyflat and this is the Wyman solu-
tion. The Wymansolutionis well consideredin the literature.

Recentlyoneof us (Virbhadra1997)showed that the Wyman
solutionis thesameastheJNW solution,which was obtained
aboutthirteenyearsago,we thereforecall it theJNWsolution.
Switchingoff the“scalarcharge” in this solutiononerecovers
thewell-known Schwarzschildsolution.Hereafter, we will re-
fer to thenew lensmodelastheSchwarzschild-MasslessScalar
(SMS)lens.For smallvaluesof theratioof the“scalarcharge”
to theSchwarzschildmass,theSMSlensingdoesnothaveany
new qualitative (thoughdiffersquantitatively) featuresandre-
semblesthe Schwarzschildlensingphenomena.However, for
reasonablylargevalue ofthis ratio, theEinsteindeflectionan-
gle startswith a negative value,becomespositive, reachesa
maximumandthendecreasesto zeroastheclosestdistanceof
approachincreasesfrom a smallvalueto the infinity. This be-
haviour of theSMSlensgives rise to few interestingfeatures,
for instance,it givesradialcritical curves(radialcausticsin the
sourceplane)andconcentricEinsteindoublerings(tangential
causticsin thesourceplane).Theseeffectsarenot foundin any
of the known singular lensmodels.Moreover, the numberof
imagesalsodiffersfrom thecaseof theSchwarzschildlensing.
It is worth mentioningthat theJNW solutionhasa strongcur-
vatureglobally nakedsingularity(Virbhadraet al. 1997).It is
not known how onewould beableto distinguishobservation-
ally black holesfrom naked singularities(if theseexist). Our
presentinvestigationsreveal the qualitative different features
andconsequentlytheresultswepresentherecouldbeusefulin
differentiatingbetweenthetwo kindsof objects.Therestof the
paperis organizedasfollows: In Sect.2, wederivetheEinstein
deflectionanglefor a generalstatic and sphericallysymmet-
ric metric,which generalizesthe resultobtainedby Weinberg
(1972).Sect. 3 discussesthe JNW solutionfor obtainingthe
deflectionanglefor this case.In Sect.4 we obtainpositionsof
images,magnification,andtangentialandradialcritical curves
andin Sect.5 wediscusspossibleobservationaltests.In thelast
sectionwe summarizethe qualitative featuresof the lens.We
follow theconventionthatLatin indicestake values0 . . . 3 and
usegeometrizedunits,for instanceM ≡ GM/c2.

2. Einstein deflectionanglefor a generalstatic spherically
symmetric metric

We considera generalstaticandsphericallysymmetricspace-
timegiven by theline element

ds2 = B (r) dt2−A (r) dr2−D (r) r2
(

dϑ2 + sin2 ϑ dφ2
)

.(1)

Thenull geodesicsequationsare

dvi

dk
+ Γi

jkvjvk = 0, (2)

where

gijv
ivj = 0. (3)

vi ≡ dxi

dk is the tangentvector to the null geodesics.k is the
affineparameter.
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Eqs.(2) with Eq.(1) give

B
dt

dk
= K, (4)

Dr2 sin2 ϑ
dφ

dk
= J, (5)

d2ϑ

dk2
+

(

2

r
+

D′

D

)

dr

dk

dϑ

dk
− sinϑ cos ϑ

(

dφ

dk

)2

= 0, (6)

and

d2r

dk2
+

A′

2A

(

dr

dk

)2

− D′r2 + 2Dr

2A

[

(

dϑ

dk

)2

+ sin2 ϑ

(

dφ

dk

)2
]

+
B′

2A

(

dt

dk

)2

= 0. (7)

K andJ areconstantsof integrations.The prime denotesthe
derivativewith respectto thecoordinater. Without lossof gen-
eralitywe take

dt

dk
=

1

B
. (8)

Appealingto the sphericallysymmetricnatureof the metric
underconsiderationwe considerthe geodesics,without loss
of generality, on the equatorialplane(ϑ = π/2). Following
Weinberg (1972,Chapters8.4and8.5),weget theequationfor
thephotontrajectoriesas

φ(r) − φ∞ =

∫

r

∞
(

A(r)

D(r)

)1/2
[

(

r

r0

)2
D(r)

D(r0)

B(r0)

B(r)
− 1

]

−1/2

dr

r
, (9)

wherer0 is the closestdistanceof approach.The integration
constantJ is

J = ro

√

D(ro)

B(ro)
. (10)

TheEinsteindeflectionangleis given by

α̂ (r0) = 2|φ (r0) − φ∞| − π, (11)

whereφ (r0) − φ∞ is readthroughtheEq. (9). Theabove ex-
pressionreducesto the resultobtainedby Weinberg (1972)if
onetakesD = 1.

3. Janis-Newman-Winicour solution and the deflection
angle

Therehavebeensomestudiesof bendingof light in scalar-tensor
theories(BekensteinandSanders1994).We wish to consider
a gravitational lensendowedwith theconventionalmassanda
“scalarcharge”,describedbytheJNWsolution.Wenow discuss
theJNWsolutionin ordertoderivetheEinsteindeflectionangle

for the JNW metric. The Einstein-MasslessScalarequations
(EMS) are

Rij − 1

2
R gij = 8π Sij , (12)

whereSij , theenergy-momentumtensorof themasslessscalar
field, is given by

Sij = Φ,i Φ,j − 1

2
gij gab Φ,a Φ,b , (13)

and

Φ ;i
,i = 0. (14)

Φ standsfor themasslessscalarfield.Thecommaandsemicolon
beforeindicesdenotethepartial andcovariantderivatives,re-
spectively. Rij is theRicci tensorandR is theRicci scalar. Eq.
(12) with Eq.(13) canbeexpressedas

Rij = 8π Φ,i Φ,j . (15)

JNW obtainedthe most generalstatic sphericallysymmetric
asymptoticallyflat exactsolutionto theEMSequations,which
is given by theline element(cf. Virbhadra1997)

ds2 =

(

1 − b

r

)γ

dt2 −
(

1 − b

r

)

−γ

dr2

−
(

1 − b

r

)1−γ

r2
(

dϑ2 + sin2 ϑ dφ2
)

(16)

andthescalarfield

Φ =
q

b
√

4π
ln

(

1 − b

r

)

, (17)

where

γ =
2M

b
,

b = 2
√

M2 + q2. (18)

Note that b < r < ∞, andb is the curvaturesingularity;M
andq areconstantparameterswhich representthe total mass
andthe“scalarcharge” respectively. Clearlyq = 0 recoversthe
Schwarzschildsolution.The“scalarcharge”doesnotcontribute
to thetotalmassof thesystem,but it doesaffectthecurvatureof
thespacetime(Virbhadra1997).TheJNWsolutioncanbeused
in two ways:first, it describestheexteriorgravitationalfield of
an objectwhoseradiusis greaterthan the parameterb in the
solution.Second,it describesthefield duea nakedsingularity
(Virbhadraet al. 1997).ComparingEq. (1) with Eq. (16), one
hasfor theJNW solution

B = A−1 =

(

1 − b

r

)γ

,

D =

(

1 − b

r

)1−γ

. (19)
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Fig. 1a and b. The geometryof a gravita-
tional lens:S is thesourcelocation,O is the
observerandL is thelens.Theangularsepa-
rationsof thesourceandtheimagepositions
fromthelensaredenotedbyβ andθ, respec-
tively. α̂ is theEinsteinbendingangle.The
bendingangleis takento bepositive in case
a wherethecontribution dueto themassis
dominantwhile it isnegativein caseb where
the “scalar charge” contributesmore.Dos

representstheobserver-sourcedistance,Dol

theobserver-lensdistanceandDls thelens-
sourcedistance.The lines SC andOI are
tangentson the null geodesicsat S andO,
respectively.

Substitutingtheabovein Eq.(11), onegetstheEinsteindeflec-
tion angle

α̂ (r0) = 2

∫

r0

∞

dr

r
√

1 − b
r

√

(

r
r0

)2
(

1 − b
r

)1−2γ
(

1 − b
r0

)2γ−1

− 1

− π .(20)

Introducingdimensionlessparameters

x =
r

b
,

x0 =
r0

b
, (21)

onecanre-writetheexpressionfor thedeflectionangle

α̂ (x0) = 2

∫

x0

∞

dx

x
√

1 − 1
x

√

(

x
x0

)2
(

1 − 1
x

)1−2γ
(

1 − 1
x0

)2γ−1

− 1

− π (22)

The integral in theabove is definedfor x0 > (2γ + 1)/2. For
theSchwarzschildmetric(γ = 1) thisgivesr0 > 3M . Thefirst
derivativeof thedeflectionangleis given by

α̂′ (x0) =
(2γ + 1 − 2x0)

x0
2

(

1 − 1
x0

)

∫

x0

∞ (4γx − 2γ − 1) dx

(2γ + 1 − 2x)
2

x
√

1 − 1
x

1
√

(

x
x0

)2
(

1 − 1
x

)1−2γ
(

1 − 1
x0

)2γ−1

− 1

. (23)

After lengthy,but straightforwardcalculationsEq.(20) givesthe
Einsteindeflectionangle(up to thesecondorder)asfollows.

α̂ (r0) =
4M

r0

+
4M2

r0
2

(

15π

16
− 2

)

+
2

r0
2

[

2M
√

M2 + q2 − q2π

8

]

+ ..... . (24)

We trivially recover thedeflectionanglefor theSchwarzschild
lenswhenq = 0 in theabove equation.Thesecondorderterm
for theSchwarzschildcaseis obviouslypositive. In thefollow-
ing sectionweuseEqs.(22)and(23) to performcomputations.

4. Imagepositions,magnification and critical curves

We have given the lens diagramsin Fig. 1. The first one is
applicableto the casewhenthe bendingangleis positive and
theotheroneis for thenegativedeflection.Wetakethereference
axistobetheline fromtheobserverO to thelensL andkeepthe
distancefromthedeflectorto theobserver,Dol, fixed.An image
positionis specifiedby theangleθ betweenOL andthetangent
to thenull geodesicat theobserver. Theobserver is assumedto
belocatedin anasymptoticallyflat spacetime.A null geodesic
throughtheobserver is uniquelyspecifiedby theangleθ. The
impactparameteris Dol sin θ andDls standsfor the distance
from thesourceS to thepoint C in the lensplane.Dos stands
for thedistancefrom theobserver to thesource.β denotesthe
true angularposition of the source,whereasθ standsfor the
imagepositions.With thesedefinitions,the lensequationmay
beexpressedas

sin (θ − β) =
Dls

Dos
sin α̂. (25)

Wedefine

α = sin−1

(

Dls

Dos
sin α̂

)

. (26)

Fromthelensdiagramonehas

sin θ =
J

Dol
. (27)

UsingEqs.(10), (19), (21), and(27) weget

sin θ =
b

Dol
xo

(

1 − 1

xo

)

1−2γ

2

, (28)



K.S.Virbhadraetal.: Roleof thescalarfield in gravitationallensing 5

-4 -2 2 4
X

-15

-10

-5

5

10

15

Y

Fig. 2. The deflectionangleα and the angleθ − β are plotted as
a function of the angularseparationθ of the imagefrom the lens,
indicatedby thecontinuousanddashedlines,respectively. Thedotted
line passingthroughtheorigin representsthesourcepositionprecisely
alignedwith thelens(β = 0) andits intersectionswith thecontinuous
curvesgivethetwoEinsteinradii.For aspecifiedpositionof thesource
the points of intersectionof the continuouscurves with the dashed
line give the imagepositions.Hereγ = 0.005, Dol = 10

10M and
β = ±10. Anglesarein arcseconds.

whereb = 2q for γ = 0 andit is 2M/γ for γ /= 0.
Themagnificationof imagesis given by

µ =

(

sinβ

sin θ

dβ

dθ

)

−1

. (29)

Thetangentialandradialcritical curvesfollow from thesingu-
laritiesin

µt ≡
(

sinβ

sin θ

)

−1

, (30)

and

µr ≡
(

dβ

dθ

)

−1

, (31)

respectively. To obtainmagnificationthefirst derivative of the
deflectionanglewith respectto θ is required,which is given by

dα̂

dθ
= α̂′ (xo)

dxo

dθ
, (32)

where

dxo

dθ
=

2xo

(

1 − 1
xo

)

2γ+1

2

√

1 −
(

b
Dol

)2

xo
2

(

1 − 1
xo

)1−2γ

b
Dol

(2xo − 2γ − 1)
. (33)

To obtain imagepositionson both sidesof the optic axis
oneplotsα (θ) , θ − β againstθ and−α (θ) ,−θ − β against
−θ. The pointsof intersectiongive the imagepositions.The
continuousline on theright (left) handsideof theverticalaxis

is α (θ) againstθ (-α (θ) against−θ). Thedashedlineson the
right (left) handsideof the vertical axis areθ − β againstθ
(−θ − β against−θ). The dottedlines are,similarly, θ vs. θ
and−θ vs. −θ. The intersectionsof α (θ) with θ give thean-
gularpositionsof tangentialcritical curves(Einsteinrings).For
thesecomputationswe have consideredDls/Dos = 1/2 and
Dol = 1010M (for γ /= 0). Wehaveplottedfor γ = 0.005 (see
Fig.2). In Table1,wehavegiven imagepositionsfor few values
of thesourcepositionsfor γ = 0.005. In Fig.3,wehaveplotted
tangentialmagnificationµt andradialmagnificationµr against
θ for γ = 0.005. Singularitiesin thesegivethepositionsof tan-
gentialcritical curves(TCC) andradialcritical curves(RCC),
respectively. In thesamefigurewehavealsoplottedtotalmag-
nificationµ vs.θ. In Table2, wegive thepositionsof TCCand
RCCfor few valuesof γ.

For γ = 0.005, asshownin Fig.2,α haslarge negativevalue
for smallθ, becomespositiveandthengoesto zero(asymptot-
ically) asθ increases.The dashedlines arefor β = ∓10 arc-
seconds.The dottedline (β = 0) cutsthe continuouslines at
two pointson eachsideof the vertical axis andthereforeone
getstwo concentricEinsteinrings. As β increasesfrom zero
(seethe lower partof thefigure) thedashedline cutsthecon-
tinuouscurvesat four points(two oneachsideof thevertical
axis) giving rise to four images(two imageson eachsideof
theoptic axis).As β increasesthetwo imageson theopposite
sideof thesourcecomecloserandeventuallymeetat theRCC
whereasthoseonthesamesideof thesourcegetseparated.For
any furtherincreasein β thereis no imageon theoppositeside
of the source.In Table1, we have given imagepositionsfor
few valuesof the sourcepositionsfor γ = 0.005. Out of the
two imageson the samesideof the optic axis, the onewhich
is nearerto theopticaxiswecall the inner imageandtheother
which is fartherfrom the optic axis we call the outer image.
For this particularcasewe have plottedµt andµr to identify
theTCCandRCC(seeFig. 3). Magnificationµ is alsoplotted.
We have two TCC and oneRCC(theRCClies in betweenthe
two TCC). The magnificationfalls off sharplynearthe inner
TCC ascomparedto the RCC aswell as the outerTCC. For
γ = 0.001, α haslarge negative value for small θ, becomes
positive andthengoesto zero(asymptotically)asθ increases.
Therearetwo imagesof oppositeparitieson thesamesideof
the source.As |β| decreasesthe two imagesmeetat the RCC
andfor any furtherdecreasein |β| thereisnoimage.Thereisno
Einsteinring for this case.For γ ≥ 0.5 theGL is qualitatively
similarto theSchwarzschildlensing(onehasonlyoneTCCand
hastwo images,oneoneachsideof theopticaxis).

We have given the angularpositionsof critical curvesfor
few valuesof γ. θinner

t , θr and θouter
t standfor the angular

positionsof theinnerTCC,RCC,andouterTCC,respectively.
An increasein the“scalarcharge” to themassratio(decreasein
γ) decreasesthevalue ofangularpositionof theouterTCCand
increasesthevalue oftheinnerTCCandtheRCC.Theangular
separationbetweenthe two Einsteinrings decreaseswith the
increasein this ratio. For “very large” value of this ratio (for
example,for γ ≤ 0.001) thereis only RCCandthereis noTCC
andfor thesmallvalue ofthis ratio (for instance,for γ ≥ 0.5)
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Table1. Imagepositionsfor γ = 0.005

Imageson theoppositesideof thesource Sourceposition Imageson thesamesideof thesource
θouter θinner β θinner θouter

2.5852 0.1641 0.5 0.1610 3.1008

2.3592 0.1658 1.0 0.1595 3.3901

1.8006 0.1712 2.5 0.1554 4.3735

1.1876 0.1822 5.0 0.1493 6.3132

0.8208 0.1972 7.5 0.1441 8.4838

0.5795 0.2203 10.0 0.1395 10.7776

0.3765 0.2783 12.5 0.1354 13.1396

No image No image 15.0 0.1317 15.5418

No image No image 17.5 0.1284 17.9693

No image No image 20.0 0.1253 20.4135

a Wehave takenDol = 10
10M . Anglesarein arcseconds.
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Fig. 3. The magnifications: tangential µt

denotedby dottedcurves,radialµr denoted
by dashedcurves,andtotal µ shown ascon-
tinuouscurvesareplottedasa function of
the imageposition θ for γ = 0.005. The
singularitiesof µt andµr give positionsof
the tangentialandradialcritical curves,re-
spectively. HereDol = 10

10M andangles
arein arcseconds.

Table2. Positionsof critical curves

γ Θ
(inner)
t

Θr Θ
(outer)
t

0.001 No 3.4159 No
0.002 1.2326 1.5701 2.0984

0.003 0.4616 0.8323 2.6588

0.004 0.2551 0.4923 2.7812

0.005 0.1625 0.3202 2.8324

0.01 0.0405 0.0810 2.8966

0.5 No No 2.9170

1.0 No No 2.9171

θinner

t , θr andθouter

t standfor theangularpositionsof theinnertan-
gentialcurves,radial critical curves,andouter tangentialcurves,re-
spectively. We have takenDol = 10

10M andanglesareexpressedin
arcseconds.

thereis only oneTCC andno RCC.For “large” value ofthis
ratio(for instance,for γ = 0.005, 0.01) thereisoneRCC,which

lies in betweentwo TCC’s.In theentireinvestigationswehave
not consideredpointscloseto theintegral singularities.

5. Gravitational lensasa diagnosticof scalar charge

Wehavegiven,in Table1, typicalsolutionsfor thepositionsof
imagesdueto lensingby “scalarcharge” andnormalmassand
haveshownthesamein Fig.2.Thecorrespondingcriticalcurves
aregiven in Table2 andaredisplayedin Fig. 3. Theobserva-
tionsof doubleEinsteinringsnearthecentresof relativistic star
clustersin galacticnucleicouldbea powerful probeof “scalar
charge”. The mostimportantpropertyof sucha configuration
usefulfor thediagnosticof thelensis theformationof four im-
agesof abackgroundradiosourcelocatedataboutanarcsecond
fromthelineof sightto thecentreof thelens.Two of theimages
will beat oppositesidesof the lensandwill bebright, but the
othertwo images(oneon eachsideof the lens)will begener-
ally faint. For a sourcesufficiently away from the optic axis,
two imageswill be formed,both in the samesideof the lens



K.S.Virbhadraetal.: Roleof thescalarfield in gravitationallensing 7

unlike thenormalmassdistribution actingaslens.Thepresent
VLBA andVLBI arecapableof detecting theradio imagesat
milliarcsecondsandinferring from thespectralcharacteristics
that they could indeedbe imagesof thesamebackgroundob-
ject. The ellipticity of the massdistribution in the lenscould
altertheimageconfiguration.Still, if we do indeeddetectfour
radio imagesnearlycollinear, it will lend supportto possible
existenceof “scalarcharge”. Moreprobableconfigurationwill,
of course,beformationof two imageson thesamesideof the
lens.Thoughdifficult to detect,if thesefeaturesshouldturnout
to bepresent,it couldprovideameansto determinetherelative
gravitational influenceof the“scalarcharge” q andmassM in
thelens.

Our resultsbecomeimportantif thefollowing observations
yieldpositiveresults:Observationsof relativisticstarclustersin
galacticnucleishouldshow evidencefor doubleringstructureor
four imagesof abackgroundsourcealonga line or two images
in thesamesideof thelenswith no evidencefor a third image
in theotherside.Theseresults,if foundto betrue,will strongly
arguein favourof existenceof “scalarcharges”in theuniverse.

6. Discussionand summary

The gravitational lens can serve as a very useful tool to dis-
cover exotic objectsin theuniverse(describedby matterfields
whicharenotdetected,asyet)aswell asto testalternative the-
oriesof gravity. Even beforetheadventof thegeneraltheoryof
relativity, scalarfieldshavebeenproposedto simulatethelong-
rangegravitationalfieldsandit still continues(seein Horneand
Horowitz 1992,Yilmaz 1992andreferencestherein).Beken-
steinandSanders(1994)discussedthatgravitational lensesin
scalar-tensortheoriescould be divergentundersomecircum-
stances.Westudiedthenull geodesicsin ageneralstaticspher-
ically symmetricspacetimeandcalculatedtheEinsteindeflec-
tion angle.Thedeflectionanglefor a generalstaticspherically
symmetricmetric obtainedin this work can be usedto con-
structcirculargravitational lensmodels(with differentmatter
fields)in theEinsteintheoryaswell asin alternativetheoriesof
gravity. We have usedthis resultto studya circularly symmet-
ric gravitationallensin theEinstein-MasslessScalartheory, by
consideringthemostgeneralstaticandsphericallysymmetric
solution,given byJanisetal.Thisdescribestheexteriorfielddue
a sphericallysymmetricmassive objectendowed with “scalar
charge”. The samefield alsodescribesthe spacetimedueto a
nakedsingularity. Thoughtheexistenceof a nakedsingularity
is debatable,this subjecthasrecentlyattractedtheattentionof
many researchers’minds(seeVirbhadraet al. 1997andrefer-
encestherein).It is notaltogetherclearhow onewouldbeable
to distinguishobservationallyablackholefrom anakedsingu-
larity (if indeedtheseexist). We proposethat the presentlens
modelcouldbehelpful for thispurpose.

Thenew Schwarzschild-MasslessScalargravitational lens
hasinterestingfeatureswhich arenot sharedby otherknown
circularlysymmetricgravitationallenses.For “small” valuesof
the“scalarcharge” to themassratio thelensingis qualitatively
similar (but quantitatively different)to theSchwarzschildlens.

For thesecases,like theSchwarzschildlens,therearetwo im-
agesof oppositeparities(oneon eachsideof the optic axis),
thereexits noradialcritical curve,andthereis only theEinstein
ring. The“scalarcharge” contributesto thedecreasein thera-
dius of the Einsteinring. However, whenthe “scalarcharge”
to the massratio is not small, the gravitational lensaction is
quitedifferentfrom theSchwarzschildlensing.Whenthis ratio
is “verylarge” (for example,γ ≤ 0.001) onegetstwo imagesof
oppositeparitieson thesamesideof thesourceor nil depend-
ing upon the sourceposition.Thereexists one radial critical
curve andno tangentialcritical curve (no Einsteinring) in this
case.However, for “large” ratiocasestherearefour images(two
on eachsideof the optic axis) or two on the samesideof the
source,dependinguponthelocationof source.Thereexist two
tangentialcritical curves(doubleEinsteinrings) and oneradial
critical curve which lies in betweenthem.Oneinterestingfea-
tureof thesecases(“very large” aswell as“large” ratio) is that
onecangetimagesof positiveparityandsometimeslargemag-
nification at smalleranglescomparedto the sourceposition,
cf. Table1. An imagewhich formsat smallerangularposition
comparedto its sourcepositionareusuallydemagnified,unless
it is closeto a critical curve. Thus,undersomesituationsone
cangetmagnifiedimageat smallerangularpositioncompared
to its sourceposition.
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