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Abstract.  Assuming that the physical 3-space t = const in a superdense
star is spheroidal, a static spherically symmetric model based on an exact 
solution of Einstein’s equations is given which will permit densities of the
order of 2 ×1014 gm cm–3, radii of the order of a few kilometers and
masses up to about four times the solar mass. 
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1. Introduction 
 
General relativity establishes a correspondence between matter-energy and the geo-
metry of the physical 3-space, the presence of the former inducing curvatures in the
latter. The space-times associated with Schwarzschild’s interior metric representing
the gravitational field within a sphere containing homogeneous fluid at rest, or with
Einstein’s metric representing a static model of the universe, or de Sitter’s and Robert- 
son-Walker metrics representing models of the expanding universe, contain enough
matter-energy to curve up the physical 3-space t= const into 3-spheres. The radius R
of the 3-sphere is related to the density of matter in each of the above cases. 

This suggests that it would be worthwhile investigating the gravitational situations
described by space-times which give physical spaces t=const as simple closed 3-spaces.
We have explored here the gravitational significance of space-times which have
hypersurfaces t=const as 3-spheroids. It is shown that these space-times can be
used to develop static models describing the gravitational field in the interior of 
superdense condensations of matter like white dwarfs and neutron stars. The 
astrophysical significance of this result is apparent in the light of the fact that only a 
few out of a large number of static solutions of Einstein’s field equations for spherical 
matter-distributions entertain these possibilities. 
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In the next section, the metric on the 3-spheroid is deduced from the metric of the
four-dimensional flat space in which it is immersed. It is observed that spheroidal
3-space exhibits central symmetry. The spherically symmetric form of the space-
time metric for which the hypersurface t = const will be the given spheroidal 3-space,
can be easily written down. The geometry of the space-time is governed by two 
parameters denoted by R and K. 

Following Tolman’s (1939) approach, Einstein’s field equations for spherical distri-
butions of matter in the form of a perfect fluid at rest are written out explicitly. The 
relationship between the matter-density and the geometry of the associated physical 
3-space governed by the parameters R  and K  is critically examined in the next section. 
If   denotes the ratio of the matter-density at the boundary of the star to the density
at its centre, then it is possible to estimate the size of the configuration for different 
values  of   and  K, if the order of magnitude of the density on the boundary is
known. The gravitational field in the exterior region is uniquely described by Schwarz-
schild’s exterior solution. The continuity of metric potentials across the boundary
enables one to estimate the total mass inside the configuration. 

An exact solution of the field equations is derived in Section 4 corresponding to the
particular value K= – 2 and this solution is used to develop the model for a super-
dense star. Assuming the matter-density on the boundary surface of the configu-
ration to be ρ a   2 × 1014 gm cm–3 i.e. of the order of the average matter density in a
neutron star (Rees, Ruffini and Wheeler 1975), the size and the total mass of the
configuration is computed by the scheme outlined in the previous section. 

For different values of density-variation parameter  , the respective relevant
quantities are displayed in a tabular form in Section 6. These estimates clearly 
indicate that the solution gives physically viable static models for superdense stars. 
If we apply these results to describe a neutron star, we find that a maximum mass 
3·575 Μ

☼ is obtained with a radius of 18 ·371 km when   attains the minimum permissible 
value 0·4598. This maximum permissible mass is higher than the maximum upper
limit 3.2 M

☼ obtained by Rhoades and Ruffini (1974) without any recourse to nuclear 
theory. The consequences of relaxing the requirement ρ – 3p/c2   0 to ρ – p/c2   0
are also examined and it is found that the mass limit can be raised even further. This
is an interesting feature of this model because raising the mass limit of a neutron star 
is of significance in deciding whether the unseen component of a binary star system is a 
black hole or a neutron star. 
 
 

2. The field equations 
 
Consider a 4-dimensionaI Euclidean flat space with the metric
 

 
A 3-spheroid immersed in this 4-dimensional flat space will have the ‘Cartesian’
equation 
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The sections w=const of the 3-spheroid are concentric spheres while sections x=const
y=const or z=const represent systems of confocal ellipsoids. The parametrization 
 
x=R sin    sin    cos β, 
 
y=R sin     sin α sin β, 
 
z=R sin     cos   , 
 
w=b cos     , 
 
of the 3-spheroid leads to the metric on the 3-space as
 

(1)
 
On introducing the space variable r through 
 
r = R sin    , 
 
metric (1) transforms to 
 

(2) 
 
where 
 
K = 1 – (b2/R2). (3)
 
For K < 1 , the metric (2) is regular and positive definite at all points r2 < R2. In the
case K=1, the spheroidal 3-space degenerates into flat 3-space and in the case K=0 
(i.e. b=R) the spheroidal 3-space becomes spherical. 

We shall study the space-time with the metric 
 

 
(4) 

 
where 
 

 
It is clear that when K=0, the physical 3-space t = const becomes spherical and so
 
 (i) when ev =  {A +  Β [1 – (r2/R2 )]1/2}2, K= 0, metric (4) gives the metric of

Schwarzschild’s interior solution; 
 (ii) when ν = 0, Κ = 0, metric (4) gives the metric of Einstein's Universe and
(iii)    when ev = 1 – (r2/R2), Κ = 0, metric (4) gives the metric of de Sitter Universe.
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Our aim is to consider the perfect fluid distribution represented by metric (4) when
K < 1, Κ ≠ 0 i.e. when in metric (4) the physical 3-space t=const is spheroidal and
not spherical. For a perfect fluid the energy-momentum tensor is given by
 

 
where ρ and p denote the density and pressure respectively of the fluid and ui stands
for the four-velocity, ui ui = 1. For an equilibrium situation with the metric (4) we
can take 
 

 
The field equations of Einstein,
 

 
will now give, for the space-time metric (4)
 
 
 

(5) 
 
 
 
 

(6) 
 
 
 
together with the consistency condition (T1 = T2) which reads as 
 
 
 
 
 (7) 

 
Here and in what follows an overhead prime implies differentiation with respect to
r(v'  ≡ dv/dr etc). 

Equation (5) shows that the density of the fluid is determined by the curvature of the 
physical 3-space. Thus, in our approach we have replaced the usual equation of 
state of matter by the geometrical requirement that the physical 3-space be spheroidal 
which predetermines the law of variation of density with r. The field equation (6) 
gives the variation of pressure with r when ν is chosen to satisfy Equation (7). In 
the next section we shall see how the law of variation of the density given by Equation 
(5) enables us to estimate the mass and the radius of the configuration. 
 

1 2
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3. Law of variation of density 
 
Expression (5) for the matter density implies that at r = 0, 
 

(8)
 
As K < 1, the central density ρ0 is positive. From Equation (5) we see that if
0 < K < 1, ρ remains positive in the spherical region r2 < 3R2/K which imposes a
restriction on the size of the configuration. However, if K < 0, there is no such 
restriction and ρ remains positive throughout the configuration. It can be verified
that ρ′ is negative so that as r increases, the density decreases from the maximum
value ρ0 at the centre.  On the boundary r = a, it attains the value 
 

  (9) 
 

We find that the ratio ρ   to  ρ0 is given by 
 

(10) 
 

The field in the exterior region r      a is described by the Schwarzschild’s exterior metric

(11) 
 
Hence the metric (4) should be continuous with the metric (11) as we cross the 
boundary r = a. This is achieved by stipulating the continuity of the metric 
coefficients g11 and g44 as also the continuity of the fluid pressure p  across the 
boundary. The continuity of g11 at r = a implies that 
 

(12) 
 
Equation (10) determines a2/R2 in terms of Κ and      as 
 

(13) 
 
and subsequently Equation (12) determines m/a in terms of Κ and    . 

Given ρα,  and K, the parameter R can be calculated from Equation (8). The
radius a and the total mass m of the configuration can subsequently be calculated from
Equations (13) and (12). It is thus seen that the. knowledge of the curvature of the 
physical 3-space is sufficient to form estimates about the size and the mass of the star- 
model. However it is necessary to solve the field Equations (6) and (7) in order to 
see that the physical conditions like p     0, ρ – 3p/c2     0 are satisfied throughout the
configuration. We now go to study these conditions after solving the field equations 
in the next section. 
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4. Solutions of field equations
 
To solve the linear differential Equation (7) for v, we make the following changes in
the variables ν and r. 
 
 
 
 
 
or 
 
 
 
Then Equation (7) reduces to the convenient form
 

 
The points u= ± 1 are regular singular points and all other points are regular points
for this linear equation. If we seek a series solution of this equation in the form
ψ = Σ Ak uk, one gets the following recurrence relation for the coefficients Ak. 
 
 
 
If the parameter K has value such that the equation
 
 
 
admits integral values of n  as solutions, either of the two sets (A0, A2, A4, ...), (A1, A3, 
A5····) contains finite number of elements and the corresponding terms in the
solution-series constitute a finite polynomial. It can be verified that if Κ is to be in 
the range K < 1, the simplest value of Κ is – 2 which corresponds to n = 3. With
Κ = – 2 one obtains the following solution 
 

 
It will be observed that the infinite series with A0 as the coefficient is the expansion
of (1 – u2)3/2. Hence we find the closed-form solution of Equation (7) with K= – 2 
as 
 

 
where z2= 1 – r2/R2, and A and Β are undetermined constants of integration.

Closed-form solutions of Equation (7) have also been obtained for K= –7,
K= –14 etc. but are not reported here. 
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5. Particular solution K= – 2
 
We shall now write down the solution of the field equations corresponding to K= –2
in explicit form and verify that the fluid content satisfies all the relevant physical
restrictions. The metric describing this solution explicitly is 
 
 
 
 

(14) 
 
where 
 
 
 
The matter density and the fluid pressure are found to be 
 

(15) 
 
 
 

(16) 

 
The density ρ and the pressures p at the centre (r = 0) attain the values
 

(17)  
 
 

(18) 
 
If the fluid sphere is of radius a, for r    a the field is described by Schwarzschild’s
exterior solution (11). Making the metric (14) continuous with metric (11) at r=a, 
one gets 
 

(19) 
 

(20) 
 
A further boundary condition is that the fluid pressure must vanish at r= a. This
leads to 
 

(21) 
 
Equations (19), (20) and (21) give Α, Β and m as 
 

(22)  
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(23) 
 
 

 
(24) 

 
It is clear that the constants Β and m  are always positive. However if a2/R2 > , 
A will be negative. But it can be verified that A < 0 would imply ρ0 < p0/c2, an un- 
physical situation. So A is also positive and we have the restriction a2/R2 < , as
a restriction on the boundary radius a. 

In order to ensure that at the centre ρ0   3p0/c2, it is easy to see that we should
further restrict the boundary radius a by 
 
 
 
or 
 

(25) 
 

As a matter of fact, with the restriction (25) on the boundary, we ensure that at
the centre 
 
 
 
In order to ensure that ρ and p are well behaved throughout the configuration we
impose the restriction dp/dρ<c2. (This will also ensure that the velocity of sound
in the fluid is smaller than c). The calculations leading to this restriction are rather 
stiff but straight-forward and we have found that for A/B   0·26 the condition
dp/dp < c2 will be satisfied for all r such that 0 < r      a. 

A physically viable model can be constructed to satisfy all the restrictions and we
give in the concluding section a model for a neutron star based on this particular
 
 

6. Discussion: superdense stars 
 
When thermonuclear sources of energy in the interior of a star are exhausted, the star
undergoes gravitational contraction. As it contracts, its mass density goes on 
increasing and it ultimately ends up as a white dwarf or a neutron star or a black hole.
It is this last stage of stellar evolution which leads to the formation of superdense 
condensations of matter. The model that we have presented here can describe the 
hydrostatic equilibrium conditions in such a superdense star with densities in the 
range of 1014 – l016 gm cm –3. 

Using the scheme outlined in Section 3, we take the matter density on the boundary 
r=a of the star as ρa=2×1014 gm cm–3. Again, we choose different values for the 
ratio    = ρa /ρ0 and for each chosen value of      and the assumed value, ρa we calculate
ρ0. Equation (8) is then used to calculate R2. Equation (13) then gives us an 
 

λ λ 

solution.
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estimate of a, the radius of the star and finally Equation (12) gives the mass of the
star. The value of m as given by Equation (12) will be in km. The mass Μ of the
star in gm is obtained by MG/c2 =m or M=mc2/G. It is easier to express the mass
of the star as a multiple of one solar mass M

☼
. The results of the calculations for 

various values of      are given in Table 1. 
It will be seen from Table 1 that a/R is a decreasing function of  . Now the

physical requirement that ρ, p and ρ – 3p/c2 be all    0 restricts a/R to the condition
(25) viz. a/R     0·5567. 
Therefore the corresponding restriction on     is       0·4598. Thus the first six values of
  in the table give a series of physically viable star-models. The equilibrium radius of
each of these models is of the order of the radius of a neutron star. The maximum 
mass for the configuration is 3·573 M

☼ and is obtained at the radius of 18·37 km. 
Both m and a are decreasing functions of    . 

If however we relax the physical requirement to ρ > 0, p   0, ρ – p/c2   0, the
restriction on a/R is a2/R2 <  or a/R   0·7 and we can go as far as the first eight
values of   in the table. The models will admit higher values of masses and radii, the
maximum mass being 5·037 Μ

☼
 occurring for a radius of 20 km. 

Thus the space-time with metric (14) with space-sections t=const as spheroids (of 
eccentricity √2/3 ) gives us a series of equilibrium configurations each having surface 
density, mass and radius of the same order as in a neutron star. Without recourse to
any equation of state, but using purely geometrical properties, we have been able to 
derive these models. One good feature of these models is that they permit higher 
values of maximum mass of a neutron star than the values permitted by a similar 
non-nuclear analysis by Rhoades and Ruffini (1974). 

Though numerical calculations have been carried out for the exact solution corres- 
ponding to K= –2, the method is quite general and can be used for a whole series of
models with K < 1.
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