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SUMMABILITY OF HERMITE EXPANSIONS. 1

S. THANGAVELU

ABSTRACT. We study the summability of one-dimensional Hermite expansions.
We prove that the critical index for the Riesz summability is 1/6 . We also prove
analogues of the Fejér-Lebesgue theorem and Riemann’s localisation principle.

1. INTRODUCTION

In 1965 Askey and Wainger [3] studied the mean convergence of Laguerre
and Hermite expansions in L”(R). In their work it was proved that the series
converges to the function if and only if 4/3 < p < 4. Later in [17] Muck-
enhoupt enlarged the range of convergence by admitting more general weight
functions. Since the series fails to converge for p lying outside the interval
(4/3,4) it is necessary to consider suitable summability methods. In 1965 it-
self Freud and Knapowski [9] had solved the (C,a) summability problem for
p=oo and a=1. Here (C,a) stands for the Cesaro means of order a. The
(C,1) summability for 1 < p < oo was established by E. L. Poiani in 1972 [21]
and independently by Freud [7], also [8]. Both Freud and Poiani considered
more general weight functions. For 0 < a < 1, the problem remained unsolved
for some time.

In the 1980s the (C,a) summability for 0 < a < 1 was taken up by C. Mar-
kett in a series of papers [14-16). He obtained norm estimates from above and
below for the (C,a) means of Hermite and Laguerre expansions and proved
that they converge in the mean for 1 < p < oo provided a is bigger than 1/2.
In the case of Laguerre series the problem was completely solved but it was not
so in the Hermite case. The upper and lower bounds he obtained for the Her-
mite case match when a = 0 but for 0 < a < 1/2 there is a gap between them.
Let a, denote the critical index, i.e. the largest o > 0 with the property that
the expansion is not (C,a) summable for at least one f in L'(R) . Markett
proved that o = 1/2 for the Laguerre expansions. But in the case of Hermite
expansions he could only say that 1/6 < o < 1/2. It was noted that there is
an essential difference between the two expansions.

Let p, be the largest p in [1 , 2] such that a given orthogonal expansion
diverges for at least one f in L” and let y be determined by IS,Il, = n’ as
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n tends to oo where S, are the partial sums operators. Thus for the Hermite
series we have p, = 4/3, y=1/6 and 1/6 <« < 1/2 and for the Laguerre
series p, =4/3, y =1/2 and a_ = 1/2. In [13] Lorch conjectured that one
should have y = a in both cases. This is certainly true for the Laguerre case
and will be true for the Hermite case also if we have o = 1/6. At this point let
us mention another principle noted by Askey in [1]. In several known cases it
was noted that the line in the (1/p,a) plane connecting the points (1, ) and
(1/py,0) always meets the point (1/2, —1/2). This principle of Askey applies
to the Laguerre case but would apply to the Hermite case only if o = 1/2.
Thus it appears that either Lorch’s conjecture or Askey’s principle fails in the
Hermite case.

In this paper we consider the Riesz summability of the Hermite series for
0 < a < 1/2. The critical index turns out to be 1/6 in accordance with the
conjecture of Lorch. Thus Askey’s principle fails in the Hermite case. We can
summarize the main results of this paper as follows.

(i) Convergence in the norm. The Riesz means Sg(a) are uniformly bounded
on L, 1 < p < oo, provided a > 1/6. As R tends to infinity Si(a)f
converges to f in the norm for all f in L.

(i1) Boundedness of the maximal operator. The maximal operator M asso-
ciated with Sg(a) is bounded on L”, for 1 < p < oo, and is weak type (1,
1) whenever a > 1/6. Consequently, the Riesz means Sg(a)f converges to f
a.e.

(ii1) Analogue of the Fejér-Lebesgue theorem. If both x and —x are Lebesgue
points of the function f, then Sp(a)f(x) converges to f(x) as R tends to
infinity provided a > 1/6.

(iv) Analogue of Riemann’s localisation theorem. If f vanishes near the
points x and —Xx, then Sp(a)f(x) converges to 0 as R tends to infinity
under the condition that a > 1/6.

(v) Summability below the critical index. Assume that 0 < a < 1/6 and
f belongs to L”. Then Sg(a)f converges to f in the norm if and only if
4/(6a+3)<p<4/(1-6a).

All these results are proved in §5 as easy consequences of the estimates we
get for the kernel of the Riesz means in §4. In the next section we begin with
the preliminaries and obtain a good integral representation for the kernel of the
Riesz means. In §4 we will study certain oscillatory integrals obtaining good
estimates of them.

This paper represents a part of my Princeton University thesis written under
the guidance of Professor E. M. Stein. I take this opportunity to express my
gratitude towards my advisor for the constant encouragement and many useful
suggestions I got from him during the course of this work. Some of my original
proofs were simplified with great help from my advisor.
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2. PRELIMINARIES

The following notations will be used. The Hermite polynomials H,(x) are

defined by the equation H (x) = (—1)" exp(x>)(d/dx)"{exp(-x*)} . The nor-
malised Hermite functions ¢, (x) are then defined by

= (2"van)) " exp(- /2)Hn(x) .

The functions {q)”(x)} form a complete orthonormal system in Lz(—oo,oo) .
Since ¢,(x) belongs to all L? spaces, we can talk about the generalised Fourier
coefficients of any f in L’ for any p. The coefficients f”(n) are defined by
in) = [f (x)p,(x)dx. Thus to each function f we have an associated
expansion f(x) =3 ., f A(n)¢n(x) . It is clear that the series converges to f

in the L norm if f isin L. However, in general, for p different from 2 the
series fails to converge in the L” norm unless a suitable summation method is
applied. Indeed, as proved by Askey and Wainger in [3] the series converges
only if 4/3 < p < 4. Thus we are led to consider the Riesz and Cesaro means
of the Hermite expansion.

The Hermite functions are the eigenfunctions of the elliptic operator (——Bf +
xz) . So in accordance with the general theory of the eigenfunction expansions
associated with elliptic operators, we define the Riesz means for the Hermite
series as follows. Let o and R be two positive numbers. The Riesz means of
order a, denoted by Sp(a)f is defined by

Sp(@)f(x) = " (1= N/R)* N (n)g,(x)
N<R

where N = (2n+1). The following formula connecting Riesz means of different
order is useful. If a« and B are positive, then we have the formula

INa+ B+ -1
SR(a+ﬂ) I“(+—l)l"(M/ (1 ) R,(a)dt
From this equation it follows that the convergence of Sp(a)f implies the con-
vergence of Sp(B)f for any B > a. To introduce the Cesaro means let us
define A4, (a) by the formula 4, (a) =T'(k+a+1)/{I'(k + )I'(a + 1)} for a
greater than —1. The nth Cesaro means of order « is defined by

C,(0)f(x) = (4,(2)" 3 4, (&) (k)g, (x).
k<n
There is a formula connecting two Cesaro means of different orders. When
a>-1and > -1

Cola+B)f(x)=(4,(a+B) " Y A,k (B) 4, (a)Cy () f(x).

k<n

Another interesting result is the following theorem of Gergen [10] which ex-
presses the Cesaro means in terms of the Riesz means and vice versa.
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Theorem (Gergen). Let k be the integral part of . There exists two functions
U(x) and V(x), U(x)=0(x"?), as x = 0o, U(x) = O(x**"), as x — 0;

V(x) = O(x_z), as x — oo, V(x) = Ox"), as x — 0 such that we have:
Spla)=n"" Yk<n V(n—k)4,(a)Cy(a) and

C,(a) = (4,(a))”" /0 “Un+1- 1S (a) dt.

From this theorem it is clear that the convergence of one means implies the
convergence of the other. For technical reasons we consider the Riesz means
rather than the Cesaro means. Before proceeding to consider the Riesz means
let us pause for a moment to see why 1/6 is a possible candidate for the critical
index.

Suppose the Cesaro means C,(a)f of an L? function converges to f in the
norm. Then C,(a) considered as operators acting on L” would be uniformly
bounded. Since the partial sums S, are Cesaro means of order 0, we can
express them in terms of C,(a) as follows [2]:

S, f(x) = A (@), _i(—a - 1)Cila)f(x).

k<n
From this relation it follows that
I mlle,ll, < C D14, (@)A4, i (—a = DIIA,-
k<n

If we use the fact that 4, (a) = O(k®), we obtain immediately |f Nn)| e, <
CN°|\fIl o Let g be the exponent conjugate to p. By choosing an f such that
| [ f(x)p,(x)dx| > 31 fll, 9], weeet llg,l,lle,ll, < CN*. Now it is easy to
get a lower bound for |lg, [, ll¢,ll, -

Lemma 2.1. There is a constant C such that for large n the following estimates
hold:

ol > CN~V12 N lp,l, > CN-VANI2
Proof. To prove the first inequality we use the following asymptotic prop-
erty of ¢, (x) which is proved in [26]. Let x = (N'/2 - 27'/23713p=1/y
where ¢ is bounded and let Ai(¢) denote the Airy function. We have ¢, (x) =
313214~ =112 Aj(1)+ O(n~ %)) . We can find an & > O such that |Ai(f)| > ¢
for |t| < & for some constant c¢. Therefore, for |f| <& |gp,(x)] > cln"/l2 -
czn—z/ 3. From the above by choosing n large we obtain for N 2 _sN~8 <
x < N2 4 6N7V6, |, (x)| > CN™''?  Integrating over the interval N
SN/ < x < N'?+ 6N we get |lp,ll, > CN~V'*N~"/% This proves
the first estimate. To prove the other estimate we use the following result of
Muckenhoupt.

172 _

Let w(x) be a measurable function and 1 <p <oo. Let E, be the interval

172 yl/2 — 1] and Iy be the set of all integers n such that y < 2n+1 <

3y
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y+ y'/ 3. Then there exists Y, and C > 0 depending only on p such that for

Y2y
I/p
( / 10, (x)w(x)P dx) >C ( / w(x)/(y — )P dx)
E, Ey

for at least 3/5 of the integers n in 1.
Taking w =1 in the above result we immediately obtain the following esti-

mate:
I/p
14
(/Eyw,,(xn dx) zc(/E

y

1/p

1/p
(v —x")~"" dx) > cy” Myl

1/4 pr1/2g

Since y is comparable with N we obtain ||, ||, > cN - . Hence the

lemma.

Theorem 2.1. If the operators C,(c) are uniformly bounded on L? forap<4
then we necessarily have p > 4/(6a+3). In particular C,(a)f cannot converge

in the norm for all f in L' unless o is greater than 1/6.

Proof. As observed above the uniform boundedness of C,(a) implies that
l,ll,llg,ll, < 2CN®. In view of Lemma 2.1 we have

1 a—1/242/3
gl llg,ll, > €N~

and therefore, we need to have N —1/2+2/3p < CN” which will be true for large
N only if a > —-1/2+2/3p or p > 4/(6a + 3). For p = 1 this implies
a>1/6.

3. RIESZ KERNEL FOR THE HERMITE SERIES

The aim of this section is to get a good expression for the kernel of the
Riesz means of the Hermite series. Before describing how we go about this,
let us briefly indicate the methods employed by the previous authors. The
Christoffel-Darboux formula came in handy to study the kernel of the partial
sums operators. This formula, together with an ingenious device of Pollard [22]
gives a good expression for the kernel of S,(0). Then, using the asymptotic
estimates for the Hermite and Laguerre polynomials obtained by Erdelyi and
Skovgaard [5], Askey and Wainger obtained good estimates for the kernel of
Sz(0). The other tools they used were Hardy’s inequality and the theory of
Hilbert transform.

An idea of Campbell was used by Poiani in the study of the Cesaro means
of order 1 of the Hermite and Laguerre series. An exact expression for the
Cesaro kernel of the Laguerre series was obtained by Campbell in [4] and was
given in terms of a differential operator. This technique was already used by
Ernst in 1969 to study the L” convergence of (C, 1) means of Laguerre series.
Poiani used this technique together with the asymptotic estimates to get good
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estimates for the Cesaro kernel. To study the Cesaro kernels of fractional order
Markett used the product formulas of the Laguerre polynomials as the starting
point. He defined certain operators called the Laguerre translation operators and
expressed the kernels in terms of these operators. He obtained good estimates
when a > 1/2 but his method failed to yield good estimates when 0 < a < 1/2.

Our investigations of the Hermite series are based on Mehler’s formula. For
technical reasons we consider the Riesz means instead of the usually considered
Cesaro means. In view of the theorem of Gergen both means converge or diverge
together. We obtain an expression for the kernel of the Riesz means in terms
of certain oscillatory integrals. This point of view had already been taken by
E. Kogbetliantz [12] who treated the pointwise convergence of the Laguerre and
Hermite series at length around 1935. He used the method of steepest descent
to study the kernel. But unfortunately, as pointed out by Poiani in [21], his
.investigations were based on an erroneous estimate. We use the method of
stationary phase to estimate the oscillatory integrals and we do not need any
asymptotic estimates of the Hermite polynomials.

Let us start with the Mehler kernel. For |r| < 1, the Mehler kernel M (x,y)
is defined by

(3.1) M(x,y)=)Y r"p,(X)9,»).

n>0

As proved in [26] this series can be summed to give the following formula:
-1/2
)~ exp(B,(x,))

where B (x,y) = —%(x2 +y2){(1 + rz)/(l - r2)} +2rxy/(1 - r2) . Let us define
a related kernel G,(f,x,y) in the following way. For 0 < r < 1, this kernel is
defined by the series

(3.3) G(t,x,y) = e """y (x)p, ().

n>0

(3.2) M(x,y)= n_l/z(l —

In terms of the Mehler kernel, G, (,x,y) = e_”Mp(x,y) where p = re .
Let G(¢,x,y) be the limit of G,(¢,x,y) as r tends to 1 which exists whenever
sin2¢ is different from zero. A simple calculation shows that G(t,x,y) =

Co(sin 2t)—'/2ew(') where ¢, is a constant and ¢ is given by
@(t) = —xy cosec 2t + %(x2 +y%)cot2t.

We will now prove the following lemma which gives an integral representation
of the Riesz kernel in terms of G(¢,x,y).

Lemma 3.1. The kernel Sp(x,y) = Sg(a;x,y) of the Riesz means Sgp(a) is
given by the integral

Splx,y) = cRRe{/Oc>o g(Rt)G(t,x,y)dt}
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where g is the inverse Fourier transform of the function h defined to be (1—|t|)"
when |t| < 1 and O otherwise and c is a constant.

Proof. We start with the following observation. With N = 2n + 1 and *
defined as above the kernel of Riesz means of order a is given by the sum
Sp(x,y) =2 h(N/R)p,(x)p,(y). We write this as a limit

Sp(x,y) =LimY _h(N/R)r"9,(x)p,(»).-

We will now get an integral expression for the right-hand side. Since the func-
tions 4 and g are both in L (we will see shortly why this is so with g ), by
Fourier inversion we can write A(A/R) = R [ g(Rt)e"“’ dt. Now, multiplying
(3.3) by Rg(Rt) on both sides we get

—(@2n+1)i
(3.9) Rg(RNG,(t,x,y) =Y e " Reg(RD)"p, (x)p,(») .-

n>0
Since the Hermite functions are uniformly in L® the above series converges
absolutely and uniformly in x and y. Therefore, term by term integration
is possible. Integrating both sides and noting the inversion formula for 4 we
obtain

65 [Re®oG . xp)dt=T () 70,(x)0,0).

Thus Sg(x,y) = lim,_, [ Rg(Rt)G (t,x,y)dt. We will presently show that
we can pass to the limit under the integral sign.
Defining

B (1) = ——%(x2 + yz){(l + r2e_4it)/(l - rze_‘m)} + 2re_2"xy/(l - rze_‘m)
and A4,(1) = (eZi' - r2e'2”)'1/2 we can write
G,(t,x,y)=n""4,(t)exp(B,(1)).
We claim that whenever sin 2¢ is different from zero |4,(¢)| < C(sin 26" Z and

|exp B, ()| < C, for 1/2 <r < 1. An easy calculation shows that |A,(t)|_4 =

(1 - r2)2 + 4r’sin?2¢ from which follows the estimate for A,(t). Another
calculation shows that

(3.6) Re(1+ e ) /(1-re ™) = 14,0 (1 - r*),

(3.7) Rere 2 j(1—rPe™") =4 (1)]*r(1 = r*)cos 2t.

The claim about B, (¢) will follow if we show that

L= PP+ (1 + 7)) — dxyreos 21} < 0.

When xy cos 2t is negative there is nothing to prove. So with xycos2t >0,
we consider the function f(r) = (x2 + yz)(l + r2) — 4xyrcos2t. The first
derivative vanishes at the point r = 2xycos Zt(x2 + yz)_l where f(r) takes
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the minimum. A calculation shows that the minimum value is (x* + y?) —
4x2y2 cos’ 2t(x2 + yz)_l which is clearly positive. Hence the claim.

Therefore, by the dominated convergence theorem we can pass to the limit
in (3.5) getting S,(x,y) = [ Rg(Rt)G(t,x,y)dt. Since the function # is real
and even g is also real and even and so

Sp(x,y) =cRRe {/Ooo g(Rt)G(t,x,y)dt} .

Thus we get an expression for the kernel in terms of an oscillatory integral.
Hence the lemma.

For studying the oscillatory integral appearing in the lemma we need to know
how the function g behaves at infinity. An explicit calculation of g is possible.
Assume that 0 < a < 1. Since #/ is an even function g is real and is given by

i , 1 .
glt) = / (1-s)e"ds +/ (1-s5)e " ds.
0 0

By making a change of variable we have

—it it it —it.
git)=e / se"ds+e' / se " ds.
0<i<1 0<i<1

After an integration by parts we are left with

(3.8) g(t) = iat™! {e_”/ s“ e ds — e”/ sl ds} )
0<<1 0<i<1

Consider the first integral. We write this as

—it 1 —its —it —1 it
e / s ds—e / s e ds.
>0 >1

For the first part we have the formula (see [19, p. 98])
[o0) . .
/ sa—lezts ds = r(a)ema/Zt—a ]
0

One more integration by parts shows that e Jia s* e ds = O(t_'). The
derivative of this last integral also is seen to have the same growth property.
Thus, we have proved

Lemma 3.2. Assume that 0 < o < 1. Then g is a bounded function and for
t>1 we have

(3.9) g(t) =, e czt_a_le_” + c3t_2g0(t)

where g(t) is bounded together with its derivative. In particular the function g
is integrable.

Thus to get an estimate for the Riesz kernel we have to study certain oscil-
latory integrals. Certain reductions in the expression of the kernel is possible.
Since the phase function ¢(¢) is periodic with period = it is enough to con-
sider the integrals R f;_, . g{R(t + kn)}G(t,x,y)dt. Among these integrals
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the most difficult one to estimate is the integral corresponding to k¥ = 0. In fact,
we will estimate only this, since the estimation of other integrals are similar.

4. ESTIMATION OF THE RIESZ KERNEL

As indicated in the previous section, we need to estimate
R g(RHG(t,x,y)dt.
0<t<m
Further reduction of this integral is possible. By making a change of variable,
we can reduce everything to the estimation of the following two integrals:

(4.1) I=R g(RY)(sin20)" 2"V d
0<t<n/4

(4.2) J=R g{R(t + kn)}(sin2¢) e W dy,
0<t<n/4

where ¢*(t) = xycosec2t + 1(x* + y*)cot2¢ and k is different from zero.
Again we will only estimate /. The estimation of J is similar. In fact, it is a
lot easier than the estimation of /. In what follows C will denote a generic
constant which varies from one place to another. Also we are assuming that
1/6<a<1/2.

Let 6 be a smooth function which vanishes for ¢ < 1/2 and is identically
one for ¢ > 1. We split I into two parts, viz. I = 4,+ A where

(4.3) A=R / O(Rt)g(Ret)(sin2t)”?e*" dt,

(44) A= R [ {1-8(Re)}g(R)(sin20)” e a1,
0

both integrals being extended from 0 to n/4. The estimation of 4, is easy.
A mere integration by parts gives a good estimate.

For that purpose we need an estimate on the first derivative of ¢ . Since we
have —¢'(¢) sin? 2t = 4xysin® 2t + [x — y|2 we get the estimate
(4.5) —¢'(1)sin’2¢ > Lx —y|*, forO<t<m/4.
Another estimate we need is the following one which bounds the second deriva-
tive of ¢ in terms of its first derivative. We claim that
(4.6) lo”(¢)sin2¢| < 419’ (1), for0<t< /4.
To prove the claim we have ¢”(f)sin’2t = 4{—4xysin*¢ + (x — y)? cos 2t} .
Therefore, when xy > 0 it is clear that |p"(¢)sin’ 2¢| < 4|¢’(¢) sin® 2¢| . When
xy <0 we need to check if

4.7) —4xy sin* £ + (x - y)2 cos2t < 4xy sin’ ¢ + (x - y)2 .

If this is not so we will have for some f,, —4xy sin® L+ (x - y)2 cos 2ty >
4xy sin’ ty+ (x - y)2 or —4xy sin’ to{l + sin? th} > 2(x - y)2 sin’ t, which
implies —2xy sin? I, > 2+ y2 . Since this is not true the claim is proved. We
can now prove the following proposition.
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Proposition 4.1. There exists a constant C independent of x,y and R such
that

(4.8) o] < CR"(1+ R'?|x - y))
Proof. Actually we can prove a better estimate. Since g(¢) is bounded, we get
the obvious estimate |4y < C R'?. Integrating by parts and using estimates
(4.5) and (4.6) we obtain |4,|-< CR_1/2|x—y|'2 . Combining the two estimates
we have |4, < CRY 2(1 + Rlx — y|2)_l . This proves the proposition since
R'*(1+ Rjx —y|*)~" is dominated by R'*(1 + R"?|x —y|)~*~%¢.

1/2 —a—5/6

To estimate A we use the fact that g contains three terms as given in Lemma
3.2. We estimate only the first two integrals coming from the terms et
and t ® 'e”". The estimation of the integral involving 2 8,(?) is easy and
will not be considered. Thus, we have to estimate the following two oscillatory

integrals:

(4.9) K=R" / O(RE)™ "(sin2) 2R g,

(4.10) L=R" / 6(R1) ™ (sin2e)"?e e gy .

Our aim is to prove the following proposition which gives a good estimate for
the term A.

Proposition 4.2. There is a constant C independent of x,y and R such that
(4.11) |4 < CRP(1+ R x —y)) ™S,

For L we can actually prove the estimate RY 2(1 + RY 2Ix - yl)_3/ 2 This
estimate of L follows from an integration by parts. By letting o(¢) = —Rt+¢(?)
we calculate the first derivative of o. We have —a'(¢) sin’2¢ = Rsin’2¢ +
4xy sin’t + (x —-y)2 . Since sin2t > ct for 0 <t < m/4 we get

(4.12) lo’(¢)sin® 21| > C{R:* + (x — y)°}.

Since ¢”(¢) = " (), in view of (4.6), we get another estimate

(4.13) la” (2)sin 2¢] = |p" (¢) sin 2t| < 4|9’ (1)} < 4|a’ (1)].

Integrating L by parts, the boundary term is seen to be bounded by
Rl/z(1 + R1/2|x _yl)—a—5/6-

In view of estimates (4.12) and (4.13), it is easily seen that the differentiated
terms are bounded by the integral R™“ fl/RStSnM(th +(x—p)H) e 2y
This last integral is bounded by R~ Ji/r<i<nya 7752 dr < CRY? . Itis also
bounded by

(4.14) R V% - y|‘3/2/ 7 dt < CRTx =y 72,
1

/R<t<n/4
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n/2+l/|2| |—a—5/6 1/2

which in turn is bounded by R~ x—y when |x —y| > R™
as 1/6 < a < 1/2. Combining R"? and R™**'2|x — y|7*7/% we get
IL| < CRY* (1 + RV |x -y 7.

To study K let us replace x and y by R"*x and R'/zy in (4.9) for the
sake of convenience and consider the integral

(4.15) K*'=R"" / O(Re)t ™ (sin2t) 2™ gy |
Putting w(z) =t + ¢(t), we are looking at integrals of the form
I= /w(t)eiR"’(')dt.

We are interested in the asymptotic behavior of this integral as R tends to
infinity. If the derivative y’ never vanishes on the support of w, then it
follows that I = O(R_k) for all k. The method of stationary phase asserts
that the main contribution of the integral comes from the points where the first
derivative of i is zero. The following lemma of Van der Corput is the main
tool which we use to study the oscillatory integral K* . The proof of this lemma
is given in Stein [24].

Lemma 4.1. Suppose y is a real valued smooth function defined on [a,b].
Assume that |y/(k)(t)| is bounded away from 0. When k = 1 we further assume
that y'(t) is monotonic. Then we have

/ w(t)e™™*" dt’ <c R {|w(b)|+ /
[a,b] [a,b]

(4.16)

|w'(t)|dt} :

To apply this lemma to our integral we have to treat several cases. When
there are no stationary points we apply the lemma with k =1 and when there
are two distinct stationary points we apply the lemma with k = 2. We also
have to consider the case when the two stationary points are close to each other.
In that case we apply the lemma with Kk = 3. An easily obtained estimate
is |[K*| < CR'?. This follows by a simple integration. If we combine this
estimate with |[K*| < CR™*'|x — y|7*7%/% 0 be proved for |x — y| > 2R™"
we will get the estimate |K*| < CR'/Z(I + R|x — y|)_°'_5/6 which will at once
prove the proposition.

Getting the estimate |[K*| < CR™®?|x — y|7*7® is easy when |x — y| is
large. We get a lower bound for the third derivative of ¥ and apply Lemma
4.1. We claim that |y""(1)| > 4(x — y)2 for 0 <t < m/4. Putting cos2t =4,
xy =b and x> +y® = a’ we easily calculate y" . We have that

n

ly" (1)sin® 21| = 8(2a°A* — b2 — 5bA +a?).

To prove the claim it is therefore enough to check if 2(2(12/12 .y - 5b/1+a2) >
(a2 —2b). When b is negative there is nothing to check. When & is positive
we will show that (2a°A% — bA®> — 5b4 + a®) > (a® — 2b). Since a* > 2b it is




130 S. THANGAVELU

enough to check if G(1) = 4> 225142 >0 for 0 <A< 1 which is true as
G(A) attains a minimum of 0 at A = 1. This proves the claim. We are now
ready to prove the following lemma.

Lemma 4.2. When |x — y| > 2d, we have the estimate

K*| < CR_°_1/3|x _ yl—a—5/6-
Proof. Before applying Lemma 4.1 we have to do an integration by parts:
(4.17)

K =iR™™! / O(RE)™* " (sin 2¢6)*(4xy sin® £ + (x — y)*) ™ d(e?Y).

The boundary term is bounded by a constant times R““"llx - yl'z.
Since 1/6 < a < 1/2 and |x — y| is bigger than 2J this is bounded by
R '3|x = y|7*75/® | When differentiation falls on the integrand all but one
term give the same bound as above. The only one term to be estimated is given
by

(4.18) K™ =R"° / O(Re)t " (sin20)*(4xysin’ t + (x — y)}) "'V dr.

Applying Lemma 4.1 to K™ we get

K" SC,R-a—l/slx_yl-z/s—z 1+/ 12 g b
>1/R

Since @ < 1/2 and |x —y| > 20 we have the estimate

—a—1/3 l—a—5/6

K| < CR Ix -y

Hence the lemma.

Having estimated K* for |x—y| > 26 , we now turn our attention to estimate
that for the region 2R ' < |x —y| < 2. By putting (x — y)2 = 4;?2 we want
to estimate K* for the region R™' < B < &. We split the integral K* into two
parts by writing K* = B+ B where

B2 :

B,= R / (R0 (sin20)” 2R gy |
0
n/4

B=R""[ 6®R) " '(sin2t)" 2™V dr.
B2

Estimation of the first integral is easy since the first derivative of ¢ is bounded
away from 0 in the interval of integration. Indeed, since 0 < ¢ < /2 for the
first integral and the first derivative of y is given by —y/'(¢) sin” 2t = — sin” 2¢+
4xy sin’ 7 + (x— y)2 we have | — y'(1) sin’ 2t > /32 . We also have the estimate
lw" (1)) = 19" (2)| < 4|9’ (1) cosec2t < 4cosec2t + 4|y’ ()| cosec 2t . Integrating
by parts and using the above estimates, we get the bound R~
for B,.

a—1/3 ~a—5/6

|x -yl
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Next we consider the term B for the region R! < B < J. Now, we have
to determine the stationary points of the phase function y . Putting cos2t =
A, we see that the first derivative of y satisfies the equation —y/'(¢) sin’ 2t =
(A2 = 2bA + da* — 1). First consider the case when b < 0. Since the function
f(A) = (A* = 2bA + a* — 1) is increasing it vanishes only if a® < 1. If we
choose J to be smaller than 1/4, then for the region |x — y| < 2J, we have
< |x— y|2 < 1/4 and hence there is only one stationary point. This stationary
point is given by cos2t, = b+ m where m* = (1- xz)(l —y2). Observe that
m* > 1/4 as a’ < 1/2.

When b > 0, the function f(4) = (/'l2 —2bA+ad* - 1) decreases as long as
0 < A < b, reaches a minimum at b and then increases. When a’ >2 f does
not vanish at all. There are two neighbouring stationary points ¢, and ¢, when
1/2 < a’ <2 and b < 1. These are given by the equations cos2t, = b+ m
and cos2t, = b — m. Observe that these two stationary points coincide when
either x = 1 or y = 1. Finally, when a’ < 1/2, there is only one stationary
point, namely ¢, . Thus, we have to treat several cases in order to estimate the
integral B.

Let us start with the case when there is only one stationary point. This
comprises the cases when b < 0 and b > 0 but a* < 1/2. We need to calculate
the second derivative of y at the stationary point. A simple calculation shows
that

v'(t) =4 cosec’ 2t{a2 cos2t — beos’ 2t — b}

and y"(1,) = 4mcosec2t, . Since m > 1/2, we get the lower bound y"(t,) >
2cosec 2t, . Having made all these preliminary observations, we can now prove
the following lemma.

Lemma 4.3. Assume that b <0 or b >0 and a* < 1/2. Then for the region
|x —y| £ 20 we have the estimate |B| < CR_“_1/3|x - yl—"_sl6 provided o is
smaller than 1/4.

Proof. First we consider the case when b is negative. In that case it is easily
seen that y"(¢) is a decreasing function of ¢ in the interval f/2 <t <¢,. This
implies, for §/2 <t < t,, the lower bound |y"(¢)] > y"(¢,) > 2cosec2t, . If
we apply Lemma 4.1 to the integral

t

1 .
R [ oRO™ "(sin2e) 2™ gy
B/2

we get the estimate CR™*""/ 2{tl_°‘_1 + B *(sin 2t,)" 2} . Now, another cal-
culation shows that sin’ 2t, = a* - 2bcos 2t, sothat i|x—y’ < 4® <sin’ 2t <
[x — y|2 . In view of this, we get the estimate CR
bounded by CR™*3|x — y|7*=%/6

=212 — yI7*"! which is
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It remains to consider the integral
n/4 .
R™" / O(Re)t™ " (sin20) 2™V gy
4

Let ¢ = % sin 2¢, . We claim that we have the following estimates:

n

(4.19) v'(0) 23w, fort <t<t +e,

(4.20) v'(t) > 1/10, fort +e<t<m/4.

Postponing the proof of the claim for a moment let us see how we complete the
proof of the lemma in the present case. We split the integral into two parts, one
from ¢, to ¢, +¢ and the other from ¢, +¢ to n/4. Applying Lemma 4.1 with
k =2 and k =1 and using estimates (4.19) and (4.20) we get the estimates
we wanted. Let us return to the proof of the claim now.

If ¢ is small enough it is clear that in an ¢ neighborhood of ¢, we can have
w" (1) > y"(¢,) and outside the ¢ neighborhood y’(¢) could be bounded away
from zero. Our task is to find a suitable ¢. To do that we use Taylor’s theorem
with the integral form of remainder. Since y/'(tl) = 0 Taylor’s theorem applied
to the function y'(t) gives

V(0 = (=10 1)+ [ (=50 () ds = =000+ [ (s=)(=v"(5)) ds.

141
Since

v'(s)= -24 cosec’ 2s cot 2s{a2 cos2s — bcos” 25 — b}

— 8 cosec’ 25{a2 — 2bcos 2t}
is negative
(4.21) vty > (@—-t)y"(t), fort, <t<m/4.
Also |y (1)| = 6 cot 2ty" (1) + 8 cosec® 2t{a® — 2b cos 2t} is decreasing for ¢, <
t < m/4 and so we have |y"(¢) — w" ()| < |y ()|t = t,). Since y"(1)) =
4mcosec2t, > 2cosec2t, we see that |y"’(1,)] < 10cosec2s,y"(t,) so that

lw"(t)—w"(1,)] < 10cosec2t,y"(¢,)(t—1,) . Now if we take & = 5;sin2¢, then
for t, <t <t +¢& we get

(4.22) vt - w0 < 3w ) or () 23w ().

Hence from (4.21), for ¢, <t < t, + &, we get the lower bound v'(t) >
%(t - t,)!//"(tl). From this, since y'(f) is increasing in the interval t,+e<
t < /4, wehave y'(1) > y'(t, + &) > Ley"(t,) which proves the claim by the
choice of ¢.

This takes care of the case when xy < 0. Next consider the case when
xy > 0. In this case the second derivative of y vanishes at the point ¢,
defined by cos2t; = x/y (resp. y/x) when x <y (resp. y < x). As before
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the stationary point is at f; where cos2t, =b+m and m > 1/2 as a’ < 1/2.
There are three integrals to consider. First we estimate
e[ O(Re)t ' (sin2¢) 2V gt
1)
From the expression —y"(f)sin*2r = 8(2a%A% — bA> — 5bA + a%) it is easily
seen that y""(¢) is negative. Hence y'(¢) attains a maximum at ¢, and then
decreases in the interval ¢, <t < n/4.

We therefore have the estimate |y'(f)| > |v'(n/4) sin’ /2] = (1 - az) >
1/2. Applying Lemma 4.1 with kK = 1 we immediately get the estimate. The
estimation of the other two integrals is similar to the previous case, namely the
case when xy is negative. For example, consider the integral

R O(Re)t ™ "(sin2t) "2 gy
B/2

Applying Taylor’s theorem to y’'(¢) we can show that |y'(f)| > (¢, - )" (¢,)
for B/2<t<t . If weset ¢ = }sin2¢, sothat ¢ < 31, thenfor t, -t >¢,ie.
for t <t —e, |y (¢)] > 2ecosec2t, > 4. Also since y"(¢) is decreasing in the
interval /2 <t <1, |¥" (1) > " (1,) > 2cosec2s, . Split the integral into two
parts and apply Lemma 4.1 as before. Since sin’ 2t = a’ - 2bcos 2t > a’-2b
we get the estimate CR™®'’|x — y|™* %% Finally, the estimation of the
integral

14 .
R™™ [ O(Re)t™ "(sin2e)" 2" gy

is similarly done. Proceeding as above, we can show that the choice ¢ =
216 sin 2¢, works. Thus we have taken care of the case with one stationary point.

Next we consider the case x*+ y2 > 1/2. In this case there are two stationary
points for the function y and when either x =1 or y = 1 they coincide with
one another. Somehow, the method of stationary phase applied as such to the
integral B fails to give a good estimate. So, a more careful analysis of the
integral is needed. Let J be chosen so small that when |x — y| < 2d, we have
1B < % 63/ 5 and xy > t for some 7. We split the integral B into two parts,
viz. B=F,+ F with

n/4 ;
F,=R™" / O(Ri)t™" " (sin2t)" 2R gy,
pB3>

pB*?

F=R "' / O(Re) " '(sin2e) 2™ gy
B/2

Here we take p = 1 or 1/3. An application of Lemma 4.1 will give a good
estimate for F,. To estimate F we first rewrite the phase function in a different
form and then apply the method of stationary phase. The next lemma gives the
required estimate for F;. Recall that we are considering the case xy >0 and

2+ >1)2.
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Lemma 4.4. For the region 2R™' < |x —y| <28, where d is small, we have the
estimate

(4.23) |Fy| < CR™®™'P|x — y 778,

Proof. We are going to apply Lemma 4.1 with k¥ = 3. So, we need a lower
bound for the third derivative of . With cos2t = A we have the following
expression for the third derivative:

(4.24) lv" ()] = 8(2a*A* — bA® — 5bA + a*)(1 - 22) 2.

We claim that for 0 < ¢ < n/4, |y (t)] > xy. To prove the claim, since
a® > 2b, it is enough to check if 8(44% — 4> — 54 +2) > (1 — 4%)?. But
(44 =23 =54+2) = (2—2)(1-2)* so that we have to check if 8(2—1) > (1+4)’
which is clearly true for 0 < A < 1. Thus, |¢"'(¢£)] > xy > 1 for 0<t < n/4.
Applying Lemma 4.1 with £ = 3 we immediately obtain the following estimate:

(4.25) |Fy| < CR™ P — y| 72037910,
Since |x —y| < 20 and 1/6 < a < 1/2, this gives the estimate |Fj| <
CR™Px — y|=%6

To estimate F we have to consider two cases. First assume that 1/2 <
x2+ y2 < 4. We rewrite the function y as follows. As y(¢) =t — bcosec2t +
%az cot2t we have

(4.26) wt)=t+5(x- y)2 cosec 2t — %(x2 +y2) tant.

The functions tan¢ and cosec2t can be expanded in powers of ¢. We then
have

(4.27) tant =t +b(¢),

(4.28) cosec2t = %t-l +1t+a(),

where a(t) = O(t3) and b(¢) = 0(t3) for 0 <t < n/4. Then we have y () =
v, (1) + w, (1) with

(4.29) v ()= {1+Lx-p) =17+ + 7 x - p),

(4.30) wy(1) = (x —y)a(t) - 1% + yH)b(r) .

Since by definition (x —y)> = 487, we have v, (1) = (1-3a’)t+ g2t ' + 8%,
Also, if we put w(f) = 6(R?)(2t/sin2¢)"/?, then we have |w(t)| < C for [t| <
n/4 . Having made all these preliminary simplifications we consider the integral

pB?
F=R"" w(t)t
B/2

2 -1

—a-3/2 exp lR{(l _ %az)t+ﬁ t +§'32t}exp{1RW2(t)}dt
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Lemma 4.5. Assume that xy >0, 1/2 < x2+y2 <4,and 2R ' < |x—y| <26
where J is small. Then

(4.31) IF| < CR™lx -y
Proof. First assume that A= 1- %az + % ﬂz) is positive. We make a change

of variable in the integral F . Changing ¢ into Rﬂzt we see that the integral
becomes R2*~!/2872*=11 where the integral I is given by

(432) I= / P w(RB ) expli(R* 4%t + ')} exp{iRy,(RB 1)} dt,
E

a—1/3 —a—5/6

where E is the interval 2‘-R"1,B’l <t< R_lﬂ_” 5. Since the above integral
taken from 1 to infinity is bounded we can assume without loss of generality
that R™'p7"° < 1.

We have to consider two cases. First assume that A > 28" . Putting y,(¢) =
Rzﬂzlzt +17' the stationary point of y, is given by ¢, = (R[i).)'l . Since
A2 > 4ﬂ4/5, we see that 27, < R"ﬂ'”s. We write I as the sum of the
following three integrals:

2/5

(4.33) I,= / 72 (RB ) exp{i(R*B°4%t + ')} exp{iRy,(RE*D)} dt,
L

(4.34) I, = / £V 2y(RB ) exp{i(R2 B2 4% + ')} exp{iRw,(RE*D)} dt,
M

(4.35) I, = /N 172y (RB1) exp{i(R2B° A%t + ')} exp{iRy,(RE*D)} dt,

where L, M and N are the intervals %R—lﬂ"' <t<it,, $t,<t<2,,and
2ty <t < R7'B777 respectively.By setting w(f) = R*f*4*t +1~' + Ry,(RB*)
we want to show that the integral

(4.36) I = / M wRB M di
L

is bounded independent of x,y and R. This is done by applying the method
of stationary phase. For that purpose we need to get some bounds for the first
and second derivatives of .

A simple calculation shows that —l//'(t)t2 =1-R? /92}.2t2 -R? ,8212 z//é(R,th) .
Since ¢ < 11, and 1, = 1(RBA)™" we have R**4** < 1/4 for t in L. Also
since y;(t) = O(t%), we see that R*B**|y)(RB’1)| < CB*A™* andas A > 2p%°
we have R*B2£|y)(RB*t)| < CB*° which is less than 1/2 for |x — y| < 26
provided J is small enough. Thus, we have the estimate —c//'(t)t2 > 1/4 for
t in L. We need one more bound for the second derivative of y . Another
calculation shows that £y" (1) = 2+ R*g*y" (RB%t). Since v"(t) = O(f) the
above gives [Py (1) <2+ CB** < C for t in L. Also we have w'(t) = O(t)
since < R™' on the support of 6'(R?).
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Having made all these observations we integrate /; by parts. We have
(4.37) I = —i/ T R RE (Y (1) die™ )
L

Since o < 1/2 and R“'ﬂ_” > <1, in view of the above bounds we see that
|1,] < C as desired. The estimation of the integral

I, = /N T w(RE D d

is similar. To estimate the remaining integral /, we are going to apply Lemma
4.1.

Let us get a bound for y” when ¢ isin M. We have y"(1) = 27> +
RB*w"(RB*t) which gives for 1z, < t < 2t the lower bound |y"(1)| >
c(to)’3. Applying Lemma 4.1 and using the fact that w'(¢) = O(t) we imme-
diately obtain the estimate |I,| < C(RBA)". Therefore, we get

R—Zu—l/Zﬂ—er—lllzl < CR—u—l/Zﬂ—u—l .

This takes care of the lemma when A > 2B2/ 5.

Next we consider the same integral / in the case A < 2,82/ > but now the

integral is taken over the interval E defined by %R“'ﬁ_' <t< %R_lﬂ—”.
Since now R_lﬂ_'/l_l > %R—'ﬁ—”5 there is no stationary point for the func-
tion (1) = A+ ﬂzt_l. Calculating the first derivative of w(tf) we see
that —y/(0)f* = 1 — R*B*2° — R*B*Cy}(RB%1). Since A < 28°° and ¢ <
IRT'AT we have R*B°A°F < 4R*BAYVPRTIBTIY < 4/9. Also if o
is chosen sufficiently small we can make |R2ﬂ2z2y/;(Rﬂ21)| < 2/9. Thus,
| — y/'(t)t2| > 1/3 for ¢t in E. As in the previous case we can also get bounds
for the second derivative of y . Then an integration by parts gives the required
estimate.

Thus we have estimated F under the assumption that 2> = (1 — 1a* + 2%
is positive. Next assume that A= (1- %az + %/32) is negative. As before by

20— l/ZB—Z(r—l

changing the variable we consider R~ I where

I=/t—"—mw(RBZt)exp{i(—Rﬂzlzt+l_])}exp{iR://z(Rﬂzt)}dt.
E

We want to show that the integral is bounded independent of x,y and R. We
can easily see that for ¢ in E, |¢//'(t)t2| > 1/3 where w(t) = —Rﬂzlzt +1 '+
Rl//z(Rﬂzt) . Also we can obtain bounds for the second derivative. Integration
by parts gives the required estimate as before.

It remains to consider the case x° + y2 > 4. But this case is very easy. We
look at the first derivative of y. Let ¢, be the point where y" (1) vanishes.

Since ' is negative y'(¢) attains maximum at t, - A calculation shows that
/

v (t)=(1 —xz) when cos 2, = y/x and w'(1) = (1 —yz) when cos2, = x/y.
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Therefore, as x> + y> > 4, |¥'()] > 1. An integration by parts gives the
estimate |F| < CR™*™'/3|x — y|7*7%5,

Now it is time to put all the loose ends together. Combining Propositions 4.1
and 4.2, we have a good estimate for the integral / mentioned in the beginning
of this section. In estimating the term A we omitted the contribution from
the part t‘zgo(t) of g(t). But the estimation of this contribution is easy and
it gives a similar estimate. The final estimate of the kernel is stated in the
following theorem.

Theorem 4.1. Assume that 1/6 < a < 1/2. Then with a C independent of x,y
and R we have

(4.38) [Sg(x,»)| < CR*(1+R"?

—a—5/6 1/2 )—(1—5/6

+R"(1+ R x4y

—a—5/6
) /

|x =yl

In the above estimate the contribution R'/ 2( 1+R'/? |x+y| comes from
the integral J mentioned in the beginning. Note that J is defined in terms
of ¢*. Since ¢" is obtained from ¢ by replacing y by —y, the estimation
of J does not pose any new problem. If we replace y by —y in the estimate
obtained for I, we get the estimate for J. R [ g{R(t+ kn)}G(t,x,y)dt the
integrals mentioned before are easy to estimate. Each of them gives an estimate
k="' times R*(1+ R x —y)™" "  + R*(1 + R'*|x + y|)™*">/® and so
we can sum the series to get the final estimate.

5. SUMMABILITY RESULTS FOR THE HERMITE EXPANSIONS

In this section we prove all the results mentioned in the introduction con-
cerning the summability of the Hermite series. All the theorems of this section
are easy consequences of the main estimate proved in the last section. Recall
that we have

(5.1) ISg(x, 1) < C{ER(x —y) + Eg(x + )}

where Ep(x) = R'?(1 + R'?x)"""%°. The Riesz means Sg(a)f of an L”
function f are given by S.(a)f(x) = [S(x,y)f(y)dy. Let us denote by f~
the function defined by f*(x) = f(—x) and by E.f(x) the convolution of f
with E(x). Then we have

(5.2) ISg() f(x)] < CL{ERIfI(x) + Eglf7|(x)}.
We are now ready to prove the following theorem. In what follows we assume

that f is nonnegative without losing any generality.

Theorem 5.1. Assume that a > 1/6 and 1 < p < oo. The Riesz means of order
a are uniformly bounded on L’ , i.e. there is a constant C independent of f
and R such that ||Sg(e)f], < C|Ifl, forall f in L”. As R tends to infinity,
Sgla)f converges to f in the norm.

Proof. The proof is very simple. Since a > 1/6, Eg(x) is an L' function.
Therefore, it follows immediately that ||ERf|[p < C||f||p. This proves the
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uniform boundedness. For a C* function with compact support it is clear
that Sp(a)f converges to f in the norm. In view of the uniform boundedness
of Sp(a), a density argument shows that S (a)f converges to f in the norm.
Hence the theorem.

Let us now recall a few facts about the Hardy-Littlewood maximal function
defined as follows:

(5.3) Af(x) = sup (2h)"" /
h>0

—h<y

If(x-»)ldy.
<h

For 1 < p < oo, A is bounded on L?. When p = 1, we have the following
weak type inequality:

(5.4) [{x 1 Af(x) > A} < CA7'|11), -

Many maximal functions are dominated by the Hardy-Littlewood maximal
function. One such maximal function is given by the following. Given g in L'
and & > 0, we can consider the family {g,*f}. Then we have sup,_, |g, * f(x)|
< CAf(x). In particular, this applied to Ep(x) gives

(5.5) ililglERf(x)l < CAf(x).

The following theorem will be used in the proof of the next theorem. See Stein
[23] for a proof.

Theorem. Let T,, ¢ > 0, be a family of linear operators mapping L? functions
into measurable functions. For each h in L® define Mh(x)=sup, |T,f(x)].
Suppose there is a constant a >0 and a g > 1 such that |{x: Mh(x) > 1}| <
(@ '\ f I,,)?. If there is a dense subset D of L” such that lim T, g(x) exists
and is finite a.e. whenever g isin D, then for each f in L limT,f(x) exists
and is finite almost everywhere.

Consider the family of operators {S,(a)}. Let M be the associated maximal
function, i.e. M f(x) = supy_,|Sg(a)f(x)|. For this maximal function we have
the following theorem.

Theorem 5.2. Assume that a > 1/6. There is a constant C > 0 such that the
following hold:

(5.6) IMAll, < ClIA,, forall finL’, 1<p<oo,

(5.7) Hx:Mf(x)>A} < C/1—1||f||l , forall f in L'

We also have a.e. convergence: for f in L”, 1 <p <oo, Sg(a)f converges to
f ae as R— .

Proof. In view of the foregoing observations it is clear that

Mf(x) < C{Af(x) +AS (x)}.
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(5.6) and (5.7) follow from the boundedness properties of the Hardy-Littlewood
maximal function. The a.e. convergence follows from (5.6) and (5.7) by means
of the above theorem.

Next we proceed to prove the analogues of the Fejér-Lebesgue theorem and
Riemann’s localisation principle. The following arguments are taken from
Peetre [20]. See Hormander [11] also. We will get an estimate for Egf(x)
when f(y) vanishes for |x — y| < r < 1. By Holder’s inequality we have
|Ef(x)| < CRY*(1+ R'2r)™*7%/%| f]|, . We will first prove

Proposition 5.1. Assume that o > 1/6 and f belongsto L¥, 1 < p < oco. Then
we have

(58)  |Ef(x)l < C{Ilfll,,+ sup (r" / If(y)ldy)} .
O<r<l |x—yl<r
Proof. Let fy(y) = f(y) for |[x—y| > 1 and 0 otherwise. For k > 1, we define
Ji(y) by setting
(5.9) ) =) for2 ™ <y<2

Then in view of the above observations we have

(5.10)  |Ef(0)| <Y |Egfi ()

k>0

<C {ufu,, +RY 1+ 2"‘R”2)'°"5/6||fku,} :

k>1

~%+1 and 0 otherwise.

If we set F = sup0<,<l(r'lf|x_yl<, |f(»)|dy) we obtain ||f ||, < CF27™* so

the sum can be estimated by CF Y, ., 27kRY2(1 4+ 27¥RY/2)7°=%/% | The sum
converges even when it is extended from —oo to oo, provided a > 1/6. It is
then a bounded function of R for it is clearly locally bounded and it remains
unchanged if R is replaced by 2* R . Hence we obtain the estimate |Egf(x)| <

cliAl, + £}

We recall one more definition. A point x is said to be a Lebesgue point of
an L’ function f if the following holds:

lim " /I M- Sldy =0,
x=y|<r

r—0
We can now state and prove

Theorem 5.3 (Fejér-Lebesgue). Assume that o > 1/6 and f belongs to L,
1 <p<oo. If x and —x are both Lebesgue points of f then Sp(a)f(x)
converges to f(x) as R tends to infinity.

Proof. The theorem is clearly true for C* functions with compact support.
Replacing, if necessary, f(y) by f(y)— f(x)g(y)— f(-x)g(-y) where g isa
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C® function such that g(x) =1 and g(—x) =0 we can assume that f(x) =0
and f(-x)=0. Thus, we are given that

@  timr /| _Mwldy =0,
x—y|<r

r—0

r—0

(i) limr' /| Mwldy=o.
x+y|<r

Let B be the Banach space of measurable functions with the norm

— -1 -
1A =171, + Sup (’ /lx_qu If(y)ldy> + sup (r /|x+y|<r If(y)ldy> :

Every f in L? satisfying (i) and (ii) belongs to the closure of B N C, and
Sg(a)f(x) converges to f(x) for such functions. Therefore, we only have to
show that supg [|Sp(x,y)|lg. < oo where |g||z. is the norm dual to || - |,
which is given by |g|lz. = sup| [ g(y)f(y)dy| where the sup is taken over
all f with || f|l; < 1. But in view of Proposition 5.1 we immediately obtain
| [ Sg(x,y)f(y)dy| < C||fll, . Hence the theorem.

We remark that in the classical Fejér-Lebesgue theorem for the Fourier series
it was only required that x is a Lebesgue point of f. A similar remark applies
to the following Riemann’s localisation principle. As opposed to the case of the
Fourier series where the vanishing of f is assumed only near x, now we have
to assume that the function vanishes near —x as well.

Theorem 5.4 (Riemann’s localisation principle). Assume that o > 1/6 and f is
in L?, 1 <p <oo. If [ vanishes near x and —x, then Sg(c)f(x) converges
to 0 as R tends to infinity.

Proof. The proof is similar to that of Theorem 5.3. We consider the Banach
space E of measurable functions f which vanish for |[x—y| < r and |x+y| <
r, r is a fixed number, with the norm defined by

Il = ( /lx_yb,'f(y)"’y) v ( L lf(y)ldy)

and proceed as in the previous theorem.

Finally we consider the summability below the critical index. The case a =0
was settled by Askey and Wainger in [3]. They proved that the partial sum
operators S, of the Hermite expansion are uniformly bounded on L? if and
only if 4/3 < p < 4. To settle the case 0 < a < 1/6 we use the complex
interpolation methods of Stein.

Consider a family 7, of linear operators depending on a complex parameter
z. Assume that the following three conditions are satisfied: (1) for each z,
0 <Rez <1, T, isalinear transformation of simple functions into measurable
functions, (2) when ¢ and y are simple functions then the function ®(z) =
J T.w(x)p(x)dx is analyticin 0 < Rez < 1 and continuousin 0 <Rez <1,
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and (3) Sup,, <, SUPo< < log |®(x +iy)| < 4e”", a< mn; A and a may depend
on ¢ and y . For such a family Stein [25] proved the following result.

Theorem (Stein). Suppose that 1 < p,,p,,q,,q9, < oo and that 1/p =
(1-1¢)/p, +t/p,, 1/q = (1 —-1)/q, +1t/q, where 0 <t < 1. Assume that
whenever f is simple the following inequalities hold.

(5.11) 1T, (Nllg, < AW, »

(5.12) 1T, (Dll,, < AW, -

Suppose further that log A,(y) < Ae®V! ,a<m for i =1,2. Then we have
IT,(Oll, < A4,

We can now prove the following theorem regarding the uniform boundedness
of Sp(a) when a is smaller than 1/6.

Theorem 5.5. Assume that 0 < a < 1/6 and f belongsto L” . Then Sg(a) are
uniformly bounded on L” if and only if 4/(6a +3) <p < 4/(1 — 6a).

Proof. The only if part has been already proved in Theorem 2.1. To get the if
part we interpolate between the results a = 0 and for @ > 1/6. Consider the
family of operators T, f definedby T, f = Sp(a(z))f where a(z) = (1/6+¢)z,
¢ > 0. That this family satisfies the conditions of Stein’s theorem can be verified
as in Hormander [11]. Applying Stein’s theorem and then letting ¢ tend to 0
we get the theorem.
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