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Abstract. We prove an equisummability result for the Fourier expansions and
Hermite expansions as well as special Hermite expansions. We also prove the uniform
boundedness of the Bochner-Riesz means associated to the Hermite expansions for
polyradial functions.
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1. Introduction

This paper is concerned with a comparative study of the Bochner-Riesz means associated

to the Hermite and Fourier expansions. Recall that the Bochner-Riesz means associated to

the Fourier transform on Rn are defined by

S�t f ðxÞ ¼ ð2�Þÿn=2

Z
jyj�t

eix�y 1ÿ jyj
2

t2

 !�

f̂ ðyÞdy;

where

f̂ ðyÞ ¼ ð2�Þÿn=2

Z
eÿix:y f ðxÞdx

is the Fourier transform on Rn. Let ��; � 2 Nn be the n-dimensional Hermite functions

which are eigenfunctions of the Hermite operator H ¼ ÿ�þ jxj2 with the eigenvalue

ð2j�j þ nÞ where j�j ¼ �1 þ � � � þ �n. Let Pk be the orthogonal projection of L 2ðRnÞ
onto the kth eigenspace spanned by ��; j�j ¼ k. More precisely,

Pk f ðxÞ ¼
X
j�j¼k

Z
f ðyÞ��ðyÞdy

� �
��ðxÞ:

Then the Bochner-Riesz means associated to the Hermite expansions are defined by

S�R f ðxÞ ¼
X

1ÿ 2k þ n

R

� ��
þ

Pk f ðxÞ:

For the properties of Hermite functions and related results, see [6].

In our study of the Bochner-Riesz means associated to Hermite and special Hermite

expansions we make use of a transplantation theorem of Kenig-Stanton-Tomas [2]. Let us
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briefly recall their result. Let P be a differential operator acting on C10 ðRnÞ � L 2ðRnÞ
which is self adjoint. Let

Pf ¼
Z
�dE�

be the spectral resolution of P. Let m be a bounded function on R and define

mRðPÞ ¼
Z

m
�

R

� �
dE�:

Let K be a subset of Rn with positive measure and define the projection operator Qk on

L 2ðRnÞ by

Qk f ðxÞ ¼ �KðxÞ f ðxÞ;

where �KðxÞ is the characteristic function of K. Let pðx; �Þ be the principal symbol of P.

Since P is symmetric p is real valued. Then we have the following theorem.

Theorem 1.1. Assume 1 � p � 1 and that there is a set of positive measure K0 for

which the operators QK0
mRðPÞQK0

are uniformly bounded on L pðRnÞ. If x0 in K0 is any

point of density, then mðpðx0; �ÞÞ is a Fourier multiplier of L pðRnÞ:

Let B be any compact set in Rn containing origin as a point of density and let �B be the

operator

�B f ðxÞ ¼ �BðxÞ f ðxÞ:

Then from Theorem 1.1 it follows that the uniform boundedness of �BS�R�B on L pðRnÞ
implies the uniform boundedness of S�t on L pðRnÞ. Thus once we have the local

summability theorem for Hermite expansions then a global result is true for the Fourier

transform. At this point a natural question arises, to what extend the converse is true? In

this paper we answer this question in the affirmative in dimensions one and two and

partially in higher dimensions. We also study the equisummability of the special Hermite

expansions, namely the eigenfunction expansion associated to the operator

L ¼ ÿ�þ 1

4
jzj2 ÿ i

X
xj

@

@yj

ÿ yj

@

@xj

� �
on Cn. In this case we show that the local uniform boundedness of the Bochner-Riesz

means for the special Hermite operator is equivalent to the uniform boundedness of S�t on

R2n. Using a recent result of Stempak and Zienkiewicz [4], on the restriction theorem we

study the Bochner-Riesz means associated to the Hermite expansions on R2n for functions

having some homogeneity. We also prove a weighted version for the Hermite expansions

which slightly improves the local estimates proved in [5]. Eigenfunction expansions

associated to special Hermite operator L has been studied by Thangavelu [6].

2. Hermite expansions on RRn

The Hermite functions hk on R are defined by

hkðxÞ ¼ ð2kk!
ffiffiffi
�
p
Þÿ

1
2ðÿ1Þk dk

dxk
ðeÿx2Þe1

2
x2

:

96 E K Narayanan and S Thangavelu



In the higher dimensions the Hermite functions are defined by taking tensor products:

��ðxÞ ¼ h�1
ðx1Þ . . . h�n

ðxnÞ:

Given f 2 L pðRÞ consider the Hermite expansion

f ðxÞ ¼
X1
k¼0

ð f ; hkÞhkðxÞ;

where ð f ; hkÞ ¼
R

f ðxÞhkðxÞdx.

Let SN f ðxÞ ¼
PN

k¼0ð f ; hkÞhkðxÞ be the partial sums associated to the above series. In

1965, Askey-Wainger [1] proved the following celebrated theorem.

Theorem 2.1. SN f ! f in the L p norm iff 4
3
< p < 4.

Let St be the partial sum operator associated to the Fourier transform on R. Then it is

well known that St f ! f in L p norm for all 1 < p <1. In this section we show that on a

subclass of L pðRÞ the same is true for the Hermite expansions.

In the higher dimensions it is convenient to work with Cesaro means rather than Riesz

means. These are defined by

��N f ðxÞ ¼ 1

A�N

XN

k¼0

A�NÿkPk f ðxÞ;

where A�k are the binomial coefficients defined by A�k ¼
ÿðkþ�þ1Þ

ÿðkþ1Þÿð�þ1Þ . It is well known that

��N are uniformly bounded on L pðRnÞ iff S�R are uniformly bounded. We have the

following equisummability result. Let E stand for the operator E f ðxÞ ¼ eÿ
1
2
jxj2 f ðxÞ.

Theorem 2.2. E��NE are uniformly bounded on L pðRnÞ iff S�t are uniformly bounded,

provided � � maxf0; n
2
ÿ 1g.

As a corollary we have the following.

COROLLARY 2.3

Let 1 < p <1. Then for the partial sum operators associated to the one dimensional

Hermite expansion we have the uniform estimateZ
jSN f ðxÞjpeÿ

p
2
x2

dx � C

Z
j f ðyÞjpe

p
2

y2

dy:

Thus for f 2 L pðe p
2

y2

dyÞ; 1 < p <1 the partial sums converge to f in L pðeÿp
2

x2

dxÞ.
For a general weighted norm inequality for Hermite expansions, see Muckenhoupt’s

paper [3].

The celebrated theorem of Carleson-Sjolin for the Fourier expansion on R2 says that if

� > 2ð1
p
ÿ 1

2
Þ ÿ 1

2
, 1 � p < 4

3
then S�t are uniformly bounded on L pðR2Þ. As a corollary to

this we obtain the following result for the Cesaro means ��N on R2.

COROLLARY 2.4

Let n ¼ 2; 1 � p < 4
3

and � > 2ð1
p
ÿ 1

2
Þ ÿ 1

2
: Then for f 2 L pðR2ÞZ

j��N f ðxÞjpeÿ
p
2
jxj2 dx � C

Z
j f ðyÞjpe

p
2
jyj2 dy:
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It is an interesting and more difficult problem to establish the above without the

exponential factors.

We now proceed to prove Theorem 2.2. It is a trivial matter to see that uniform

boundedness of E��NE implies the same for �B�
�
N�B for any compact subset B of Rn. In

fact, if E��NE are uniformly bounded thenZ
j�B�

�
N�B f jpdx

¼
Z

B

eÿ
p
2
jxj2 e

p
2
jxj2 j��Nðeÿ

1
2
jyj2ð�B f ðyÞe 1

2
jyj2ÞÞjpdx

� C

Z
jE��NEð�B f ðyÞe 1

2
jyj2Þjpdx

� C

Z
j f ðxÞjpdx

which proves the one way implication, by the transplantation theorem [2]. To prove the

converse we proceed as follows. Let

�kðx; yÞ ¼
X
j�j¼k

��ðxÞ��ðyÞ

be the kernel of the projection operator Pk. Then the kernel ��Nðx; yÞ of the Cesaro means

is given by

��Nðx; yÞ ¼
1

A�N

XN

k¼0

A�Nÿk�kðx; yÞ:

We first obtain a usable expression for this kernel in terms of certain Laguerre functions.

Let L�k ðtÞ be the Laguerre polynomials of the type � > ÿ1 defined by

eÿtt�L�k ðtÞ ¼ ðÿ1Þk 1

k!

dk

dt k
ðeÿtt kþ�Þ; t > 0:

We have the following expression.

PROPOSITION 2.5

��Nðx; yÞ ¼
1

A�N

XN

k¼0

ðÿ1ÞkL
�þn

2

Nÿk

1

2
jxÿ yj2

� �
eÿ

1
4
jxÿyj2 L

n
2
ÿ1

k

1

2
jxþ yj2

� �
eÿ

1
4
jxþyj2 :

Proof. The generating function identity for the projection kernels �kðx; yÞ readsX1
k¼0

r k�kðx; yÞ ¼ �ÿ
n
2ð1ÿ r2Þÿ

n
2 eÿ

1
2

1þr2

1ÿr2ðjxj
2þjyj2Þþ2rx:y

1ÿr2 :

Since

ð1ÿ rÞÿ�ÿ1 ¼
X1
k¼0

A�krk
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the generating function for ��kðx; yÞ is given byX1
k¼0

r kA�k�
�
kðx; yÞ ¼ ð1ÿ rÞÿ�ÿ

n
2
ÿ1ð1þ rÞÿ

n
2 eÿ

1
2

1þr2

1ÿr2ðjxj
2þjyj2Þþ2rx:y

1ÿr2 :

The right hand side of the above expression can be written as

ð1ÿ rÞÿ�ÿ
n
2
ÿ1

eÿ
1
4

1þr
1ÿr
jxÿyj2ð1þ rÞÿ

n
2 eÿ

1
4

1ÿr
1þr
jxþyj2 :

Now the generating function for the Laguerre polynomials L�k isX1
k¼0

r kL�k
1

2
t2

� �
eÿ

1
4
t2 ¼ ð1ÿ rÞÿ�ÿ1

eÿ
1
4

1þr
1ÿr

t2

:

Therefore, we have

X1
k¼0

rkA�k�
�
kðx; yÞ ¼

X1
j¼0

r jL
�þn

2

j

1

2
jxÿ yj2

� �
eÿ

1
4
jxÿyj2

 !
X1
i¼0

ðÿrÞiL
n
2
ÿ1

i

1

2
jxþ yj2

� �
eÿ

1
4
jxþyj2

 !
:

Equating the coefficients of rk on both sides we obtain the proposition.

The Laguerre functions L�k are expressible in terms of Bessel functions J�. More

precisely, we have the formula

eÿxx
�
2L�k ðxÞ ¼

1

ÿðk þ 1Þ

Z 1
0

eÿttkþ�
2J�ð2

ffiffiffiffi
tx
p
Þdt:

Using this, the kernel eÿ
1
2
jxj2��Nðx; yÞ eÿ

1
2
jyj2 of the operator E��NE is given by.

eÿ
1
2
jxj2��Nðx; yÞeÿ

1
2
jyj2 ¼

C

A�N

Z 1
0

Z 1
0

eÿteÿs ðtÿ sÞN

N!
t �s

n
2
ÿ1t

n
2

J�þn
2
ð
ffiffiffiffi
2t
p
jxÿ yjÞ

ð
ffiffiffiffi
2t
p
jxÿ yjÞ�þ

n
2

Jn
2
ÿ1ð

ffiffiffiffiffi
2s
p
jxþ yjÞ

ð
ffiffiffiffiffi
2s
p
jxþ yjÞ

n
2
ÿ1

dtds;

where C depends only on �. Now the kernel of the Bochner-Riesz means S�t on Rn is

given by

S�t ðx; yÞ ¼ t n
J�þn

2
ðtjxÿ yjÞ

ðtjxÿ yjÞ�þ
n
2

:

When n ¼ 1,

Jÿ1
2
ðtÞ

tÿ
1
2

¼ 2

�

� �1=2

cos t

and hence

E��NE f ðxÞ ¼ C
1

A�N

Z 1
0

Z 1
0

eÿteÿs ðt ÿ sÞN

N!
t�sÿ

1
2 T�

t f ðxÞdtds;
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where

T�
t f ðxÞ ¼

Z
R

S� ffiffiffi
2t
p ðx; yÞ cosð

ffiffiffiffiffi
2s
p
jxþ yjÞ f ðyÞdy

and C an absolute constant.

By Minkowski’s integral inequality we get

jjE��NEf jjp � C
1

N�

Z 1
0

Z 1
0

eÿteÿs jt ÿ sjN

N!
t�sÿ

1
2jjT�

t f jjpdtds

� Cjj f jjp
since Z 1

0

Z 1
0

eÿteÿsjt ÿ sjNt�sÿ
1
2 dt ds

�
Z 1

0

eÿtt�
Z t

0

eÿst Nsÿ
1
2dsþ

Z 1
t

eÿssNsÿ
1
2 ds

� �
dt

� C

Z 1
0

eÿtt �t Ndt þ ÿ N þ 1

2

� �Z 1
0

eÿtt � dt

� CN!N�

which proves the theorem in one dimension.

When n � 2 we have the Bessel functions Jn
2
ÿ1 inside the integral. If d� is the surface

measure on the unit circle jxj ¼ 1 in Rn then we have

C
Jn

2
ÿ1ðjxjÞ
jxj

n
2
ÿ1
¼
Z
jyj¼1

eix:yd�ðyÞ;

where C is an absolute constant. If we use this in the above we get E��NE f ðxÞ equals

C

A�N

Z
j�j¼1

Z 1
0

Z 1
0

eÿteÿs ðt ÿ sÞN

N!
t�s

n
2
ÿ1S� ffiffiffi

2t
p ð f ðyÞei

ffiffiffi
2s
p

y:�ÞðxÞei
ffiffiffi
2s
p

x:�dtdsd�ð�Þ:

As before, using Minkowski’s inequality we get

jjE��NEf jjp � Cjj f jjp
since Z 1

0

Z 1
0

eÿteÿsjt ÿ sjNt�s
n
2
ÿ1dtds

�
Z 1

0

eÿtt�
Z t

0

eÿst Ns
n
2
ÿ1dsþ

Z 1
t

eÿssNþn
2
ÿ1ds

� �
dt

� C

Z 1
0

eÿtt �t Ndt þ ÿ N þ n

2

� �Z 1
0

eÿtt �dt

� CÿðN þ � þ 1Þ

provided � � n
2
ÿ 1: This completes the proof.
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3. Special Hermite expansions

Let ���, �; � 2 Nn, be the special Hermite functions on Cn which form an orthonormal

basis for L 2ðCnÞ. The special Hermite expansion of a function f in L pðCnÞ is given by

f ¼
XX

ð f ;���Þ���:

The functions ��� are the eigenfunctions of the operator L with eigenvalues ð2j�j þ nÞ.
Let

Qk f ¼
X
j�j¼k

X
�

ð f ;���Þ���

be the projection onto the kth eigenspace. Then we have

Qk f ðzÞ ¼ ð2�Þÿn
f � ’kðzÞ;

where ’kðzÞ ¼ Lnÿ1
k ð12 jzj

2Þeÿ1
4
jzj2 are the Laguerre functions and f � g is the twisted

convolution

f � gðzÞ ¼
Z

Cn

f ðzÿ wÞgðwÞe i
2

Im z:wdw:

The special Hermite expansion then takes the compact form

f ¼ ð2�Þÿn
X1
k¼0

f � ’k:

The Cesaro means are then defined by

��N f ðzÞ ¼ ð2�Þ
ÿn

A�N

XN

k¼0

A�Nÿk f � ’kðzÞ:

In this section we prove the following theorem.

Let S�t be the Bochner-Riesz means for the Fourier transform on R2n ¼ Cn.

Theorem 3.1. Let B be any compact subset of Cn containing the origin. Then �B�
�
N�B

are uniformly bounded on L p, 1 � p � 1 if and only if S�t are uniformly bounded on the

same L p.

Proof. The kernel ��NðzÞ of ��N is given by

��NðzÞ ¼
ð2�Þÿn

A�N

XN

k¼0

A�Nÿk’kðzÞ:

Using the formulaXN

k¼0

A�NÿkL�k ðtÞ ¼ L�þ�þ1
N ðtÞ

we have

��NðzÞ ¼
ð2�Þÿn

A�N
L�þn

N

1

2
jzj2

� �
eÿ

1
4
jzj2 :
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As in the previous section we can express the Laguerre function in terms of the Bessel

functions, thus getting

��NðzÞ ¼
ð2�Þÿn

A�N

1

ÿðN þ 1Þ e
1
4
jzj2
Z 1

0

eÿtt�þNþn J�þnð
ffiffiffiffi
2t
p
jzjÞ

ð
ffiffiffiffi
2t
p
jzjÞ�þn

dt:

Now, ��N f ¼ f � ��N so that

��N f ðzÞ ¼
Z
��Nðz;wÞ f ðwÞdw;

where

��Nðz;wÞ ¼ e
i
2

Im z:w��Nðzÿ wÞ:

Writing jzÿ wj2 ¼ jzj2 þ jwj2 þ 2 Re z � w we have

��Nðz;wÞ ¼ e
1
4jzj

2

eÿ
1
2z:w 1

A�NÿðN þ 1Þ

Z 1
0

eÿtt�þnþN J�þnð
ffiffiffiffi
2t
p
jzÿ wjÞ

ð
ffiffiffiffi
2t
p
jzÿ wjÞ�þn

e
1
4jwj

2

dt

¼
X
�

ÿ 1

2

� �j�j ðz:wÞ�
�!

 !
e

1
4
jzj2 1

A�NÿðN þ 1Þ
t

�
Z 1

0

eÿtt�þnþN J�þnð
ffiffiffiffi
2t
p
jzÿ wjÞ

ð
ffiffiffiffi
2t
p
jzÿ wjÞ�þn

e
1
4
jwj2 dt;

where ðz � wÞ� ¼ ðz1w1Þ�1 � � � ðznwnÞ�n . Therefore,

�B�
�
N�B f ðzÞ ¼ 1

A�NÿðN þ 1Þ
X
�

ÿ 1

2

� �j�j
1

�!

Z 1
0

eÿtt�þNTt
�;� f ðzÞdt;

where

T t
�;� f ðzÞ ¼ �BðzÞz�e

1
4
jzj2
Z

Cn

tn J�þnð
ffiffiffiffi
2t
p
jzÿ wjÞ

ð
ffiffiffiffi
2t
p
jzÿ wjÞ�þn

�BðwÞw�e
1
4
jwj2 f ðwÞdw:

If we assume that S�t are uniformly bounded we get

jjT t
�;� f jjp � CR 2j�jjj f jjp;

when B is contained in the ball fz : jzj � Rg. Using this in the above equation we get

jj�B�
�
N�B f jjp � CBjj f jjp:

The converse is the transplantation theorem of Kenig-Stanton-Tomas.

In [5], Thangavelu has established the following local estimates for the Cesaro

means.

Theorem 3.2. Let
2ð2nþ1Þ

2nÿ1
� p � 1 and � > �ðpÞ ¼ 2nð 1

p
ÿ 1

2
Þ ÿ 1

2
then for any compact

subset B of CnZ
B

j��N f ðzÞjpdz � CB

Z
j f ðzÞjpdz:
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Recently Stempak and Zienkiewicz have proved the global estimateZ
Cn

j��N f ðzÞjpdz � C

Z
Cn

j f ðzÞjpdz

for the above range. The key point is the restriction theorem namely, the estimate

jj f � ’kjj2 � Cknð1
p
ÿ1

2
Þÿ1

2jj f jjp
which they established in the range 1 � p � 2ð2nþ1Þ

2nþ3
. In the next section we use this

restriction theorem in order to prove a positive result for the Hermite expansions on R2n.

4. Hermite expansions on RR2n

In this section we consider the operator ÿ�þ 1
4
jzj2 rather than the operator ÿ�þ jzj2. If

��ðx; yÞ; � 2 N2n are the eigenfunctions of the operator ÿ�þ jzj2 then 	�ðzÞ ¼
��ð xffiffi

2
p ; yffiffi

2
p Þ are the eigenfunctions of ÿ�þ 1

4
jzj2 with eigenvalues ðj�j þ nÞ. The operator

ÿ�þ 1
4
jzj2 has another family of eigenfunctions namely the special Hermite functions.

In fact, ��� are eigenfunctions of the operator ÿ�þ 1
4
jzj2 with eigenvalue ðj�jþ

j�j þ nÞ; here �; � 2 Nn.

In this section we study the expansion in terms of 	� for functions having some

homogeneity. The torus TðnÞ ¼ fðei�1 ; ei�2 ; . . . ; ei�nÞ : � 2 Rng acts on functions on Cn by

�� f ðzÞ ¼ f ðei�zÞ where ei�z ¼ ðei�1 z1; e
i�2 z2; . . . ; ei�n znÞ. We say that a function is m-

homogeneous if �� f ðzÞ ¼ eim:� f ðzÞ, here m 2 Zn and m:� ¼ m1:�1 þ � � � þ mn ��n. It is a

fact that ��� is ð� ÿ �Þ homogeneous. 0-homogeneous functions are also called

polyradial.

The operator ÿ�þ 1
4
jzj2 commutes with �� for all �, therefore Pk�� f ¼ ��Pk f which

shows that Pk f is m-homogeneous if f is . In particular, Pk f is polyradial if f is.

Therefore, for such functions LðPk f Þ ¼ ðÿ�þ 1
4
jzj2ÞPk f ¼ ðk þ nÞPk f . This shows that

Pk f is an eigenfunction of L with eigenvalue k þ n. But the spectrum of L is

f2k þ n : k ¼ 0; 1; . . .g which forces Pk f ¼ 0 when k is odd.

PROPOSITION 4.1

Let f be polyradial on Cn. Then P2kþ1 f ¼ 0 and P2k f ¼ f � ’k.

Proof. We show that when f is polyradial the operators P2k f and f � ’k have the same

kernel. Let

	kðz;wÞ ¼
X
j�j¼k

	�ðzÞ	�ðwÞ

be the kernel of Pk. Then by Mehler’s formulaX1
k¼0

tk	kðz;wÞ ¼ �ÿnð1ÿ t2Þÿn
eÿ

1
4

1þt2

1ÿt2
ðjzj2þjwj2Þþ t

1ÿt2
Reðz:wÞ

so that X1
k¼0

tkPk f ðzÞ ¼ �ÿnð1ÿ t2Þÿn

Z
eÿ

1
4

1þt2

1ÿt2
ðjzj2þjwj2Þþ t

1ÿt2
Reðz:wÞ f ðwÞdw:
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Let wj ¼ uj þ ivj ¼ rje
i�j . When f is polyradial f ðwÞ ¼ f0ðr1; r2; . . . ; rnÞ and so we

have X1
k¼0

tkPk f ðzÞ ¼
Z 1

0

� � �
Z 1

0

	ðs; rÞ f0ðr1; . . . ; rnÞr1r2; . . . ; rndr1dr2 . . . drn;

where s ¼ ðs1; s2; . . . ; snÞ; sj ¼ jzjj and 	 is given by

	ðs; rÞ ¼ ð1ÿ t2Þÿn

Z
½0;2��n

eÿ
1
4

1þt2

1ÿt2
ðr2þs2Þe

t

1ÿt2
Re z:wd�1d�2 � � � d�n:

Now Re zj � wj ¼ rjsj cosð�j ÿ ’jÞ where zj ¼ sje
i’j ;wj ¼ rje

i�j : Consider the integralZ 2�

0

e
t

1ÿt2
rjsj cosð�jÿ’jÞd�j

which equals, if we recall the definition of the Bessel functions, J0ð it
1ÿt2 rjsjÞ: Thus we

have proved

	ðs; rÞ ¼ ð1ÿ t2Þÿn
eÿ

1
4

1þt2

1ÿt2
ðr2þs2Þ� n

j¼1J0
it

1ÿ t2
rjsj

� �
:

On the other hand when f is polyradial f � ’k reduces to the finite sum

f � ’k ¼
X
j�j¼k

ð f ;���Þ���ðzÞ

¼
X
j�j¼k

Z 1
0

� � �
Z 1

0

f0ðr1; . . . ; rnÞ���ðr1; . . . ; rnÞr1; . . . ; rndr1; . . . ; drn

� �
� ���ðs1; . . . ; snÞ

where we have written

���ðzÞ ¼ ���ðr1; . . . ; rnÞ

as it is polyradial. Then f � ’k is given by the integral operator

f � ’kðzÞ ¼
Z 1

0

� � �
Z 1

0

X
j�j¼k

��;�ðr1; . . . ; rnÞ��;�ðs1; . . . ; snÞ

0@ 1A
f0ðr1; . . . ; rnÞr1; . . . ; rndr1; . . . ; drn:

We have the formula (see [6])

���ðzÞ ¼ ð2�Þÿ
n
2�n

j¼1L�j

1

2
jzjj2

� �
eÿ

1
4
jzjj2 :

Recalling the generating function identity for the Laguerre polynomials of type 0,

X1
k¼0

LkðxÞLkðyÞwk ¼ ð1ÿ wÞÿ1
eÿ

w
1ÿw
ðxþyÞJ0

2ðÿxywÞ
1
2

1ÿ w

 !
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we get, if Skðr; sÞ is the kernel for f � ’kX1
k¼0

tkSkðr; sÞ ¼ ð1ÿ tÞÿn
eÿ

1
4

1þt
1ÿt
ðr2þs2Þ�n

j¼1J0
i
ffiffi
t
p

1ÿ t
rjsj

� �
:

Comparing the two generating functions we see thatX1
k¼0

t2kSkðr; sÞ ¼
X1
k¼0

tk	kðr; sÞ

from which follows 	2kðr; sÞ ¼ Skðr; sÞ and this proves the proposition.

Consider now the Bochner-Riesz means associated to the expansions in terms of 	�ðzÞ
defined by

S�R f ðzÞ ¼
X
�

1ÿ ðj�j þ nÞ
R

� ��
þ
ð f ;	�Þ	�ðzÞ:

For these means we have the following result.

Theorem 4.2. Let 1 � p � 2ð2nþ1
2nþ3
Þ, � > �ðpÞ ¼ 2nð1

p
ÿ 1

2
Þ ÿ 1

2
and let f 2 L pðCnÞ be

polyradial. Then

jjS�R f jjp � Cjj f jjp;

where C is independent of f and R.

The key ingredient in proving the above theorem is the L p ÿ L 2 estimates

jjPk f jj2 � Cknð1
p
ÿ1

2
Þÿ1

2jj f jjp
which now follows from the corresponding estimates for f � ’k. We omit the details.

We conclude this section with the following remarks. As we have observed, Pk f

is m-homogeneous whenever f is and so Pk f can be obtained in terms of f � ’k when

f is m-homogeneous. So an analogue of the above theorem is true for all m-homo-

geneous functions. More generally, let us call a function f of type N if it has the Fourier

expansion

f ðzÞ ¼
X
jmj�N

fmðzÞ;

where

fmðzÞ ¼
Z

f ðei�zÞeÿim:�d�1 � � � d�n:

Note that fm is m-homogeneous. We can show that when f is of type N then

jjS�R f jjp � CN jj f jjp;

under the conditions of the above theorem on p and � where now CN depends on N. We

leave the details to the interested reader. It is an interesting problem to see if the theorem

is true for all functions.
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