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Abstract. In this paper, we study a tower {A%(d) : n > 1} of finite-dimensional
algebras; here, G represents an arbitrary finite group, d denotes a complex parameter,
and the algebra A%(d) has a basis indexed by ‘G-stable equivalence relations’ on a set
where G acts freely and has 2n orbits.

We show that the algebra A®(d) is semi-simple for all but a finite set of values of d,
and determine the representation theory (or, equivalently, the decomposition into
simple summands) of this algebra in the ‘generic case’. Finally we determine the
Bratteli diagram of the tower {A%(d) : n > 1} (in the generic case).
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1. Introduction

Let R, denote the set of equivalence relations on the set [n] = {1,2,...,n}, and let p,
denote the cardinality of R,. By convention, n = 0,1,2,... and py = 1. Easy counting
arguments show that the first few values of the sequence {p, : n > 0} are given by 1, 1, 2,

5, 15, 52, 203, ..., and that the sequence satisfies the recursion relation
" /n
pn+1:;(k>pkv Vn > 0. (1.1)

Given P, Q € R,, we shall say that P < Q if any two P-related indices are necessarily
Q-related — or equivalently, if every Q-equivalence class is a union of P-equivalence
classes. Clearly, if Pp, is the trivial relation all of whose equivalence classes are
singletons, and if Py, is the equivalence relation with just one equivalence class, then
Prin < P < P, ¥V P. It is not hard to see that R, is a lattice with respect to this order
structure. (For instance, if n =4, P = {{1,2},{3,4}} and O = {{1},{2,3,4}}, then
PV Q= Pnx and PAQ = {{1},{2},{3,4}}. We shall, as above, sometimes equate an
equivalence relation with the set of its equivalence classes.)

Further, if P € R,, we shall write ||P|| for the number of equivalence classes in P.
Before proceeding further, we record a simple fact as a lemma, for convenience of future
reference.

Lemma 1. If P,Q € R,, then,

@ |IP Vol <|Pl];
() if ||[PV QI = ||P|| and P # Q, then ||P|| < [|Q]].

Proof. (a) Follows from the fact that every PV Q-equivalence class is a union of
P-equivalence classes. (b) The hypothesis is seen to imply that no two indices which are
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P-inequivalent can be P VV Q-equivalent; this implies that PV Q = P. On the other hand,
every (J-equivalence class is contained in a P-equivalence class, and the assumption that
P # Q says that at least one P-equivalence class must be the union of two or more Q-
equivalence classes, and the proof is complete. O

We think of an element of R,, as a diagram, thus: we think of the 2n elements of [2n]
listed in two rows of n elements each, with the jth point from the left on the top (resp.,
bottom) row indexed by j (resp., n + j); and connect every pair of indices which are
equivalent under the relation. For instance, the relation in R4, whose equivalence classes
are {1,2,4} and {3} is represented by the picture

1 2
) I
3 4

We will be interested in the vector space with R;, as basis, which will be equipped with
the structure of a C-algebra, with the definition of the product of basis vectors involving a
complex parameter d. Rather than giving a precise and rigorous definition, we shall
describe the prescription for an example.

For instance, suppose n=5,P = {{1,2,6},{3,7},{4,5},{8,9},{10}} and Q=
{{1,6,7},{2},{3},{4},{5},{8},{9,10}}; according to our diagrammatic notation,

we have:
*—o
pP= W
*—o [ J

and

In order to define the product PQ, first concatenate the pictures (with P on top and Q at
the bottom), and identify the intermediate levels of points as indicated:

s
NI

then introduce a power of d equal to the number of ‘components’ in the grand picture

which are entirely contained in the two middle levels, and then forget the two middle
levels altogether, to finally obtain:

PQ:d?-% *
® *—0
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It is relatively painless to verify that this definition yields a finite-dimensional
associative C-algebra (of dimension p,,), which we denote by A, (d). This algebra has a
multiplicative identity, i.e., the equivalence relation which has n equivalence classes,
namely {k,n+k},1 <k <n.

As a trivial example, A;(d) has a basis consisting of 2 elements—say 1 = {{1,2}} and
P = {{1},{2}} — where 1 is the multiplicative identity, and P> = dP.

The process of ‘adding a single vertical line at the right extreme’ yields an injective
map from R,, into Ry,.,, which is easily seen to linearly extend to a multiplicative
(identity-preserving) homomorphism of A,(d) into A, (d); further, since this map sends
a basis injectively into a basis, it is necessarily a monomorphism. We thus have a tower

Ai(d) CAy(d) C ---Ay(d) C -

of finite-dimensional C-algebras.

Remark 2. The tower {A,(d): n > 0} has several interesting subtowers.

(a) The Temperley—Lieb algebra: Consider the subalgebra T,(d) of A,(d) consisting of
the linear span of those equivalence relations P which satisfy two conditions: (i) each
P-equivalence class contains precisely two elements; and most importantly, (ii) P
admits a diagram—as in the above discussions—which is planar, i.e., the diagram has
no crossings and is a planar diagram contained in the rectangle bounded by the 2n
points. It is clear that the inclusion of A,(d) into A,1(d) maps T,(d) into T,1(d);
and it is a fact that T,(d) is generated as a unital algebra by the elements
Py,P>,...,P,_1, where, for 1 <k <n,

S D G |
It is to be noted that P,% = dP; and that PyP; Py = Py; so, if we define e, = d~' Py,
then the ¢;’s are idempotents which satisfy ezersier = d ey

(b) The group algebra C3, of the symmetric group sits naturally as a subalgebra of A, (d)
as follows: given o € ¥, let P, denote the equivalence relation, whose equivalence
classes are {{o(k),k+n}:1 <k <n}. It is fairly easy to verify that this map is
multiplicative, meaning that P, - P, = P,,. The following little observation, which
we call (c) below for the sake of future reference, is proved easily.

(c) The following conditions on an element P € R,, are equivalent: (i) P is an invertible
element of A,(d); (ii) there exists a (necessarily unique) permutation o € ¥, such
that P = P,, as in (b) above; (iii) P has precisely n ‘through classes’ in the sense of
Definition 3 below.

DEFINITION 3

If P€ Ry, a through class of P is an equivalence class A of P such that
AN{L,2,...,n} #Qand AN{n+1,n+2,...,2n} # (. We write ¢(P) for the number
of through classes of P.

For instance, in the preceding example illustrating the definition of the product, we
have t(P) = 2 and ¢(Q) = t(d~2 - PQ) = 1. This is an instance of a general fact which has
consequences for much of the following discussion.
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Lemma 4. Suppose P,Q € Ry,, and P-Q =d" - S, for some r and some S € Ry,. Then,
1(S) < min{t(P),1(Q)}.

Proof. This follows easily from the definitions. ]

COROLLARY 5

For 0 <k < n, define I to be the set of those equivalence relations with exactly k
through classes; and let Iy be the linear subspace spanned by U,<I}; then

{0}=1.,ChC-- - CLChy C---CI,=A,d) (1.2)
is a filtration of A,(d) by two-sided ideals.

Proof. Obvious. |

Before concluding this introduction, we shall briefly dwell on the manner in which we
would like to think of elements of Ry, viz., as consisting of three pieces of information:
(a) the ‘top’, (b) the data on how the top is connected to the bottom, and (c) the ‘bottom’.

Thus, suppose P € R,, and #(P) = k. Focus attention first on the top set of n points in
the diagram representing P; we can naturally associate an element P € R,,, together with
an unordered collection {C; : 1 < j < k} of “distinguished’ P"-equivalence classes—these
corresponding precisely to the intersections of through-classes of P and the top line. This
is the motivation for the following definition.

DEFINITION 6

In the sequel, the symbol S} will denote the set of symbols of the form R = (R; {C;(R):
1 <j<k}), where Re€ R, and {C;(R) : 1 <j <k} is an unordered collection of k
distinct ‘distinguished’ R-equivalence classes. (Note, in particular, that if R € S}, then
IRl > k)

We shall want to encode an element P of Ry, for which #(P) = k, as a triple (P*, p, P7),
where P € §7, and p is a permutation, in such a way that (i) the P-equivalence classes
which are entirely contained in {1,2,...,n} are the same as the P"-equivalence classes
other than Cj(ﬁ ), 1 <j <k; (ii) the P-equivalence classes which are entirely contained
in{n+1,n+2,...,2n} are the same as the sets (n + C) = {n+m : m € C} where C is
a P~ -equivalence class other than the C_,-(P_‘ ), 1 <j < k; and (iii) the k through-classes of
P are given by C; = C,;(P*)U (n+ Cj(P_)), V1 <j < k. (In order to make precise
sense of the permutation p, we should first choose some ‘canonical ordering’ of the
collection of distinguished classes for each element of S}; we will say no more on this
here, since we will elaborate on it later.)

We record a lemma (which is a consequence of the definitions) for later reference; we
omit the simple proof.

Lemma 7. Suppose Py - P, = d'Q, with Pi,Q€ Ry, andl € 7Z,.

(a) Assume that t(Py) = t(Q). Then, P{ = Q*.
(b) Dually, if t(P2) = 1(Q), then P, = Q.

After this paper was written up, the authors discovered that the algebras A,(d) have
been extensively studied by Paul Martin—see [M, M1]; he calls them partition algebras
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and even discusses their representation theory in the ‘non-generic case’. We, on the other
hand, discuss only the case of ‘generic d’” when the algebras are semisimple, but we
consider the ‘equivariant case’. Specifically, for any finite group G, we consider an
algebra AY(d)-which has a basis of ‘G-stable equivalence relations’-and show
(Theorem 21) that these algebras are ‘generically semisimple’ and obtain (Theorem 33)
the Bratteli diagram for the tower {A%(d) : n > 1}.

2. G-relations

We shall now consider an ‘equivariant version’ of the above analysis. (We should perhaps
mention that one of the reasons for our study of these algebras is the hope that we might
be able to tie them up with the theory of ‘planar algebras’ developed by Jones (see [J1]);
this will be discussed elsewhere.)

We begin with some notation. For a set X, we shall write R(X) for the set of all
equivalence relations on X—so that R([n]) is what was denoted by R, in the last section.
Suppose now that a group G acts on the set X; clearly then, we have a natural action of G
on R(X)-givenby g-R={(g-x,g-y): (x,y) € R} whenever R € R(X) and g € G. Call
a relation G-stable if it is fixed by every element of G, and let R%(X) denote the set of all
G-stable equivalence relations.

We shall only consider the case when G acts freely on X; when G and X are finite, the
case we shall be concerned with, this amounts to assuming that X = G x{1,2,...,n} and
that the action is defined by g - (x,i) = (g - x,i). We shall denote this set by X, in the
sequel.

First consider the case n = 1. In the following lemma and elsewhere in this paper, the
symbol ][ always denotes ‘disjoint union’.

Lemma 8. (a) If H is a subgroup of G, then the partition G = || g;H of G into distinct left
H-cosets yields a G-relation on X,. (b) Every G-relation on X, arises as in (a) above.
(Thus, there is a natural bijection between R°(X,) and the set of subgroups of G.)

Proof. (a) is clear; as for (b), let H denote the equivalence class of 1 (the identity of G)
with respect to a G-stable relation. Suppose hy, hy € H; then, 1 ~ hy= hy! ~ hi'h; =1,
and hihy ~ hy ~ 1; so H is a subgroup. OJ
DEFINITION 9

Let C = C(G) denote a collection of subgroups of G containing exactly one subgroup
from each conjugacy class of subgroups; for each H € C, let N(H) be the normaliser in G
of H, and suppose

G = [ V), (23)
where we always assume that {o” : 1 < x <[G: N(H)]} contains the identity element

G. (Thus, we have chosen fixed coset-representatives for N(H)\G, choosing the identity
as the representative of the coset N(H).)

Remark 10. (a) Suppose P € R%(X,). Then the equation
R ={(i,j): 1 <i,j<n,3g h € G such that ((g,i), (h, j)) € P}
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defines an element of R([n]); it follows from the definition that [(g, i)], is a through-class
of P if and only if [i], is a through-class of R” (provided n is even, so that this makes
sense). (As above, we shall always use the notation [i], to denote the R-equivalence class
of the point i.) (b) For each i € [n], it follows from lemma 8 that there exists a unique
subgroup, say K;(P), such that ((g, 1), (h,i)) € P& g€ hK;(P). (¢) If ((g,i), (h, j)) € P are
as in (a), then gK;(P)g~' = hK;(P)h~!, and in particular, the subgroups K;(P) and K;(P)
are conjugate whenever (i, j) € R”. (Reason: fix k; € K;(P); then [(1,i)],=[(g "1, j)|p=
(g~ kg, )]s similarly [(1, /)], =[(h g, i)]» and hence [(1,)], = [(¢~ ki~ g,i)],
ie., g 'hK;(P)h~'gC K;(P); the reverse inclusion follows identically.) (d) Thus, each
P € R%(X,) determines a function

[n]/R" > C—HE € C,

where HY. is the unique element of C which is conjugate to K;(P) Vi € C. Further, for each
C € [n]/R", we shall consistently use the notation i(C) = min{i : i € C}.

PROPOSITION 11
Let P € RS(X,) and R” be as above. Then,

(a) there exists a unique function ¢* : [n] — 1o H\G, which satisfies the following
conditions for all RP-equivalence classes C:

(i) ¢"(i) € HP\G Vi € C;
(i) Uiec(a” (i) x {i}) is a P-equivalence class; (here, we think of an element of
H\G naturally as a subset of G); and
(iii) ¢F(i(C)) = HPoL, where of. € {0/ : 1 < < [G : N(HP)]}.

(b) Conversely, suppose we are given (i) an R € R(|n]), (ii) a map [n]/R > C— H¢c € C,
and (iii) a map ¢ : [n] — [[yec H\G, which satisfy:

(i) ¢(i) € Hc\G, whenever i belongs to the R-equivalence class C; and
(i) ¢(i(C)) = Hcoc, where oc € {o%'c : 1 < k < [G : N(Hc¢)]}VC.

Then, there exists a unique P € R%(X,) such that R® = R,Hc = HE. YC, and ¢F = ¢.
Further, this relation P is defined by

((g:0), (h, j))) € P& (i, j) €R and ¢(i)g~" = ¢(j)h " (2.4)

(c) If Y is another function defined on [n) and satisfying (a) (i), (ii), then for each RY-
equivalence class C, there exists a unique element wt € N(Hc)/Hc such that
YP(i) = whof(i) Vie C.

Proof. (a) We first discuss uniqueness. Suppose we are given a function ¢’ satisfying
conditions (a) (i)-(iii). These conditions, and the definition of K;(P) shows that if
[i]r = C, then ¢ (i) is a left-coset of K;(P) as well as a right-coset of HZ. Suppose
¢ (i) = HPg = g1Ki(P); then clearly g 'HEg = (¢ (i) '¢P (i) = Ki(P). In particular,
this is true for i = i(C), and since the !’ are representatives of the distinct right-cosets of
N(H), it follows that there exists a unique o} satisfying condition (iii). Now if we define
D = [(c%,i(C))]p, we see from condition (ii) that for each i € C, we must have
#F (i) x {i} = DN (G x {i}). This proves that the function ¢’ is uniquely determined by
the conditions (i)—(iii).
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For existence, let us define U‘Z and ¢” by the prescription forced by the discussion of
last paragraph. We only need to verify that ¢ (i) is a right-coset of Hc. What is clear from
the definition is that ¢ (i) is a left K;(P)-coset; on the other hand, notice that ¢* (i(C)) is
invariant under the action of Hg, and that this is necessarily true also of D, and hence of
@F' (i), for each i € P; thus, ¢ (i) is a left K;(P)-coset, as also a union of right H--cosets;
for reasons of cardinality, this forces @7 (i) to be exactly one right HE-coset, as de51red
This proves existence.

(b) If the data of (b) (i)—(iii) satisfies (i), (iii)’, then equation (2.4) defines a G-stable
equivalence relation. (Reason: the P- equivalence classes are just the ‘sets of constancy’
for the function (g, i)~ ([ilz,H}j,¢ ').) The definition of P and of R” implies that
RP C R; conversely, suppose (i, j) € R; let C = [] r = [Jlg; since G acts transitively on
Hc\G, we can find g € G such that ¢(i)g~' = ¢(j); hence ((g,i),(1,/)) € P; this
implies that (i, j) € R”. Thus, indeed R = R”.

Let C be an R”-equivalence class. By condition (iii)’, we have ¢(i(C))oz! = Hc, and
hence, by definition of P,

((0¢,i(C)), (g, j)) €P = j€ Cand He = ¢(j)g”"
< j € Cand ¢(j) = Heg
< jeCandg e ¢()),

(since ¢(j) is given to be a right-coset of H¢ for j € C). Hence ¢ also satisfies:
(i) D = Uicc(9(i) x {i}) is a P-equivalence class.

Then, for any i € C, it follows from the definition of K;(P) that ¢(i) is a left-coset of
K;(P) as well as a right-coset of Hc; this means that the subgroups K;(P) and H are
conjugate whenever i € C. Thus, we see that HZ. = H¢ VC.

So, the function ¢ satisfies the conditions (a) (i)—(iii), and we deduce from the
uniqueness assertion of (a) that ¢ = ¢*.

(c) If we set D = Ujec (W7 (i) x {i}), we see as in the proof of (b) above that if C is any

RP-equivalence class, then ¢ (i(C)) is a left-coset of K;c)(P) as well as a right-coset of
Hg, if @/}P( (C)) = HEg, this means that Kic) = g 'H?g. We already know that K;c) =
()~ Hgac This means that g(orc) € N(HF) and hence there exists a unique element
wf € N(H?) such that g = who?.. The definitions show that

YW'(i(C)) = Heg = Hewgog = weHcog = wed” (i(C)).

It is now easy to verify that the function defined by ¢(i) = (wf; )~ LyP (i) satisfies the
three conditions (a) (i)—(iii), and an appeal to the uniqueness assertlon of (a) completes
the proof. [

Notice now that for any positive integer n, we may regard R%(X,) as a subset of
R([n|G])); furthermore, if P,Q € R%(X,,), and if P-Q =d'S, where the product is
computed as in the algebra A, g|(d), then it is easy to see that § corresponds to a G-stable
equivalence relation on X,,. Thus, the linear span of R® (Xan) is a subalgebra of Aol (d).

DEFINITION 12

Let AS(d) denote the (finite-dimensional) algebra, with basis R%(X,,), obtained as
above.
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Remark 13. Let P € R%(Xa,); since G acts transitively on each G x {j}, it is seen that if
C is any through-class of R”, then G x C is the disjoint union of [G : HY] many P-
equivalence classes; and, as C varies over the through-classes of R?, these exhaust all the
through-classes of P; hence, if #(P) = k, then

k=Y [G:HEl, (2.5)
where the sum is over all through-classes C of RP; in particular, if t = t(RP ), then,

t <k <tG|.

DEFINITION 14

(a) For 0 <k <n|G|, define I¢ to be the linear subspace of AY(d) spanned by
{P € R%(X,) : t(P) < k}.

(b) If P € RY(Xy,), define n®:C— Z (={0,1,---}) by np(H)=#{C:C is a
through-class of R” such that H-. = H} for all H € C.

(c) For 0 <k < n|G]|, let N; denote the set of functions 7 : C — Z, which satisfy the
conditions >, 7i(H) < n, and k = Y, 7(H)|G : H]. (Later, when we wish to vary n,
we shall denote this object by the symbol N,., since the definition also involves the
inequality depending upon n.)

Let N[n] = UZL%'N](.
(d) For arbitrary 7 € N, define I(r) = {P € R%(Xa,) : np = n1}.

Thus, as in Corollary 5, it is true that {I¢ : 0 < k < n|G|} is a filtration of A%(d) by
two-sided ideals.

Lemma 15. For 0 < k < n|G| and arbitrary ii € Ny, let Q(R) denote the linear subspace
spanned by n(I1(R)), where 7w : IE — IC /I | is the quotient map; then, Q(7) is an ideal in
IE/1C |, and further,

IE/I | = ©ren, (7).

Proof. The lemma is a tautology when k& = 0, so we may assume k > 0.

It should be clear that it is sufficient to prove that if P; € I(7;),71; € Ny,j = 1,2, if
P,-P,=d'Qin Af(d), and if #(Q) = k, then 71, = 7y = nyp.

In view of Lemma 7, it suffices to observe that np is uniquely determined by P* as well
as by P~ — and this follows easily from the definitions. O

In order to arrive at a ‘working description’ of elements of these ideals, we shall first
obtain an alternative way of encoding the ‘tops’ of elements P € R%(X,,). On the one
hand, we can forget that P is G-stable and represent the ‘top’ and ‘bottom’ of P, and just
look at what we denoted by P at the end of § 1. Thus, for instance P~ is just the data P+
of the equivalence relation obtained by restricting P to the top (i.e., G x [n]), together
with the data of which P"-equivalence classes are contained in through-classes of P.

We wish to bring in the knowledge of G-invariance of P to encode this data differently.
For this, the starting point is the observation — see Remark 13 — that through-classes of P
are intimately tied with through-classes of R”. We begin by trying to list the elements of
the latter collection in a ‘canonical order’.

If np =7, and if H € C, then there exist 7(H) many ‘distinguished” R? “_equivalence
classes C* for which HE. = H; let {Cpy(PT) : 1 < s <7(H)} be the unique listing of
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these classes which satisfies

s <5 = i(Chs(PY)) < i(Cry (P)). (2.6)

DEFINITION 16

For 7 € N}, define S(77) to be the collection of all symbols P* = (P*; {Cy(P"):
1 <s <n(H),H € C}), where P € R%(X,,), and {Cy(P") : 1 <5 <7(H),H € C})isa
collection of ‘distinguished’ R” -equivalence classes such that (i) HZJP*) = H for all
H,s, and (ii) the condition (2.6) is satisfied. '

Thus, if P € RG(in), and if np = 7, then the ‘top’ (resp., the ‘bottom’) of P deter-
mines an element P (resp., P7) of (7). Conversely, this P* uniquely determines all the
‘distinguished’ classes of what we earlier called P', since a P'-equivalence class, say
D, is contained in a through-class for P if and only if there exists a through-class, say C,
of R” such that D C (G x C). Thus, what we have called P" is nothing but another way
of encoding what was earlier called P' in case P is G-stable. Thus, in future, we shall
freely use such expressions as ‘let P* denote the ‘top” and ‘bottom’ of P € R%(X»,) .

Lemma 17. There exists a bijection

I(7) > Pr> (P*, p(P),P~) € (1) x G(7) x S(7),

where (i) G(n) = HHGC((N(H)/H)ﬁ(H)xEmH)) is the product (over the H’s) of semi-
direct-products (with respect to the natural permutation action of the second factor on the
first), and (ii) P* denote the ‘top> and ‘bottom’ of P.

Proof. Fix a P € I(n). For Q € {P,P", P}, let < be the function associated to Q as in
Proposition 11. By considering the through-classes of R”, it is not hard to see that, for
each fixed H € C, there is a unique permutation vy € Yy such that {(n+4Cp(P7)) U
Ch (s (PT) : 1 < s <7(H)} is precisely the collection of those R”-through classes C for
which H. = H.

Notice next that the function defined on [n] by ¥ (j) = ¢ (n + j), satisfies the condi-
tions of Proposition 11(c) (with P~ in place of the P there). Hence, by that proposition,
for each R” -equivalence class C~, there exists a unique element wf € N(HE.)/HE-
such that ¢ (j) = wb_¢" (j)Vj € C. Set ¥ = wlg;w 1 (P for 1 <s <n(H),H€C.

Now define p(P) = ((p(P)y))yec- where p(P); € (N(H)/HY™™ x Sz is defined by
p(P)H = (((’J{-I? s 7W§I(H))a’YH)'

Thus, we have defined the map (.
Conversely, suppose the triple (P*,p(P),P~) is given, and suppose p(P) =
((p(P)y)) rrec> Where p(P)y = ((wy,- .., why),vu). Then define:

(i) a relation R € R([2n]) by demanding that its equivalence classes are: (a) the R”" -
equivalence classes other than the Cy (P™)’s; (b) sets of the form (n + C), where C
is an R” -equivalence class other than the Cpy(P™)’s; and (¢) {(n+ Cp,(P™))U
Chrysy(PT)) 1 1 <s <7a(H),H € C};

(ii) a map [2n]/R — C by setting Hc to be equal to: (a) HE', if C is an R”"-equivalence
class other than the Cpy(P™)’s; (b) HY_,, if (C—n) is an R” -equivalence class other
than the Cpy s(P~)’s; and (c) H if C= (n+Cp(P~)) UCy (5 (P*) for some H, 5; and
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(iii) a map ¢ : [2n] — [[,o H\G by setting

o (k) if k<n
o(k) = of (k) if k>nandk—n¢ Uy, Cy,(P7).
W @7 (k—n) if k>nandk—ne Cyy(P)

The data (i)—(iii) above satisfy the conditions (b) (i)’ and (iii)" of Proposition 11 (with
2n instead of the n of the proposition) and therefore determine a unique P € R%(X»,). It is
easy to see that P € I(7). Set n((P*, p(P),P7)) = P.

The proof of the lemma is completed by verifying that the maps ¢ and 7 are inverse to
one another. O]

In view of the above lemma, we shall feel free, in the sequel, to think of elements of
S(m) x G(n) x S(n) as elements of I(7), and vice versa.

3. The structure of AS(d)

We come now to the representation theory of A%(d).

PROPOSITION 18

Fix 0 < k < n|G| and 7i € Ny. Let V(7)) denote the C-vector space with S(n) x G(7) as
basis.

(@) The following prescription uniquely defines a representation w(z) of AS(d) on V(n):
temporarily fix an element Sy € S(i); let P € R%(X,,), and (S,0) € S(n) x G(n),
and suppose P - (S,0,S0) = d'Q in the algebra AS(d); consider two cases now:

() if t(Q) =k, then Q € I(n) and Q = (S1,01,S0) for a unique pair (S;,01) €
S(n) x G(n); in this case, define 7 (P)(S,0) = d'(Sy,01);
(i) if Q € 1Y, define 7w (P)(S,0) = 0.

(b) Let P € I(n) and (S,0) € S(7) x G(n). Suppose P = (P*, p,P™). Then,

) (P)(S,0) = D(P~,S)(P", pg o), (3.7)

where the quantities D(P~,S) and 3§ are most easily defined by considering two
cases:

Case (i): Foreach H € C such that i(H) # 0, there exist distinct (R®” v RS =)RF" V5-
equivalence classes, say Cp s, 1 < s <7(H), and a (necessarily unique) permutation
Y € Yg(m) such that Cps(S) U Cy () (P7) C Chys for each 1 <'s <7a(H).
In this case, define D(P~,S) = dI""VSI=% ‘while ¥ is defined by the equation
(P~ 1,P7)-(S,1,8) = D(P~,S)(P~, &% ,S). (3.8)
Case (ii): Suppose the conditions of Case (i) are not satisfied.

In this case, define D(P~,S) =0 and 3§ = 1.

Proof. (a) We only need to verify that 7 (P - P2) = 7@ (P1)m( (P2) for all Py, P €
R%(Xy,). Suppose that (S,0) € S(7) x G(n), and (P; - Py) - (S,0,80) = d'Q. Suppose
P, (S, g, S()) = dlez.



The algebra of G-relations 273

First suppose #(Q) = k. It follows that also #(Q,) = k. Deduce now from lemma 7(b)
that O, = (S2,02,S0) for some (S,,02), and that O, € I(7). It is also seen — from the
associativity of multiplication in Af(d) —that P, - Q, = dHZQ; deduce, as before, that
Q € I(n) and that Q = (Sy,01,8p) for some (S;,01). Hence, we see that 7 (P - P2)
(S,0) = d'(S1,01), while

T (P)ma) (P2)(S, 0) = d*nm (P1)(S2,02)
:dl(sl7al)
= 7 (P1 - P2)(S,0),

as desired.

Next, suppose Q € I |, so that m (Py - P2)(S,0) = 0; then it must be the case that
either (i) O, €1¢, or (ii) Q2 €1(n), 0 = (S2,02,S¢) for some (Sy,02), and
Py - (S2,02,80) € I . In either case, we have 7 (P1)m (P2)(S,0) = 0.

(b) If P € I(n) and (S, 0) € S(n) x G(7), it is not hard to see that the following condi-
tions are equivalent:

() The conditions of case (i) of (b) are satisfied;

(B) If P+ (S,0,S0) = d'Q in A%(d), then 1(Q) = k;

(v) D(P,S) #0.

It is clearly enough to prove that eq. (3.7) is satisfied when the three equivalent

conditions above are satisfied. If P € I(7i) and (S,0) € S(77) x G(7), we thus need to
verify (under the stated assumptions above) that

(P+7p7 P_) ! (57 g, SO) = D(P_,S)(P-F’pﬁgio'? SO)a

which we shall do, by considering several special cases.

Case1: P~ =S and 0 = 1.
It is seen from the definition of the product in A%(d) that

(P™,p,8) - (S,1,80) = D(S,8)(P", p, So), (3.9)

and eq. (3.7) is satisfied in this case, since (3.8) and the same reasoning, that goes in to
justify (3.9), shows that 8§ = 1.

We note for future reference that, in the same way, we obtain, for arbitrary S;,S, €
S(n) and o € G(n):

(SI’U’S2):D (81,1,81) - (S1,0,5,)

1
(Slasl)
1

:m(sl,a,sz) (85, 1,S,). (3.10)

Case 2: P~ =S and o is arbitrary.
Thus, we have to verify that

(P, p,P7) - (P,0,8) = D(P, P )(P", po,Sy), (3.11)

and this is really the heart of the computation.
Let us write P; = (P, 0,S0) and P- P, = D(P~,P~)Q. Since we are assuming that
the conditions (o) — () are satisfied, we know from (a) that Q € I(7). Suppose
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0=(Q%,¢,Q ). We know from Lemma 7 ((a) and (b)) that Q* =P*,Q~ = S,. Thus,
we only need to show that ¢ = po.

Suppose p = ((pu))yec> Where py = (W], ... wi ), vi); and that similarly, o =
((08))pec» where oy = ((U],...,vEy),kn): thus, for each H €C, we have
Wi v e N(H)/H,1 < s <n(H), and v, kg € Srgar)-

The construction in the proof of Proposition 17, when unravelled, says that the group
element p is related to the relation P € RS(X,,) by the following requirement, and that p
is determined by this requirement:

For all H € C,1 < s <7(H), we have:

(08, (pey i(Crrs(PI)]p D (Wl b

H.y

1 (P) X {i(Crpr()(P7))}).
Similarly, we see that for all H € C,1 < s <7n(H):

[(02,,(py, i(Crra(P )], D (10 gt X G0 (So)) )

Now, set 7 = v (s) in the last inclusion, and use the G-invariance of the relation P to
deduce that for all H and s, we have:

[(Wog (p-) X H(Chqp1 () (P7)))]p,

Hog' (o)
2 (w VH s) X 1 (Crny (1)) (50))})-

(s) CH o)

Hence, we see that for all H,s, we have:

D (wfuf/{](s)ag ) X {i(Cy (@)D

Since this property determines the group element ¢, we see that ¢ = ((¢g)), with
or = (O, .. X8 M) Am), where X = wHI/H L) and Ay = yykg; in other words,
oy = proy, the product being computed in the semi-direct product. (This is the reason
for introducing the semi-direct products.)

Case 3: P~ p,S, o arbitrary.
Compute as follows:

(P+7p7 P_) i (P_a laP_) i (Sa laS) i (S7 g, SO)
D(P-,P~)D(S, S)
_D(Pivs)(PJrvpaPi)'( ) S aS) (S,O}So)

D(P~,P~)D(S,S)
= D(P~,S)(P", pfs 0,S0),

(P+7pa Pi) ! (S,O’, SO) =

where we have used both the equations (3.10) in the first step, the definition of (3 (see
equation (3.8)) in the second step, and equation (3.11) twice in the last step. |

The next lemma is needed to ensure that that the algebra A%(d) is semisimple at all but
a finite number of values of d.
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Lemma 19. Let C = ((c})) be a square matrix and suppose c; = d", where d is a complex
parameter, and the matrix ((n})) satisfies the following conditions:

J
6] n; € {—00,0,1,2,...},
(i) n; > max{0,n}} Vi, j; and '
(ili) if i #j and n} = ni, then n < n.
Then det C is a monic polynomial in d; in particular, the matrix C is non-singular when
we substitute all but finitely many possible complex numbers for the parameter d.

Proof. We shall show that the monomial in d obtained as the ‘diagonal product’ of C
corresponding to any permutation ¢ which is distinct from the identity permutation, has
degree strictly smaller than the degree of the ‘main diagonal product’ (which corresponds
to the identity permutation).

Since any such o is expressible as a product of disjoint cycles, and since we have
assumed that n{ > 0 (so that there is no problem of multiplying by 0), it is enough to

(consider the case when o is just a cycle, and) prove that if i,j, k, ..., r,sis a collection of
(two or more) distinct indices, then
(ni4m+ 0l 4 n) < (ni4nl+ 0l +n). (3.12)

However, we have termwise inequalities:
i i J j r r s s
n <mp, ny <nj,..oong <nponp <o (3.13)

Since the hypothesis (ii) guarantees that the right side of (3.12) is a finite quantity (i.e.,
not equal to —oo), the only way that the inequality (3.12) can fail to hold is that each of
the inequalities in (3.13) is actually an equality; in that case, the assumption (iii) will
imply that n! < nj < -+ < nl <nf<nl This contradiction completes the proof of the
lemma. O]

PROPOSITION 20

Let 71 € Ny. The equation (I'(1))(R, p) = (R, pr~!) defines a representation T of G(7i) on
V(7). Let m() be the representation of AS(d) described in Proposition 18. Then,
() 7 (A% (d)) C T(G())".
(ii) Consider the matrix C with rows and columns indexed by S(i) x G(n), defined —
using the notation of Proposition 18(b) — by
C((R7 p)v (Sv U)) = 6J7px3gD(Ra S) (314)

Then the matrix C satisfies the hypothesis of Lemma 19; and if d is such that the matrix C
is invertible, then

7 (AS(d)) = 7 (span (7)) = I(G(n)) .

Proof. (i) Note that '(7)(R, p) = 1/D(So, So)m (R, p,S0)(So, 7 "), for each 7 € G(n),
and (R, p) € S(7) x G(7m); assertion (i) of the proposition is a consequence of the fact
that ‘left multiplication’ commutes with ‘right multiplication’. (ii) It is clear that
C((R,p), (S,0)) = dV(Rr):(S9) where N is the matrix defined by

IRV S|| —k if D(R,S) # 0 and o = pg&
—00 otherwise .

N((R,p). (8,)) = {'
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Notice first that SR = 1, and that consequently,
N((R, p), (R, p)) = |IR|| — k = max{0,N((R, p), (S,0))} V(R, p), (S, 0);

thus N satisfies conditions (i) and (ii) of lemma 19.

Next, suppose N((R,p),(R,p)) =N((R,p),(S,0)) for some (R,p)# (S,o’) In
particular, this means that the right side is not equal to —oo, and hence, D(R, S
o= pPA¥, and ||RV S|| = ||R||. It follows that RV S =R, i.e., S < R.

Suppose, if possible, that R = S. The condition D(R, S) # 0 is then seen to imply that
R = S; then the condition ¢ = pﬂg is seen to imply (since B = 1) that o = p; in other
words, (R, p) = (S, o), contradicting the hypothesis; hence, indeed R # S.

Then it follows from Lemma 1(b) that ||R|| < ||S||, and hence that

N((R,p), (R, p)) = [[R[| — ¢ <[|S|| =t = N((8,0), (S, 0)),

thereby completing the verification that C satisfies the conditions of lemma 19.
So, we assume, in the rest of this proof, that d € C is such that the matrix C is inver-
tible. We shall, in what follows, identify a linear operator, say T, on V(7), with its matrix

((Tg;f)))) with respect to the basis S(77) x G(n). (Thus, T(S,0) = > g, T((R ))(R7 p).)
Now, the matrix of a typical element of I'(G(7))" has the form

X((R7 p)7 (Sa U)) = x(pgil)(R’ S)7
where {x(7): 7 € G(77)} is a collection of arbitrary matrices with rows and columns
indexed by S(n).
Hence, in order to prove (ii), it will suffice to prove that given an arbitrary collection

{x"): 7 € G()} of matrices with rows and columns indexed by S(77), then there exist
complex scalars a(Q, p,R),Q,R € S(7), p € G(n) such that

(Z a(vavR)W(n)(QapvR)> ((Slaal)v(saa)) (Jlg >(Slas)v (315)

Q.,p.R

for all (Sy,01),(S,0) € S(7) x G(n).

Fix S; € S(77), and define y(5!)(S,7) = x{7)(S,,8); due to the assumed invertibility of
the matrix C, there exists a unique collection {z®)(R,p) : (R,p) € S(7) x G(7)} of
complex numbers such that

ZZ S R.p),(S,7) =»(S,7), (3.16)

Rp

for all Sy, S, 7.
Also note, from (3.7) and the definition of C, that

W(ﬁ)((Q, P R))((Slv 01)7 (Sa U)) = 6Q-,S| C((Ra p)v (Sv 010’71))'
Now set a(S;, p,R) = z8)(R, p), and compute as follows:

(Z Cl(Q, Ps R)ﬂ-(ﬁ)(Qa P R)) ((Sl s Ul)a (Sv U))

Q,p.R

= > a(Q,p,R)égs,C((R, p), (8,010 "))
Q.,p.R
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= Z Cl(Sl, P R)C((R> P)7 (Su 010_] ))
p.R

= ZZ<SI)(R, p)C((R,p), (S,a107"))

and the proof is complete. O

The matrix that we called C in Proposition 20 really depends on n,7 and d, and we
shall write C”m (d) (rather than merely C) when we wish to emphasize this dependence in
the following; likewise, we shall, when desired, write I"(Iﬁ) for the representation of G(n)
that we called I' in Proposition 20.

Theorem 21. Suppose d € C is such that Cr (d) is invertible, for each T € Ny, 0 <
k < n|G|. Then
A (d) = Spen,, & -~ (My,(C) ® Mg (C)). (3.17)

€G(n)

In particular, the algebras AS(d) are ‘generically’ semisimple.

Proof. Let us write L = I"(’ﬁ)(G(ﬁ) )'; then, by Proposition 20 (ii), we have, for all k, 7,
7 (AS(d)) = ) (span 1(7)) = Liy;

further, it is clear from the definition that the representation I}, is equivalent to
R() ® idjsm), where R(m) denotes the right regular representation of G(n); it follows that
L, = C[G(n)] ®c Ms(m)(C), and hence that dim(L{;)) = |G(7)| - |S(7)|*; on the other
hand, we also know that this is the dimension of /(%) (since I(7) has a basis indexed
by S(r) x G(7) x S(n)), and consequently, we may conclude that 7 maps (span (7))
bijectively onto L.

Since each L?ﬁ) is clearly semisimple, the proposition will be proved once we establish
the following isomorphism of C-algebras:

Dreny W) © Ay (d) = Brew,, Lz

Now dim A (d) = dim(@L{; ), since [[; I(7) is a basis of AY(d); so it suffices to prove
surjectivity of ©zm ).

So suppose @sx(z) € ®rLiy; we shall exhibit {a) € (span I(m)) : m € N}, } such that
(@rm@m) Qi agm)) = ©rxm)- Note that 7 (1(7)) = 0 whenever either (i) [ < k, or (ii)
[ =k and m # n — where m € N;,nn € Ny; hence the a)’s must satisfy

Z ﬂ(ﬁ)(a(m)) = X(m) VneN,0<k<n.

I>k,;meN;

Since we know that 7(z) maps /(7) onto L”ﬁ)’ we may inductively define the a()’s by just
requiring that if 77 € Ny, and if a(z) has been defined for all m € N, < k, then

mwlam) =xm — Y T lam)-

I>kjmeN,
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4. The tower {A%(d):n=1,2,...}

Henceforth, we make the blanket assumption that d satisfies the hypothesis of Theorem 21.

It is a consequence of that theorem that — in the notation of that theorem — the
irreducible representations of A$(d) are parametrized by the set {(7Z,m):7 € Ny,
7 € G(n)}. For the sake of future computations, we wish to explicitly write out a model
for the irreducible representation corresponding to (77, 7). In the sequel, we write CS(n)
for the C-vector space with basis S(77), with S(7) as before.

Remark 22. (i) We wish to note here that although we used a ‘reference element’ Sy in
defining the representation 7, of Proposition 18, the definition is actually independent
of the element Sy — at least under our blanket assumption that d satisfies the hypothesis
of Theorem 21. This is because: (a) it is seen from eq. (3.7) that the definition of 7(P)
is independent of Sy at least when P € I(7); and (b) for a semi-simple algebra, a
representation is uniquely determined by its restriction to any ideal which acts ‘non-
degenerately’.

(ii) Further, as we shall wish to consider AnG(d) for varying n, we shall use a subscript n
for symbols used so far, to indicate the dependence on n; thus, we shall talk of V,(7),
Sn(n), etc.; also, we shall use the notation N, for what we have so far denoted by Ny (see
Definition 14(c)).

PROPOSITION 23
Fix 71 € Ny, 0 < k <n|G|,7 € Gfﬁ\). Let V. denote the vector space on which
represents G(7i), and define V(ii, ) = CS(i) ® V.

(a) Then the following prescription uniquely defines the structure of an AS (d)-module on
V(n,m): let P € R%(Xy,),S € S(7); by the definition of the representation m() — see
Proposition 18 — there exists a unique scalar C(P,S) and an element (S;,0,) €
S(n) x G(n) such that

W(z)(P)(S, 1) = C(P, S)(S],O’l),
where the 1 on the left denotes the identity element of G(R); then let
P-(S®wv)=C(P,S)(S; @ w(cy)v).

(b) V(n,7) is irreducible as a module over the ideal I¢ (and hence also as an A%(d)-
module), and further, if m € Ny, then I(m) acts as 0, whenever either (i) | < k, or
(ii) I =k and m # 7. -

(c) The modules {V(n,7) : 0 < k < n|G|,7i € Nyy, 7 € G()} are pairwise inequivalent.

Proof. Suppose X,Y € R%(X,) and S € S(77), and suppose that

@) (¥Y)(S, 1) = C(Y,8)(S1,01); and
7w (X)(S1, 1) = C(X,81)(82, 2);

it follows that

7 (XY)(S, 1) = 7@ (X) 7@ (Y)(S, 1)
C(Y,S)mm (X)(S1,01)
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= C(Y,S)mm (X)T(5 (07 )(S1,1)

= C(Y, )T (07 ) (X)(S1, 1)

= C(Y,S)I' (07 ) (C(X,81)(S2,02))
= C(Y,S)C(X,S1)(Sz,0201);

it follows from this that C(XY,S) = C(Y,S)C(X,S;).
Now deduce from the definitions that

Y- (S®wv)=C(Y,S)(S; & n(o1)v);
X - (S] ®W) = C(X,Sl)(SQ ® F(JQ)W);

and hence that

Y- (S®v)=C(Y,S)C(X,S1)(S: ® n(0201)v)
=C(Y,S)X - (S; ® m(o1)v)
=X-(C(Y,8)(81 @ w(01)v))
=X-(Y-(S®v);

this proves that the ‘representation’ is multiplicative; the verification of linearity is trivial.

(b) and (c) It is clear that I_; acts as 0 on V(7,w). Further, if 7 € Ny, it is a
consequence of Lemma 15 that 7 (/(7)) = O for 7 # 7, and hence () also acts as 0
on V(7, ), if m # 7. On the other hand, /(%) does not act as 0 on V (72, 7), since 7 is
injective on I(7). It follows from the preceding statements that if 7 € N,,;, then V (77, )
and V(m, x) are inequivalent A%(d)-modules, unless 71 = 7.

In order to complete the proof of the proposition, we shall verify — and this is clearly
sufficient — that if T : V(71,7) — V(7, x) is an I(7)-linear map, where 7, x € G(71), then

A ldv(ﬁ ) if m= X
T= e .
0 if 7 is not equivalent to ,

for some A € C.
Suppose {e;: 1< j<d.} (resp., {fi:1<i<d,}) is an orthonormal basis for
Vx (resp., V,), and suppose

S®ej ZTS]I (S1 ®f).
S,i

Let (Q. ,R) € I(7). Computing 7((Q, o, R) - (S @ ¢,)) and (Q, p,R) - T(S  ¢;)). and
equating coefficients of Q ® f;, we see that

D(R,S)> " (pB)Tiqy) = 88" > T i (pBR), (4.18)
k Si,i

for all possible choices of Q1,Q,R,S,/,j, p.
IfQ #Q,set R=3S,p=1ineq. (4.18) to deduce that

Qi) _ :
T(Q,j) =0Vl j, (4.19)

whenever Qq # Q.



280 Vijay Kodiyalam, R Srinivasan and V S Sunder

Writing T for the matrix defined by T = (((TQ)jl)), where (TQ); = T((gg, we next
deduce — on setting R =S, Q = Q; in eq. (4.18) — that

Tom(p) = x(p)Ts (4.20)

for all choices of p,Q,S. Set p =1 in eq. (4.20) to find that To = Ts = T (say), for all
Q. S; deduce next from (4.20) that T intertwines the representations 7 and Y, thereby
completing the proof. |

G

Since we wish to now look at the inclusion AY(d) C AY, |

write S,(77) for what we called S(7) till now. Thus,

(d), it will be necessary to

Sa(1) = {S = (S;({Cus(S) : H € C,1 <5 <n(H)})|S € RO(X,)}.

Given P € R%(X,,), define P € R9(X,,:2) by ‘adding on a set of |G|-many vertical
lines to the right of P’; more pedantically, if P € I,(7) is given by P = (P, p, P™), with
P* €5, (71),7 € Ny, then P = (P*,5,P) € Sy (), where (a) P = PE U {((g,n+1),
(gn+1)): g€ G}, (b)ym(H) =n(H) + by g1y, and

~ [{n+1} ifH={1}ands=n({1})+]1
Cns(P )_{CH,S(Pi) otherwise; )

and (c) with the natural identification of G(n) as a subgroup of G(m), we have simply
p = p. (Note that (i) G’ sits as the subgroup of G'*! consisting of those elements with last
co-ordinate equal to 1, (ii) X, sits as the subgroup of ¥, consisting of those permuta-
tions which fix ¢ + 1, (iii) the semi-direct product G’ x,Y, naturally embeds in G'*' x %, |
in a manner that is consistent with (i) and (ii) above, and (iv) with 7z and 7 as above, there
is a group K such that G(7) = Kx (G'x,Y,) and G(m) = K x (G x,X,, ). Later, we
shall need the analogous and slightly more general fact that if 72,7 € N,y and if 7(H) <
m(H) VH € C, then G(7) may be regarded as a subgroup of G(7).)

Given Hy € C, we shall write 1, for the function on C which is equal to one at Hy and
0 elsewhere. In the sequel, we shall specify elements S € S, (m) thus: (a) by specifying
the data of (i) an element RS € R([n + 1]), (ii) a mapping [7 + 1]/R > C+— HS € C, and
(iii) a map ¢° defined on [n + 1] and taking values in right-cosets of the H’s satisfying
the conditions of Proposition 11; and demanding that S € R%(X,, 1) is the unique element
corresponding to the data (i)—(iii) as in Proposition 11; and (b) by specifying an explicitly
labelled collection {Cy(S) : 1 <s <m(H),H € C} of RS-equivalence classes such that
Ch,(S) is assigned to H under the assignment of (a)(ii), and such that the labelling
satisfies the condition (2.6).

It will be convenient to have a ‘standard’ or ‘reference’ element of each S,(7); we
specify such an element in the following definition.

DEFINITION 24

Once and for all, fix some total order on the class C. Fix n € {1,2,...}, and 71 € Npy)-
Then 7 uniquely specifies distinct elements Hy, H», . .., H; of C such that:

(1) Hi < H, < -+ < H; (with respect to the chosen total order on C); and
(i) A(H) #0 < He{H:1<j<I}

Suppose 7i(H;) = vj; set pj = S _, v Then, define Sy(n,7) € S,(71) (which we shall
simply abbreviate to Sy if n,7 are clear from the context) as follows:
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(a) (i) R% is the ‘identity’ equivalence relation on [n], all of whose equivalence classes
are singletons;
.. H if p oy <k <y
So J Hj-1 Sy
(i) Hyp, = {{1} if < b
(iii) ¢% (k) = Hy, Vk; and
(b) Chs(So) = {pj—1 +s}, for 1 <s <, 1 <j<L

With a view to decomposing V,..1(7, x) as an A%(d)-module, we shall now proceed to
construct several A%(d)-linear maps from V, (i, ) to V,.1(7, x), for appropriate 7 and
m. The basic idea behind the construction of these intertwiners is the old one that ‘right-
multiplications commute with left-multiplications’.

Recall, from Definition 9 that for every H € C, we have chosen a fixed set {Jf 1<k <
[G: N(H)]} of coset-representatives for N(H)\G.

Lemma 25. Fix 1 € Nj,.1),Ho € C such that n(Hy) >0, and o € {of 1<k
(G : N(Ho)]}-
(1) IfQ € S,(7i — 1p,), define ay,,(Q) =S, thus:
@ GOR =RU{(n+Ln+1)}
(i) HS. — H? if € C [n]
Hy ifC={n+1}

w o020 1157

IN

_ CH,S(Q) if H#Hyor H=Hy,1<s< ﬁ(Ho)
(b) Cus(S) = {{n +1} if H= Hy,s = 7(Ho) '

Then oy, is a 1-1 map of S,(7i — lp,) into S,11 (7).
(2) Conversely, if S € S,+1(7), and if the singleton {n + 1} is an RS-equivalence class
which is one of the ‘distinguished classes’ — meaning that {n+ 1} = Cy, +,(S) (for a
necessarily unique Hy € C and a unique integer sy necessarily equal to n(Hy)) — then
there exists a unique Hy € C (namely the one just discussed), a unique o, and a unique
Q € S, (7 — 1p,) such that ay, ,(Q) = S.

(3) Let me G(n :\IHO), X € G/(ﬁ\)7 and suppose L : V. — V, is a non-zero G(ii — 1y, )-
linear operator. (Note that G(i — 1p,) C G(7), so the above sentence makes sense.) Then
the equation

(Ao (L) (T @ &) = amo(T) © L (4.21)

defines a non-zero AS(d)-linear operator Ap, »(L) : V(1 — 1y, 7) — Viy1 (7, ).

Proof. (1) and (2): It should be clear from the definitions that indeed ag,,:
Su(f — 1g,) — Spt1(7). To complete the proof, we only need to verify injectivity. On
the other hand, the statement (2) is also fairly obvious, and explicitly contains the
specification of the range of the map ag, ,, as well as the assertion that any point in this
range admits a unique pre-image, i.e., that ag, , is 1-1.

(3) We shall find the following notation useful: if m € Nj,), we shall write
t(m) = > peem(H)|G : H]; thus, if P € I,(m), then 1(P) = t(m). Also, let J,,(71) denote
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the linear subspace spanned by (£ (1) U U g ) <y In(M')); it should be clear that
Jn(7) is an ideal in A%(d) which acts non-degenerately on the module V,, (7, ¢).
Since A%(d) is semi-simple, it will suffice to show that Ay, ,(L) is J,(7 — 1y,)-linear.
First, suppose P € I(m) for m € Ny, with ¢(m) < t(7n — 1g,); then, we shall show that

(AHO,U(L))(P' (T ® 5))20: P : (AHo,a(L))(T ® 5)) VT € Sn(ﬁ_1H0)7§€V7T'

The fact that the left-side of the above equation is zero is a consequence of the fact that
t(P-(T,1,S0)) < #(P) < t(7n — 1p,), and such elements of the algebra act as zero on the
module in question.

As for the right side, it suffices to verify that (P - (ag, ,(T), 1,S0)) < #(7); but notice
that the first n|G| strands of this product contribute at most #(P) through-classes, while the
last |G| strands contribute exactly [G : Hy] through-classes, and the sum of these two
terms is, by hypothesis, less than #(7).

We need now to verify that

(Ao (L)(P-(T®E)) = P (An,o(L)(T@ ) VT € Sulii = 1n,), & € Vi,

whenever P € I,(7i — 1p,). Thus, suppose P = (Q, p,R), where Q,R € S,,(77 — 1p,) and
p € G(i1 — 1p,). Then, if we write g = p3R, we see that since (Q,p,R) - (T, 1,Sy) =
D(R,T)(Q,g,So), we have, by definition,

(Ao (L)(P - (T®E)) = (Anyo(L) (DR, T)(Q ® 7(g)¢))
=D(R, T)ay, ,(Q) ® Lm(g)&. (4.22)

On the other hand, since

P (Ao (L))(T ©€)) = P (an,o(T) ® LE)),

in order to evaluate the right side of this equation, we will need to first calculate

(Q7 12 R)~ (aHo,O'(T)7 17 SO)
To this end, it will be convenient to introduce the following element of I, (7), which
we shall denote by o, o

dHOﬂ = (QHO,O(SO(n7ﬁ - IHU))a L, S()(l’l + laﬁ))'
The point is that

(OéHO,g(S),g,So(I’l + lvﬁ)) = (S,g,SQ(I’l,ﬁ - IHU))~' dHo,U’ (423)

for all S € S,(7— ly,) and any g € G(7i — 1p,), where the g on the left side of the
equation denotes g when thought of as an element of G(7%) (via the natural inclusion
G(n— lp,) C G(7w)). (Equation (4.23) is verified by looking at the picture represented by
the product on the right side, noting that it does belong to (%), and checking that its
three ingredients are indeed as given by the left side of (4.23).)

Hence,

((27 0, R)~ (0[1_1070.(’1‘)7 ]7S()) - (Q7 P R)~ <T> ]7SO)~- O?Hn-,o’
=D(R,T)(Q,g,S0)" QHy, o
= D(R’ T) (O(HO’J(Q)7 8, SO)
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Hence we may deduce that

Q. 2, R)™ (Ao (L)) (T ®)) = (Q, p, R)™ (ap o(T) ® LE))

= D(Rv T) (aHo,O'(Q) ® X(g)Lg) (424)
Since g € G(n — 1p,), we have x(g)L = Ln(g), and the lemma follows from equations
(4.22) and (4.24). O

Lemma 26. Fix i € N, Hy € C and o € {0 : 1 <k < [G: N(Hy)]}.
(1) If Q € S,(n), define On,,(Q) =S, thus:
(@ () RS=RU{(n+1,n+1)};

v = {0 HEShL

I LTE
(1) Cis(S) = Cpp(Q) for H e C,1 < s < n(H).

Then Bu, ., is a 1-1 map of S,(7) into Sy41 (7).

(2) Conversely, if S € S,,1(7), and if the singleton {n + 1} is an RS-equivalence class

which is not a ‘distinguished class’ — meaning that {n + 1} ¢ {Cy(S) : He C,1 <s <
ni(H)} — then there exists a unique Hy € C, a unique o, and a unique Q € S, (1) such that

BHOVU(Q) = S/_\
(3) Let m € G(7). Then the equation
Byo(T ® §) = By, (T) ® € (4.25)

defines a non-zero AS(d)-linear operator By, , : V,(,7) — Vi1 (7, 7).

Proof. The proof is almost identical to that of the last lemma, and so we shall say nothing
more about the proof except that we would here want to look at the special element
BHy.o € I11(7) defined by

BH@ﬁ = (ﬁHo,O‘(S())? 1780)7

and the crucial identify it satisfies is

(IBHo,U(S)7g7 SO) = (S7g7 SO)~' BH(),(T' ]

Remark 27. (1) Fix n and 7 € Nj ). Consider two cases now:

Case 1: 1 € N. It is a consequence of lemma 25(2) and lemma 26(2) that if H; € C,
o €{of : 1<k <[G:N(H)|},1<i<4,ifn(H,),n(Hy) > 0,and if (Hy,01) # (Ha, 02)
and (Hs,03) # (Hs,04), then the four sets ay, o (Sy( — 1lg,)), om0 (Sn(@ — 1g,)),
Bri, 05 (Sn(7)), Bry. (Su(7)) are pairwise disjoint. In this case, define W2, (%) to be the
subspace of CS,,+(n) spanned by (Up »0p o(Sx(7 — 15))) U (U0 01.0(Sn(71))).

Case 2: ﬁ%N[n]. Here also, it is true (and follows from lemma 25(2) and lemma 26(2))
that if H; € C,0; € {0 : 1 <k <[G:N(H;)]},i=1,2, if 7(H,),7(Hy) >0, and if
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(Hy,01) # (Ha,02), then the sets ag, o, (S, (7i — 1g,)) and apy, o, (S, (7 — 1p,)) are disjoint.
In this case, define W, ,(77) to be the subspace of CS,.(7) spanned by (Uy,oup
(Sn(@ = 1u))).

It also follows from lemma 25(2) and lemma 26(2) that if S € S,.(%), then
S € W0, ,(n) if and only if {n + 1} is an RS-equivalence class.
(2) Fix 71 € Nj,1) as above, and x € G(n). Also fix H € C such that 7(H) > 0, and fix
oe{of: 1<k <[G:N(H)]}. Consider V, as a G(n — 1y)-module and decompose
into irreducible submodules; specifically, assume that there exist G(7 — 1y )-linear maps
Ly;:Vy—Vy,1<j<m;7me G7— 1) such that V, is the direct sum of the ranges
of all these maps. Then, we wish to observe that:

@jr range Apo(Lrj) = Clano(Sa(n = 1r))) @ Vy;

and the two sides of this equation represent an A%(d)-submodule of V,., (7, x).

Reason: The sum on the left is a direct sum because, for any fixed m,j, the corresponding
‘summand’ is a subspace of CS, (%) ® L (V). This direct sum is, by definition,
included in the space on the right. To prove the reverse inclusion, it is clearly sufficient to
verify that any vector of the form ay,(Q) ® L. ;£,Q € S,(7 — 1y)), & € V; belongs to
the left side, but this is just Ay (L, ;)(Q ® &).

(3) Clearly, for fixed 7 € Ny}, x € 6(%)71'1 €Coef{o 1 <Kk<[G:NH)},
range By, = C(Bp,+(Sx(n))) ® Vy;

and the two sides of this equation represent an A%(d)-submodule of V,.. (7, x).

(4) Define W?° (7, x) = wo .1() ® V. It is now a consequence of (1)-(3) above that

Wr?+1 (ﬁv X) = (@H,U,j,ﬂ range AH,U(Lﬂ,j)) S (®H,U range BHJ)’

and that W, (7, x) is an AZ(d)-submodule of V, (7, ).

Before discussing further intertwiners, it will be convenient to describe some coset-
representatives for some subgroups, and also to discuss a certain natural group action; we
do so in the following lemma, whose proof we omit since it is an easy verification.

Lemma 28. Fix m € Nj,,),Ho € C.

(1) For1 <s <m(Hoy)+ 1,andf € Hy\N(Hy), define an element o(s, ) € G(m + 1p,)
as follows:

O—(Sv f) = ((J(Saf))H)v

where

1 if H # H
(o(s, f))H:{((1,...,f,1,...,1);/\x) ifH:Hg

where the f occurs in the s-th slot, and X is the cycle (s,s + 1,... ,m(Hp) + 1).

Then, G(m + 1p,) = [, ;) o(s, f)G(m).
(2) Consider the set {1,...,m(Hy) + 1} x (Hy)\N(Hy)) and an element g € G(in + 1p,);
suppose that

g = ((gn)), where gy = ((w{17 e ’wl(rinleHO)(H)); KH)-
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Then, the equations
8 (Saf) = (Slvfl) 51 = KJHU(S)afl :Wgof

define a transitive action of G(im + 1y,) on {1,...,m(Hp) + 1} x (Ho\N(Hy)). In fact,
g-(s,/)=(s1,i)e o(s1, fi) gols, f)) € G(m); equivalently, this action may be identi-
fied with that of G(m + lp,) on G(m + 1g,)/G(m).

Lemma 29. Fix 7i € Niy, Hy € C such that 7i(Hy) > 0; also fix 1 < sy <7(Hp), f € Ho\
N(Hy) and o € {of0 : 1 < x < [G: N(Hp)]}.

(D IfQ € Sn(ﬁ)7 deﬁne YHo, (7,50, f) (Q) =S, thus:

(@) (i) the RS-equivalence classes are C = Cp, 4, (Q) U {n+ 1} and all the R2-equi-
valence classes other than Cp, 5, (Q);

(i) Hg = ng‘l[n];

N JolG) ifi<n
(111)¢S(l)_{f0. lfl:n+1

(b) Define Cpg,4,(S) to be the C defined in (1) (a) (i), and for H € C,1 <s <n(H),
(H7 S) 7& (H(),S())7 define CH,S(S) = CH,S(Q)-

Then Yuy (o.50.) 15 @ 1=1 map of S, (%) into S, (7).
(2) Conversely, if S € S,1(R), and if [n+ 1gs is not a singleton set, and if this RS-
equivalence class is a ‘distinguished class’ — meaning that [n+ 1]ps = Ch, ,(S) for a
necessarily unique (Hy,so) — then there exists a unique f € Hy\N(Hp), o € {00 : 1 <
k < [G: N(Ho)]} and a Q € S,(7) such that vy, (55, 5)(Q) = S.
(3) Suppose m,x € G(7), and suppose L: V. — V, is a non-zero G(ii — ly,)-linear
map. Also suppose that o € {o" : 1 <k < [G : N(Hp)}. Then the equation

(Crpo (L)) (T @)

= (’VHO,(U.,X,f) (T) ® X(U(S, f))LW(O'(& f)71>§) + Wr?+1 (ﬁ, X)?
(s,

>

where the sum ranges over 1 < s < n(Hy) and f € Hy\N(H,), defines a non-zero A%(d)-
linear map Cpy (L) : Vy(7i,) — (Va1 (7, x) /W0, (B, X))

Proof. The statements (1) and (2) are established exactly like their counterparts in
Lemma 25 after observing that every element of Hy\G is uniquely expressible as fo for
f € H)\N(Hy) and o € {of : 1 < <[G:N(Hp)]}. For (3), again as in Lemma 25, it
will suffice to verify that Cy, ,(L) is J,(7)-linear. Thus we need to verify that

(Crtno (D)(P - (T®E)) =P+ ((Crpo(L))(T @ €)) VT € S, (1), € € Vi,

whenever either (i) P € I,(7), where 7 € Ny, t(m) < t(7), or (ii) P = (Q, p,R) € I,(7).

We first show that in case (i), both sides of the desired equation reduce to zero. Since
t(P- (T, 1,S0)) < #(P) < t(n), it is seen that the left side of the above equation is, indeed,
zero. To evaluate the right side, we have to examine such products as P - (Vy,(05,1) (T),
1,Sp), and it will suffice to show, therefore, that in this case, either such a product has less
than #(7) through classes, or such a product has exactly #(7) through classes, in which

case its ‘top’ belongs to W? 1 (7). In any case, since the second term of the product has
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exactly #(7) through classes, the product can have at most #(77) through classes. So, we
may assume without loss of generality that the product has exactly #(7) through classes.
By the last line of Remark 27(1), it suffices therefore to show that if the ‘top’ of our
product is S, and if {n 4 1} is not an RS-equivalence class, then the product cannot have
t(n) through classes; but this is an easy consequence of the assumption that #(P) < #(7).

To discuss the second (and less trivial) case, we will again find it convenient to
introduce an auxiliary element g, (s, ) Which enables us to regard the mapping Vg, (o5, 1)
as a sort of right-multiplication. Thus, define 7y, (7s.7) € Io11(7) by

'_YHU,(U,&,f) = (VHU,(U,X,f)(SO)v 7SO)'
We can now state the desired analogue of eq. (4.23), namely:
(S,8:S0)* Vet (0.5.1) = (Veto (:5.77) (), 8 So0) (4.26)

for all S € S,(7n — 1p,),8 € G(7 — 1p,), where the g on the right is g thought of as an
element of G(7) (via the natural inclusion) and g - (s, f) refers to the action of G(7) as in
Lemma 28(2) applied to m =7 — 1y,. As in the case of eq. (4.23), this equation is also
verified by looking at the picture represented by the product on the left side, noting that it
does belong to 1,41 (77), and checking that its three ingredients are indeed as given by the
right side of (4.26).

Suppose now that P = (Q, p,R) € I,(n). If we let g = pBR, we find that (Q, p, R)-
(T,1,S0) = D(R, T)(Q, g,So), and hence

(Crpo (L)) (P - (T ©E))
— (Cuor (L) (DR, TY(Q & 7(g)E))

= D(R,T) Z (Vo (051,11 (Q) @ x(o(st, fi))Lr(o(si, f1))m(g)E)

(s1,/1)
+W+1(n X); (4.27)

writing (s, fi) = g - (s, f), and noting that

Lr(o(s1, i) " )m(g) = Lr(o(s1, /1) 'g)
= La(o(s1, i)' go(s, f))m(o(s, ) ")
= x(o(s1, 1)~ go(s, f))Lx(a(s, £)7")

(where we have used the fact that o(sy, fi)'go(s, f) € G(i — 14,)), we see thus that the
right side of eq. (4.27) may be rewritten (after a change of variable) as

D(R7 T) Z(’YHO,(”«,g'(S‘f))(Q) ® X(go(& f))Lﬂ'(U(s,f) )f) +W, +1<” X)
(s.f)

(4.28)

On the other hand, notice (by two applications of eq. (4.26)) that

(Q, 2. R)™ (Yt (0,5,1) (1), 1, S0) = (Q, p, R)™ (T, 1,80)™ Ty (0,5.1)
= ((Q,p,R) - (T, 1,80))™" Yty (0,5./)
= DR, T)(Q,8,50) VHo,(o.5.f)
= D(R, T)(Vay,(0,6-(s.1)) (Q), & So)-
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Hence, we see that

P (Cryo())(T ©€))

=(Q. 2R Y (Vg 0.6, (T) @ X0 (s, ) Ln(or(s, £))E) + Wy (7, x)
(s.f)

=D(R,T) Z(VHU,(U,g(s.,f))(Q)®X(g0(sv F)Lr(o(s, f)~ )£)+W +1 (7, x),
(s.f)

and the lemma is proved. O]
Remark 30. (1) Fix n and 1 € N}, ;. Consider two cases now:

Case 1: 7 € Nj,). Fix H € C such that 77(H) > 0 and define W,llﬂ (7; H) to be the subspace
of CS,i1(n)/ n+l(ﬁ) spanned by {’YH.,((T,S‘f)(T) + Wr?+1(ﬁ): T € Su(n),0 € {0{3 1<
k<[G:N(H)]},1 <s<nu(H), f € H\N(H)}. By Lemma 29(2), this spanning set is a
basis, which can alternatively be described as {S + H]( n):S € Sy1(n), [n+ 1] is a
distinguished class which is not a ngleton and H[ = H}.

Also set Wn 1) =D pecrmso Wn 41 (@ H), and note (again, by Lemma 29(2)) that
this sum of subspaces is a direct sum.

Case 2: 7i¢¢ N}, In this case, define W,llﬂ(ﬁ) = {0} C CS,1(n)/ WY, (7).

In either case, set W, (n) be the inverse image, in CS,,;(7), under the natural quotient
map, of Wn +1(7), and observe that a basis for W, () is furnished by {S € S, (n):
[n+ 1]gs is either a singleton or is a distinguished R5-class}.

(2) We will need to use the following elementary fact about induced representations. Let
Go be a subgroup of a finite group G and G = szl g1Go with g = 1. For x € Q and
X = Indg, ;g Resg|g,(x), we may regard V; as the space V, ® C(G/Gy) with G-action
defined by g(v® g:Go) = x(h(g,1))(v) @ ge;yGo Where gg; = g,i)h(g,i) with ggi;) €
{g1,...,8} and h(g,i) € Gy. Furthermore, for 7 € g, there is a natural bijection between
Go-linear maps L:V, — V, and G-linear maps L:V, — V; given by L(¢) =Y }_,
L (g;")(€) ® gxGo- _

(3) Fix n€ Ny and H €C such that n(H) > 0. Also_fix x € G(n). Let x =
Indg-1,)16mReS6m) 16m-1,)(X), and for appropriate m € G(72), choose non-zero G(n)-
linear maps Ly ;: Vr — Vg so that the ranges of all these maps yield a direct sum
decomposition of V. Let L, ; : V; — V,, be the G(7n — 1y)-linear map which is related to
Z,rv j as in the above paragraph. We wish now to assert that

@, jr range Cy o (Lr ;) = Wn—H (mH)® Vy; (4.29)
hence the right side represents an AY (d)-submodule of V1 (7, x)/W2, (7, X).

Reason: dentify V, (7, x)/W?, (77, x) with (CS,41(7)/ n+1( 1)) ® V,; the definition
of Cy (L) shows that every summand on the left (of eq. (4 29)) is contained in the space
on the right. To see that the sum is direct, define @ : Wn 41 (m;H) @ V,, — Hom(CS, (7),

C(N(H)\G) ® Vy) as follows: an arbitrary element Z € Wn +1 (n H) ® V, canbe expressed
uniquely as Z = ZTES,, 7)) 2 (o.) V(o) (T) © f (os.f) T Wo (7, X), where 5 (o) € Vx
for all (o, s, f); define

(Z)(T) € C(N(H)\G) @ Vy = C(N(H)\G) ® V\ @ C(G(n)/G(7 — 1n))
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by

S2)(T) = 3 NH)o® x(o(s. f) (€D, ) @ ols, )G - L).
(0,5.f)

The map @ is clearly injective since knowledge of all ®(Z)(T) determines all the f(TN "

and hence ®(Z) determines Z; i.e., ® is an injective (clearly linear) map. Further, it is
easy to see that if Z € range Cy (L) then range ®(Z) C C(N(H)o) @ range L. Together
with the injectivity of ® and the choice of L. ;, this implies that the ranges of the
Ch(Ly j)’s form a direct sum. Finally, a dimension count — using Frobenius reciprocity
for the dimension of the left side (of eq. (4.29)), and the explicitly listed basis for the first
factor of the tensor product on the right — shows that both sides of eq. (4.29) have
dimension |S,(7)|dy [G(7) : G(7i — 14)][G : N(H)]; and therefore the direct sum on the
left exhausts the space on the right.
(4) Define W, (@ x) = W +1(M) ® Vy, and as before, let W, (7, x) be the inverse
image, in V,.{ (71, x), of W,]1 +1(72, x), under the natural quotient mapping. If 7 € N}, (as in
(3) above), it then follows that

Wyll+1 (ﬁa X) = 69HeCﬁ(H)>0 ®Oo,r,j range CH,J(Lw,j)§
since W,ILH (1, x) = {0} if n¢ N}, we find thus, in any case, that W, (77, x) is an A (d)-
submodule of V. (7, x).

Lemma 31. Fix 1€ Ny, Hy € C,1 <5y <n(Ho)+1, f € Hy\N(Hy) and o€ {oh:
1 <k <[G:N(Hp)l}

(1) If Q € S,(7 + 1w,), define by, (55,.r)(Q) =S, thus:

(@) () RS is defined exactly as in Proposition 29(1) (a) (i);

(i) HZ = Hgl"l[n];

N JolG) ifi<n
(i) ¢S(l){fa ifi=n+1
(b) Define

Cuus(S) = Cus(Q) if H# Hyor H=Hy,1 <s<s
HsAS) = CHys+1(Q) if H=Hy and sy < s < 7(Hp).

Then by, (5.5,.r) defines a 1-1 map of S,(7 + 1p,) into S,y (7).
(2) Conversely, if S € S,11(fi), and if [n+ 1]ps is not a singleton set, and if this RS-
equivalence class is not a ‘distinguished class’ — then there exists a unique Hy € C,
a unique 1 < sy <n(Ho) + 1, a unique f € Hy\N(Hy), a unique o € {of:1 <k <
(G : N(Hy)|} and a unique Q € S,(n+ 1y,) such that 6y, (54, 5)(Q) = S.
(3) Suppose m € G(n+ 1y,),x € G(n), and suppose L : V, — V, is a non-zero G(7i)-
linear map. Then the equation

(DHO-,U(L))(T 0 5) = Z(éHo,(a,s,f) (T) ® Lﬂ-(a-(svf)il)g) + Wr1+1(ﬁ’ X)a
(s.f)

(4.30)

where the sum ranges over all choices 1 < s <nu(Hy), f € H)\N(Ho), (with o(s, f) as in
Lemma 28 applied with m =7 + 1y,), defines a non-zero AS(d)-linear map Dy, ,(L):
Vi (7 + Lag, ) = (Va1 (71, %)/ W1 (7, X)).
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Proof. The statements (1) and (2) are established exactly like their counterparts in
Lemma 25. For (3), exactly as in Lemma 25, it will suffice to verify that Dy, ,(L) is
Ju(7 + 1, )-linear. Thus we need to verify that

(DHO-,U(L))(P . (T ® g)) = p (DHU,J(L>>(T ® g)) VT € Sn(ﬁ + 1Ho)’£ € Va,

whenever either (i) P € I,(m), where m € Ny, t(m) < t(7n + 1g,), or (i) P = (Q, p,R) €
L7+ 1g,).

We first show that in case (i), both sides of the desired equation reduce to zero. Since
t(P-(T,1,S0)) < t(P) < t(7i + 1g,), it is seen that the left side of the above equation
is, indeed, zero. To evaluate the right side, we have to examine such products as
P (Otg,(0,5,1)(T), 1,80), and it will suffice to show, therefore, that in this case, either such
a product has less than #(7) through classes, or such a product has exactly #(77) through
classes, in which case its ‘top’ belongs to W/ +1(7). In any case, since the second term of
the product has exactly 7(7) through classes, the product can have at most #(7) through
classes. So, we may assume without loss of generality that the product has exactly #(77)
through classes. By the last line of Remark 30(1), it suffices therefore to show that if the
‘top’ of our product is S, and if [ + 1]s is neither a singleton nor a distinguished RS-
class, then the product cannot have #(7) through classes; but this is an easy consequence
of the assumption that #(P) < (7 + 1g,).

To discuss the second (and~less trivial) case, we will again find it convenient to
introduce an auxiliary element Oy, (, s, r) Which enables us to regard the mapping 6y, (4.s.7)
as a sort of right-multiplication. Thus, define 0y, (.s,5) € Lus1(77) by

SHoy(U,S‘f) = (5Ho,(rf.,s,f)(so(n»ﬁ + lHo))a I, SO(” + laﬁ))'

We come now to the desired analogue of eq. (4.26), namely:

(S,8,80) gHo,(a,s,f) = (OHy,(0,0-(s,)) (S), & So) (4.31)

for all S € S, + 1,),g € G( + 1p,), where g = o(g - (s, f))'go(s, f), which is an
element of G(7). As in the case of eq. (4.26), this equation is also verified by looking at
the picture represented by the product on the left side, noting that it does belong to
I,+1(7), and checking that its three ingredients are indeed as given by the right side of
(4.31).

Suppose now that P = (Q,p,R) € I,(7i + ly,). If we let g = pOR, we find that
(Q,p,R) - (T, 1,S9) = D(R, T)(Q,g,So), and hence

(Drip.o (L)) (P - (T ®€)) = (D o (L)) (D(R, T)(Q ® 7(g)€))

= D(Ra T) Z (61-10‘,(0,.&1,]‘]) (Q) ® L”T(o'(sl ) fl)il)’]r(g)g) + Wr:-&-l (ﬁa X);
(s1,f1)

(4.32)

writing (s1, fi) = g - (s, f), and noting that

Lr(o(s1, f1)'g)
Lﬂ'(O’(S],f])71g0(s,f))71'(0'(s, f)il)
X(O-(slafl)ilgo'(sv f))LW(J(S7f)71)7

La(o(s1, i) (g)
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(where we have used the fact that o (s, f1) ' go(s, f)) € G(7i)) we see thus that the right
side of eq. (4.32) may be rewritten (after a change of variable) as

D(R7 T) Z(éHo,(ag»(s,f)) (Q) ® X(g)LTF(U(S, f)il)f) + W11+1 (ﬁa X)7
(s.)

where g = o(g - (s, f)) 'go(s, f), as before.
On the other hand, notice (by two applications of eq. (4.31)) that

(Q, 2, R)™ (8t () (T), 1,80) = (Q, p, R) ™ (T, 1,80) ™ Oty (.1
= ((Q.p,R) - (T, 1,80))™ Sty (05.5)
= D(R, T)(Q, 2.50) ™ St (0.)
= D(R, T) (6, (0,6-(s,)) (Q), &, S0)-

Hence, we see that

P - (Do (L))(T © £))

= (Qv |2 R)N' Z(éHo,(rf,s,f)(T) ® LW(U(Sa f)il)g) + Wr}-&-l (ﬁv X)
(s,.f)

= D(R7 T) Z(éHn,(U,g(s,f)) (Q) & X(é)LW(O—(Sa f)il)g) + W;1+1 (ﬁ7 X)a
(s.f)

and the lemma is proved. O]

Remark 32. (1) Fix n, n € N},41) and H € C. Consider two cases now:

Case 1: n+ ly € Nj. Define W:_H(ﬁ;H) to be the subspace of CS,.(n)/WL, (%)

spanned by {8y (55 (T) + W, (1) : T €S,(n+ 1y),1 <s <n(H)+ 1,f € H\N(H),
o€{o":1<k<[G:N(H)|}}. By Lemma 31(2), this spanning set is a basis which can
also be characterized as {S + W, (1) : S € S,41(72), [n + 1] is not distinguished and
not a singleton, and H[‘ZH] = H}.
Case 2: i + 1y¢Njy,. In this case, define Wi+1 (n;H)={0} C CS,41(m)/W,,,(n). Observe
that Lemma 31(2) also implies that

CSui1(7)/ W1 (7) = @rrcctyen, W (73 H).
(2) We will need the following slightly stronger version of Remark 30(2): Let Gy be a
subgroup of a finite group G and G=[[_, g«Go with g; =1. For x € Go and x =Indg,16(x),
we may regard Vy as the space V, ® C(G/Go) with G-action defined by g(v ® g:Go) =
X(h(g,1))(v) ® gg(i)Go Where gg; = gq(i)h(g, i) with gei) € {81, .., 8} and h(g, i) € Go.
Furthermore, for m € G, there is a natural bijection between Gy-linear maps L : V. — V,,
and G-linear maps L : V, — V; given by L(§) = i1 Lm(gc ) (&) @ grGo.
(3) Fix H € C such that n+ 1y € Npy); also fix x Eg@), and let y be the result of
inducing x up to G(nn + 1y). For appropriate m € G(n + 1p), pick non-zero G(n + 1p)-
linear maps I:W, j ¢ Vz — V5 such that their ranges afford a direct sum decomposition of
V. Let L, ; be related to I:m j asin (2) above. Then, by an argument exactly analogous to
the corresponding one used in Remark 30(3), it may be verified that:

@) 1ange Dy o(Lr ;) = Wo o (A H) @ V. (4.33)
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(4) We conclude from (1) and (3) that
Vn+l(ﬁ> X)/Wr}Jfl (ﬁ> X) = 69HEC,E-HHEN[” @(f.ﬂ',j range DH,(T(L‘/r,j)

which is a decomposition of the left hand side as a direct sum of irreducible A%(d)-
modules.

All the pieces are now in place for the required description of the Bratteli diagram for
the inclusion AY(d) C AZ, (d).
Theorem 33. Fix n € N and let d be any positive number satisfying the hypothesis of
Theorem 21. Then,

—

(a) The set AS(d) of irreducible representations of AS (d) can be parametrised by the set
{(n,A,7) : 7 € Ny, ™ € G()}, in such a way that the associated module V,(n, )
has dimension equal to |S,(7)|d;.

(b) When viewed as an A% (d)-module, the multiplicity with which the module V,. (7, X)
contains V,(m, ) is given by:

(@) (Xlggmy MG : N(H)], if i =m+ 1y for some H € C;
(i) Ory > opeclG : N(H)| + X pecmm=olG : NIH)|(X,7), if n=m, where X =
Indg-14) 160 ReSG(m) 16614 X3
(i) (7|, X)[G : N(H)], if n =m — 1y, for some H € C; and
(iv) 0, otherwise.

Proof. (a) is an immediate consequence of Theorem 21, while (b) follows from Remark
27(4), Remark 30(4), Remark 32(4), and the simple fact that if W is a sub-module of a
semi-simple module V, then V= W @ (V/W). O

5. Concluding remarks

We wish to make a few remarks in two directions: first, we wish to discuss the special
case of the algebra A{(d) and the question of whether, as a filtered algebra (with filtering
given by the number of through classes), this determines the group G; and second, we
wish to discuss the trivial specialization |G| = 1, which has already appeared in the
literature.

The filtered algebra AS(d)

The algebra A¢(d) admits the filtration given by the ideals IC,0 < k < |G|. Further, it
should be clear from the definitions that if k # 0, then Ny # 0 only when k|n, in which
case, 1 € Ny if and only if there exists Hy € C such that [G : Hy] = k and 7i(H) = 6y g,
In particular, if we assume, further, that G is abelian, then, for any fixed divisor k of |G],
we see from Theorem 21 that

IZ/IE | = ®p(C* @ Mi(C)),

where the direct sum is over all subgroups H of G of index k. In particular, the knowledge
of the filtered algebra AIG(d) amounts, in case G is abelian, to the knowledge of the
number sg(I) of subgroups of G of any given order /. It is a curious fact that this
knowledge of an abelian group G — i.e., of the function sg : N — N U {0} defined by the
previous sentence — completely determines the abelian group G (up to isomorphism).
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It is natural to ask whether the filtered algebra A¥(d) determines the isomorphism class
of the (general, possibly non-abelian) group G. What we can see is that the filtered
algebra A¥(d) determines whether or not G is simple, and more generally, it can detect
the set of orders of all quotients of G.

The case |G| =1

When G = {1} is the trivial group, then what we have called A%(d) is exactly the same as
what we called A, (d); this algebra was originally discussed in [J], where it was shown
that at least when d = k, the algebra A, (d) can be identified with the commutant of the
natural representation (given by the diagonal action) of ¥; on ®"V, where V is a k-
dimensional vector space, provided that k > 2n.

Algebras related to certain subalgebras of the general A, (d) have occurred in numerous
contexts — for instance, see [B, J, W]; (see also Remark 2).

Recall that the Temperley-Lieb algebra is the subalgebra of A,(d) generated by those
equivalence relations which have the property that all equivalence classes are two-
element sets, and whose diagrams are planar. Another subalgebra, call it B,(d), is
obtained by dropping this planarity requirement. The structure of the inclusion B, C A,
may be analysed using techniques similar to the ones discussed here, and involve the
representation theory of the various symmetric groups and the ‘induction-restriction’
relations between several naturally arising subgroups thereof.
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