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ON SOME CONJECTURES ABOUT THE CHERN NUMBERS OF
FILTRATIONS

MOUSUMI MANDAL, BALWANT SINGH AND J. K. VERMA

ABSTRACT. Let I be an m-primary ideal of a Noetherian local ring (R, m) of positive
dimension. The coefficient e;(A) of the Hilbert polynomial of an I-admissible filtration
A is called the Chern number of A. The Positivity Conjecture of Vasconcelos for the
Chern number of the integral closure filtration {1} is proved for a 2-dimensional
complete local domain and more generally for any analytically unramified local ring
R whose integral closure in its total ring of fractions is Cohen-Macaulay as an R-
module. It is proved that if I is a parameter ideal then the Chern number of the I-adic
filtration is non-negative. Several other results on the Chern number of the integral
closure filtration are established, especially in the case when R is not necessarily Cohen-

Macaulay.

INTRODUCTION

For a nonzero polynomial P = P(X) € Q[X] of degree d such that P(n) € Z for
n > 0, it is customary to write P in the form

d :
P=Y e ()
i=0 !
with e;(P) integers, called the Hilbert coefficients of P. The top two Hilbert coefficients
have special names: eg(P) is the multiplicity of P and e;(P), the subject matter of this
paper, is the Chern number of P.

If I is an m-primary ideal of a Noetherian local ring (R, m) of positive dimension and
Py is the polynomial associated to the function n — A\(R/I™"1), where X\ denotes length
as R-module, then the Hilbert coefficients e;(P;) are called the Hilbert coefficients of I
and are also denoted by e;(I). In particular, e;([) is the Chern number of /.

If A= {A,}n>0 and B = {B,,},>0 are (decreasing) filtrations of ideals of a ring R
then the admissibility of A over B means that there exists a nonnegative integer k
such that A, x C B, C A, for every n > 0. We say that A is [-admissible, where [ is
an ideal of R, if A is admissible over the [-adic filtration.

For an ideal I of a ring R, the integral closure of I, denoted I, is the ideal of R
consisting of all elements of R which are integral over [, i.e. elements a € R satisfying
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an equation of the form a” + bya" ! + --- + b, = 0 with » some positive integer and
b; € I' for every i. Applying this construction to the powers I™ of an m-primary ideal
I in a Noetherian local ring (R, m), we get the filtration {I"} on R. If R is analytically
unramified then this filtration is /-admissible by Rees [9]. It follows that the normal
Hilbert function of I, namely the function n — A(R/I"t1), is given, for n > 0, by a

polynomial P;, called the normal Hilbert polynomial of /. The Hilbert coefficients
e;(Py) are called the normal Hilbert coefficients of I and are also denoted by &;(I). In
particular, €;(/) is the normal Chern number of /.

At a conference held in 2008 in Yokohama, Japan, Wolmer Vasconcelos [12] announced
several conjectures about the the Chern number of a parameter ideal and the normal
Chern number of an m-primary ideal in a Noetherian local ring (R, m).

In this paper, we discuss two of these conjectures, namely the Positivity Conjecture
and the Negativity Conjecture. We also provide some general estimates on the Chern
number.

The Positivity Conjecture of Vasconcelos says that if [ is an m-primary ideal
of an analytically unramified Noetherian local ring (R, m) of positive dimension then
e (I)>0.

We settle this conjecture for an analytically unramified Noetherian local ring (R, m)
whose integral closure in its total ring of fractions is Cohen-Macaulay as an R-module.
This is done in section 1. A consequence is that the Positivity Conjecture holds for a
2-dimensional complete Noetherian local domain. We also settle the conjecture in case
there is a Cohen-Macaulay local ring (.S, n) dominating (R, m) such that A\(S/R) is finite.

We show in section 2 that there is a 2-dimensional analytically unramified Noetherian
local ring constructed from a 1-dimensional simplicial complex for which the normal
Chern number is negative. This simplicial complex is non-pure. On the other hand, we
show that the normal Chern number of the maximal homogeneous ideal of the face ring
of a simplicial complex A of dimension d — 1 is dfy_1 — fq_2, where f; is the number of
i-dimensional faces of A. This implies that if A is pure then €;(m) > 0. These results
indicate perhaps that for the Positivity Conjecture to hold, the ring needs to be quasi-
unmixed, i.e. its completion R should be equidimensional.

Recall here that R is said to be unmixed if dim é/ p = dim R for every p € Ass R.

The Negativity Conjecture of Vasconcelos says that if J is a parameter ideal of
an unmixed Noetherian local ring R of positive dimension then e;(J) < 0 if and only if
R is not Cohen-Macaulay.

Vasconcelos [12] settled the conjecture for a domain that is essentially of finite type
over a field. It was settled for a universally catenary Noetherian local domain containing
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a field by Ghezzi, Hong and Vasconcelos in [3]. They also proved that if S is a Cohen-
Macaulay local ring and p is a prime ideal of S such that dimS/p > 2 and S/p is
not Cohen-Macaulay then e;(J) < 0 for every parameter ideal J of S/p. Mandal and
Verma [7] settled the Negativity Conjecture for parameter ideals in certain quotients of
a regular local ring. The conjecture has been settled recently by Ghezzi, Goto, Hong,
Ozeki, Phuong and Vasconcelos [2].

In section 3, we discuss the corresponding question for a finite module M (of positive
dimension) over a Noetherian local ring (R, m) with respect to an ideal I such that
AM/IM) < oco. In this case, if Pr(M,X) is the polynomial associated to the function
n = NM/I"M), we write e;(I, M) for e;(P;(M, X)). In particular, we have the co-
efficient e; (I, M), which we call the Chern number of I with respect to M. While the
multiplicity eo(I, M) has been studied extensively, the investigation of the Chern num-
ber e; (I, M), especially over non-Cohen-Macaulay rings, has begun only recently. We
show that if J is a parameter ideal with respect to M then e;(J, M) < 0 and, further,
that e;(J, M) < 0 if depth M = dim R — 1. We also show that if R is Cohen-Macaulay
and M is an unmixed R-module with dim M = dim R then M is Cohen-Macaulay if and
only if ey (J, M) = 0, for one (resp. every) parameter ideal .J.

In section 4, we determine some bounds for the normal Chern number of an m-primary
ideal in terms of a minimal reduction J of I. Using Serre’s formula for multiplicity of
a parameter ideal in terms of the Euler characteristic of the Koszul homology, we show
that

e(J) < AT T + en( ).
n>1

This generalizes a formula of Huckaba and Marley [5] for the integral closure filtration
in a Cohen-Macaulay local ring.

In the final section 5, we find some estimates on the Chern number of a prameter ideal
J in a Noetherian local ring (R, m) assuming that there exists a Cohen-Macaulay local
ring (S, n) dominating (R, m) with A(S/R) < co. We show in this case that ug(S/R) <
—e1(J) < A(S/R), and that if the equalities hold for every parameter ideal J then R is
Buchsbaum.
Acknowledgements: We thank Shiro Goto for useful discussions.

1. THE PosIiTIviTy CONJECTURE OF VASCONCELOS

Conjecture 1.1 (The Positivity Conjecture of Vasconcelos). Let I be an m-
primary ideal of an analytically unramified Noetherian local ring (R, m) of positive di-
mension. Then €y (I) > 0.
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In this section, we prove that the conjecture holds for a ring R which satisfies any
one of the following conditions: (i) R is Cohen-Macaulay; (ii) the integral closure of R
is Cohen-Macaulay as an R-module; (iii) R is a complete local domain of dimension 2;
(iv) some other technical conditions. See Corollary [L3 for details.

Let the notation and assumptions be as in the conjecture.

Put A, = I, the integral closure of I" in R. Then, the filtration A = {A,} is the
integral closure filtration of the [-adic filtration and, as noted in the Introduction, the
analytical unramifiedness of R implies by [9] that A is I-admissible. More generally,
let B = {B,} be any filtration of ideals of R which is I-admissible. Then the function
n = AN(R/Bny1) is given, for n > 0, by a polynomial Pg € Q[X]. In this situation, we
write e;(B) for e;(Pg). In particular, e;(A) = &(I).

By a finite cover S/R, we mean a ring extension R C S such that S is a finite
R-module. Then S is a Noetherian semilocal ring. We say that the finite cover S/R
is birational if R is reduced and S is contained in the total quotient ring of R; that
S/R is of finite length if A\(S/R) is finite; and that S/R is Cohen-Macaulay if S is
Cohen-Macaulay as an R-module.

Theorem 1.2. Let (R,m) be a Noetherian local ring of dimension d > 1. Let S/R be
a finite cover such that at least one of the following two conditions holds: (i) S/R is
of finite length; or (ii) S/R is birational. Let I be an m-primary ideal of R, and let B
be a filtration of R such that B is [-admissible and RN I™"S C B, for n > 0. Then
er(B) > e (I, S).

Proof. Let C denote the filtration of R given by C,, = RN I"S. For our proof, we need
four length functions and their associated polynomials in Q[X] as listed in the following
table:

Length function | Associated polynomial
AR/ Py = Pi(X)
A(S/IMHLS) Pr s = Prs(X)
AMR/B,11) Pg = Pg(X)
AMR/Cpi1) Pe = Pe(X)

By the given conditions on B, there exists a nonnegaive integer k such that
for n > 0. Therefore

AMEB/Cryr) = MB/Bpik) =2 AMR/I") =2 MR/Cn) = A(R/B)
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for n > 0, from which it follows that
d = deg P; = deg P = deg Fc and eo(Pr) = eo(Pg) = eo(Fp). (A)
Now, the inequalities A\(R/C,,) > A(R/B,,) for n > 0 imply that
er(Pp) = e1(Fp) (8)

Assume now that (i) holds, i.e. S/R is of finite length (but may not be birational).
Then, for n > 0, we have I"S C R, so C,, = I"S. Therefore, for n > 0, we have

AMR/C,) = AMR/I"S) = X(S/I"S) — v,
where v = A(S/R). Consequently, Fp = P g — v. Now, by (B), we get
el(PB) 2 el(PC) = 61(P]7S — l/). (C)

If d=1then ey(Prs —v) =e(Prs) +v > e (Prg), while if d > 2 then ey (Prg —v) =
e1(Prs). In either case, e;(Pr g — v) > e1(Prg). Therefore, by (C), we get

61(8) = el(PB) Z €1 PI,S) = 61([, S),

which proves the assertion under condition (i).

Now, drop the assumption (i) and assume (ii), so that S/R is birational (but may not
be of finite length). Then S/R is annihilated by a nonzero divisor of R, so dimS/R <
d — 1. Therefore, since deg Pz = d by (A), the exact sequence

0— R/C, — S/I"S = S/(R+1I"S) =0

shows that deg(Prs) = deg Pp and eg(Pr,s) = eo(F). Combining this with the inequal-
ities Prg(n) > Pg(n) for n > 0, which also result from the exact sequence, we get
e1(Pg) > ei(Pr,s). Thus, using (B) again, we get

e1(B) = ei(Pg) > e1(Fp) = ei(Prs) = er(I,5).
This proves the assertion under condition (ii). O

Corollary 1.3. Let (R,m) be an anlytically unramified Noetherian local ring of positive
dimension. Then the Positivity Conjecture [L1] holds for R if R satisfies any one of the
following conditions:

(1) R has a finite Cohen-Macaulay cover which is of finite length or is birational.

(2) R is Cohen-Macaulay (cf. [5]).

(3) dim R = 1.
(4) The integral closure of R is Cohen-Macaulay as a an R-module.
(5) dim R = 2 and all maximal ideals of the integral closure of R have the same height.
(6) R is a complete local integral domain of dimension 2.
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Proof. Since a minimal reduction of an m-primary ideal I gives rise to the same integral
closure filtration as I does, it is enough to prove the conjecture (under any of the above
conditions on R) for a parameter ideal of R. So, let I be a parameter ideal of R, and let
A be the integral closure filtration of the [-adic filtration of R. Then, as noted earlier,
A is [-admissible, and we have €;(I) = e;(.A). Thus we have to show that e;(A) > 0
under each of the six condtions.

(1) Let S/R be a finite Cohen-Macaulay cover which is of finite length or is birational.
Since S is integral over R, we have RN I"S C A, for every n > 0 by Proposition 1.6.1
of [11]. So, by the above theorem applied with A in place of B, we get e;(A) > e (I, 5).
Since S is Cohen-Macaulay as an R-module and [ is a parameter ideal of R, we have
e1(I,8) = 0. Thus e;(A) > 0.

(2) Apply (1) to the trivial cover R/R.

(3) Since R is reduced and one dimensional, it is Cohen-Macaulay, so we can use (2).

For the remaining part of the proof, let R’ be the integral closure of R in its total
quotient ring. Then R'/R is a finite birational cover by [9], and dim R’ = dim R.

(4) Since R'/R is a finite birational cover which is Cohen-Macaulay, we are done by
(1).

(5) dim R" = 2 implies that R’ is Cohen-Macaulay as a ring. Now, it is easy to see
that the assumption that all maximal ideals of R’ have the same height implies that R’
is Cohen-Macaulay as an R-module. So the assertion follows from (4).

(6) In this case, it is well known that R’ is local, so (5) applies. O

2. THE PosiTiviTy CONJECTURE FOR THE MAXIMAL HOMOGENEOUS IDEAL OF A
FACE RiNG

In this section, we show that the Positivity Conjecture holds for the filtration m”
where m is the maximal homogeneous ideal of the face ring of a pure simplicial complex
A. Let A be a (d — 1)—dimensional simplicial complex. Let f; denote the number of
i-dimensional faces of A for i = —1,0,...,d — 1. Here f_; = 1. Let A have n vertices
{v1,v9,...,v,}. Let x1,x9,..., x, be indeterminates over a field k. The ideal Ix of A is
. where 1 < ay < ay <
s < am < nand {vy,, Vay, - -+, Va,, } ¢ A. The face ring of A over a field k is defined as
k[A] = k[z1, 20, ..., z,]/IA.

the ideal generated by the square free monomials x4, x,, ...z,

Lemma 2.1. Let R be a Noetherian ring and I be an ideal of R such that the associated
graded ring G(I) = @, I" /1" is reduced. Then I = I" for all n.

Proof. Let R(I) = @,ezI"t" denote the extended Rees ring of 1. Since G(I) = R(I)/(u)
where v = t71, and G(I) is reduced, (u) = P, N P, N ...N P, for some height one prime
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ideals Py,..., P, of R(I). Therefore (u) is integrally closed in R(I). As PLR(I)p, =
(W)R(I)p, for all i, R(I)p, is a DVR for all i. Since u is regular, Ass(R([)/(u")) =
{P,Py,..., P} for all n > 1. Thus (u") = ﬁ’i":lPi(") is integrally closed. Hence I" =
(u™) N R is integrally closed for all n. O

Lemma 2.2. Let A be a (d — 1)—dimensional simplicial complex. Let m denote the
mazximal homogeneous ideal of the face ring k[A] over a field k. Then m™ = m" for all
n. and

er(m) =2 (m) =dfy_1 — fao.

Proof. Since k[A] is standard graded k—algebra, G(m) = k[A]. Hence G(m) is reduced
and consequently m is a normal ideal. Moreover, A\(m"/m"™!) = dimy, k[A],,. The Hilbert
Series of the face ring is written as

ho + hat + - - - + hyt*
BT
Put h(t) = ho+ hit + - - - + hyt® where the face vector (f1, fo, ..., f4—1) and the h-vector
are related by the equation

s d
D ht' =Y fiat'(1— 1)
i=0 i=0
by [I, Lemma 5.1.8]. Then by [Il, Proposition 4.1.9] we have
61(m) = h/(l) = dfg—1 — fa—2.

H(K[A]t)

Theorem 2.3. Let A be a pure simplicial complex. Then
El(m) = 61(m> > 0.

Proof. Let dim A = d — 1. We prove that if A is a pure simplicial complex then df; | >
fa—2. Let o be a facet. For any v; € 0 = {vy,...,v4}, 0\ {v;} is a (d — 2)—dimensional
face and o \ {v;} are distinct for all i = 1,...,d. Therefore each facet gives rise to d,
(d — 2)-dimensional faces. But different facets may produce same faces of dimension
d — 2. Since A is pure each (d — 2)—dimensional face is contained in a facet. Hence
dfg—1 > fi_2. Therefore €;(m) > 0 by Lemma d

Example 2.4. The above theorem indicates that the the maximal homogeneous ideal
of the face ring of a non-pure simplicial complexe may have negative Chern number.
Indeed, consider the simplicial complex A,, on the vertices {vy, vo, ... U, 0} Where n > 2
and

An = {{'Ub 'U2}> U3, ... avn+2}-
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Then e;(m) = dfy_1 — fa—o = —n. Hence we need to add the assumption of quasi-
unmixedness on the ring in Vasaconccelos’ Positivity conjecture.

3. THE NEGATIVITY CONJECTURE OF VASCONCELOS

In this section we show that the Chern number of any parameter ideal with respect to
a finite module over a Noetherian local ring is non-negative. For this purpose, we need
to generalize a result of Goto-Nishida [4, Lemma 2.4] to modules.

Proposition 3.1. Let (R, m) be a Noetherian local ring and let M be a finite R-module
with dim M = 1. If a is a parameter for M then

ex((a), M) = =A(Hy(M)).

Proof. Let N = HY(M) and M = M/N. Notice that H.(M) = 0 and dim M =
dim M = 1, which implies depth M = 1. Thus M is Cohen-Macaulay R-module. Con-
sider the exact sequence

0— N-—M-—M—0.
By taking tensor product with R/(a)™ we get the exact sequence for all n > 1
O—>kergz5n—>N/a”N¢—">M/a”M—>M/a”H—>O. (1)
By Artin-Rees Lemma, there is a k such that
a"M NN =a""ad"MNN)Ca" "N Cm"*N =0

for large n. Hence ker ¢,, = 0 for all large n. Thus, for all large n, we get the exact
sequence:

0— N— M/a"M — M/a"M — 0.
Hence we have A\(N) + A\(M/a"M) = \(M/a"M). Since M is Cohen-Macaulay,
A(M/a" M) = eo((a"), M) = eo((a), M)n = eo((a), M)n.
For large n, A(M/a" M) = ney((a), M) — e1((a), M). Therefore
er((a), M) = =A(Hy(M)).
U

Corollary 3.2. Let (R,m) be a Noetherian local ring and M be a finite R-module with
dim M = 1. Let a be a parameter for M. Then ei((a), M) = 0 if and only if M is a
Cohen-Macaulay module.
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In order to investigate the Chern number for finite modules of dimension d > 2 we use
induction on dimension. The principal tool for this purpose is the concept of superficial
element of an ideal with respect to a module. The next theorem is found in Nagata [8]
22.6] for Noetherian local rings. It is proved for modules over Noetherian local rings in
[6].

Nagata’s Theorem: Let (A, m) be a Noetherian local ring and M be a finite A-module
with dim M = d > 2. Let I be an ideal of definition of M and let a be a superficial
element for I with respect to M. Set M = M/aM. Then

PT(M, n) = AP[(M, n) + >\(O M CL).

In particular,
S — e;(I, M if0<i<d-1.
ei(IaM): ( ) d—1 . e
6d_1([,M)+(—1) )\(0 ‘M a) ifi=d-—1.

Lemma 3.3. Let (R,m) be a Noetherian local ring and M be a finite R-module with
dim M = d. Let I be an ideal of definition for M generated by x = x1,...,xq which is a
superficial sequence for I with respect to M. If M is not Cohen-Macaulay then M /xzy M
s not Cohen-Macaulay.

Proof. Suppose M = M/xz,M is Cohen-Macaulay. Then 3, ...,Z; is an M-regular
sequence. Thus AN(M/(Z3,...Tq)M) = ey(T,...Tq, M). Since x; is superficial for M,
eo(x, M) = eo(T2,...,Tq, M). Hence \(M/(x)M) = ey(x,M). Therefore M is Cohen-

Macaulay which is a contradiction. U

Proposition 3.4. Let (R,m) be a Noetherian local ring and M be a finite R-module
with dim M = d and depth M = d — 1. Let J be generated by a system of parameters
for M. Then e (J, M) < 0.

Proof. Apply induction on d. The d = 1 case is already done. Suppose d = 2. Let
J = (a,b). We may assume that (a,b) is a superficial sequence for J with respect to
M and since depth M = 1, a is M-regular. Let M = M/aM. Then dim M = 1. By
Nagata’s Theorem, we have e;(J, M) = e;(J, M). By Lemma B3] M is not Cohen-
Macaulay. Thus e;(.J, M) < 0. Therefore e;(J, M) < 0.

Next assume that d > 3 and J = (z1,...,24) where x1, ..., x4 is a superficial sequence
with respect to M. Let M = M/z; M then dim M = d—1. By Nagata’s Theorem we get
e1(J, M) = ey (J, M). If M is not Cohen-Macaulay then M is also not Cohen-Macaulay
and hence by induction hypothesis e;(J, M) < 0, which implies e;(.J, M) < 0. O

Theorem 3.5. Let (R, m) be a Noetherian local ring and M be a finite R-module with
dimM = d. Let J be an ideal generated by a system of parameters for M. Then
61(J, M) S 0.
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Proof. Apply induction on d. The d = 1 case is already proved. Suppose d = 2. Let
J = (x,y) where x,y is a superficial sequence for J with respect to M. Consider the
exact sequence

0— M/(0:py ) = M — M/zM — 0.

Applying H2(.) we get
0 — HO(M/(0:p 2)) == HY(M) L5 HY(M/2M) — C — 0 (2)

where C' = coker g. Consider the exact sequence

0—0:y2) — M — M/(0:p ) — 0.
Applying H?(.) on the exact sequence we get

0 — H20 3 ) — HAU(M) — H2(M/(0 :pr 7)) — 0.

Since H2(0 :pr ) = 0 :pr z, we have

A0 2 @) = A(H(M)) = M(Hp(M/(0 131 7)))-

Subtracting A(H2 (M /xM)) from both sides of the above equation we get

MO war @) = MHZ(M/xM)) = MHZ(M)) = XHy(M/2M)) = MHy(M/(0 121 2))).
From the exact sequence (Z) we get
AHG(M/(0 23 @) = AMHg (M) + AHy(M/2M) = \(C).
Therefore we have A(0 :y ) — A(H(M/xM) = —X(C). By Theorem ?7?, we get
er(J, M) = ey (J, M) = (0 1y ).
By Proposition Bl e;(J, M) = —\(H2(M/xM)). Therefore
er(J, M) = X0 :pr 2) — MHUM/zM)) = —\(C) < 0.

Let d > 3 and a € J be a superficial for J with respect to M. Since ei(J, M) =
e1(J/(a), M/aM), we are done by induction. O

Proposition 3.6. Let (R,m) be a Noetherian local ring and M be a finite R-module
with dim M = d > 2. Let J be a parameter for M. If M/H2(M) is Cohen-Macaulay
then ey (J, M) = 0.
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Proof. Let W = HY(M) and M = M/W. Since A(W) < oo, for n >> 0, J"MNW = 0.
We have for large n,
H+(M,n) = MM
— AMJJ"M + W)
= ANM/J"M)—XJ"M +W/J"M)
— A(M/J"M) = A(W/J"M O W)
= H;(M,n)— \XW).

/T M)

Therefore

P;(M,n) = P;(M,n) — A\(W).
Hence e, (J, M) = e;(J, M). Since M is Cohen-Macaulay, e;(.J, M) = 0. Thus e;(J, M) =
0. U

Example 3.7. Let S = k[|X,Y, Z]|] be a power series ring over a field k and J =
(XZ,YZ, Z*). Put R=S/J = k[[z,y,2]]. Then dim R = 2 and depth R = 0. Consider
the parameter ideal I = (x,y). We calculate the Hilbert coefficients of I. Let ‘—" denote
the image in R = R/HY(R) where m is the maximal ideal of R. Notice that for large n,

J(X,Y,Z)"  (J:X)N(J:X"Y)n..n(J: YY) (2)

Hy(R) =

J B J g
Therefore R/HY(R) = k“XYZ‘ /(7 = k[|X,Y’|] which is Cohen-Macaulay. Thus e;(x,y) =
e1(7,y) = 0. Notice that ex(I) = ex(I) — MHY(R)). Since ex(I) = 0, ex(I) =

AHp(R)) = 1.

Example 3.8. Let S = Q[[z, v, 2, u]], be the power series ring over Q. Let ¢ : Q[[z, y, 2, u]] —
Q[|z, t|] defined by

$(x) = x,6(y) = t*,¢(2) =t and ¢(u) =
Then
I i=ker ¢ = (y° — uz, 2% — ytu,u — y2)
is a height 2 prime ideal. Let x : Q[[z, vy, 2, u]] — Q[|u, t|] be defined by

x(z) =%, x(y) = %, x(2) = t* and x(u) =
Then
I :=kery = (y* — xz, 2% — 2)

is also a height 2 prime ideal. Put I = Iy NI, and R = S/I. Then dim R = 2 and R is
not Cohen-Macaulay. The ideal J = (z,u)R is a parameter ideal in R and e;(J) = —3.
This example has been calculated using Cocoa. We thank M. Rossi for sending this
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CoCoA procedure to find Hilbert polynomial. The code is given below.

Alias P:=$contrib/primary;

Use S ::=Qlx,y, 2, ul;

I1 := Ideal(y® —uz, 2® — y'u,u — yz2);

I2 :=Ideal(y? — zz,2% — 2);

I := Intersection(Il, I2);

I;

Ideal(y®z — xyz? — y?u + z2u, 2%yz — y2° — 2%u + 2u, 2?yPu® — 2220 — 2y2?u® + 2° —
yiud 4+ zzud, ytu? —yP2t + 12® —y2du? — wyPud + 220, yOu — P2 u — ayPu? — 2 ot +
y22u?, 2ytu — 2y?2?u — 2223 — yuP + ayzu® 4 24 2225 — ayPud — 28 Pzl gyl — oyt —
rylutau—y?2? 423, 22y — 22t —yPutydu— 2P ru+ 2Pu, 220 —12b —ytud + aytzud)
Q := Ideal(z,u)+ I;

Dim(S/Q);

0

J =11+ 12;

Dim(S/J);

0

PS := P.PrimaryPoincare(I, Q); PS;

(12 — 32)/(1 — x)*

Hilbert(S/J);

H()=1,H(1)=4,H(2)=7,H(3)=5,H(t) =0 for t > 4.

Recently the Negativity Conjecture has been settled in [2] for unmixed local rings.
We generalize this to finite unmixed modules over Cohen-Macaulay local rings.

Definition 3.9. Let (R, m) be a Noetherian local ring of dimension d. A finite R—module
M is called unmixed if for each associated prime P of its m-adic completion M,dim R /P =
d.

We use Nagata’s technique of idealization [8]. Let M be an R—module. Let R* =
R @& M be the direct sum of the R—modules R and M. Define multiplication in R* by

(r,m)((s,n) = (rs,rn+ms) for all r,s € Rym,n € M.

In the next lemma we prove that the associated primes of the idealization R* come
from those of R and M.

Lemma 3.10. Let (R, m) be a local ring and M be a finite R-module. Let A = R M
be the idealization of M over R. Then

Ass AC{PxM | P € Ass RU Assg M}.
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Moreover if P € Assg M then P x M € Ass A.

Proof. Let P € Spec A then P D 0% M as (0 M)? = 0. Hence P/(0x M) € Spec(A/0x*
M) = Spec R. Therefore there exists a prime P € R such that P/0x M = P« M /0% M
which implies P = P % M. Thus every prime ideal of A is of the form P x M where P is
a prime ideal of R.

Let P+ M € Ass A then P = (0 : (r,m)), where r € R and m € M. Let a € P
then (a,0) € P % M which implies that (ar,am) = (0,0). Thus a € (0: )N (0 : m).
Hence P C (0: )N (0:m). Let b € (0:7)N(0:m) then (b,0)(r,m) = (0,0) which
implies (b,0) € Px M. Thus b € P. Hence P = (0 : ) N (0 : m). Therefore either
P=(0:r)or P=(0:m). Hence P € Ass R U Assgr M. Therefore Ass A C {P * M |
P e Ass RU Assp M }.

Let P € Assg M then P = (0 : m) where m € M. Want to show that P x M =
(0 : (0,m)). Let (a,n) € P x M. Since (a,n)(0,m) = (0,am) = (0,0) therefore
(a,m) € (0 : (0,m)). Conversely if (b,m’) € (0 : (0,m)) then b € (0 : m). Thus
P M =(0:(0,m)) and hence P * M € Ass A. O

Theorem 3.11. Let (R, m) be a Cohen-Macaulay local ring and let M be an unmized
module with dim R = dim M = d. If e;(J, M) = 0 for some parameter ideal J for M.
Then M is is a Cohen-Macaulay R—module.

Proof. Let A = R x M be the idealization of M over R. Then dim A = dim R. Note
that A= R+ M = R+ M. If P+ M ¢ ASSA\, then P € AssﬁUAss]\?by Lemma 3100
Since R is Cohen-Macaulay and M is unmixed dim ﬁ/ Q =dfor all Q € Ass RUAss M.
Therefore dim A/(P * M ) = dim R/P = d. Hence A is unmixed. Consider the exact
sequence of R-modules

0—M-—A—R—0. (3)

Tensoring the above sequence with R/J"™ we get the following exact sequence
00— M/J"M — A/J"A — R/J" — 0.
Since the length function is additive, we get
MAJIJMA) = ANM/J"M) + N(R/J™).
Hence P;(A,n) = P;(M,n)+ P;(R,n). Equating the coefficients of the Hilbert polyno-

mials we get

e1(J, A) = er(J, M) + er(J).
Since R is Cohen-Macaulay e;(.JJ) = 0. Thus e;(J, A) = 0. Hence by [2, Theorem 2.1] A
in Cohen-Macaulay ring. Applying depth lemma on the exact sequence (B)) we get that

depth M > min{depth A, depth R + 1}
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which implies depth M = d. Thus M is Cohen-Macaulay. U

4. SOME BOUNDS FOR THE CHERN NUMBER

In this section we find an upper bound for the Chern number of an admissible filtration
F. This bound yields the Huckaba-Marley bound in Cohen-Macaulay case. We use Rees
algebra of F and Serre’s multiplicity formula in terms of lengths of Koszul homology
modules.

Let A = @,>0A, be a standard graded algebra with Ay = (R, m) be a local ring.
Let M = ®,>0M,, be a finitely generated graded A—module of dimension d such that
AM,,) < oo for all n > 0. Let Py (x) be the polynomial corresponding to the function
Hy(n) = AM(M,,). Write

Pute) = S (e (741

Lemma 4.1. Let A = @,>0A, be a standard graded algebra with Ay = (R, m) be a local
ring and let M = @,>oM,, be a finitely generated graded A—module of dimension d such
that \(M,,) < oo for alln > 0. Then

60(141, M) = €O(M).

Proof. Let ng be the largest degree of a homogeneous set of generators of M as an
A-module. Then
Mygi1 = Apg1 Mo + Apg My + -+ + AL M,

Since A is standard graded A, = (A;)" for all r > 1. Therefore we have
Mpg1 = (A1) My + (A)™ My + ... 4 (A1) My, = Ay M,

Hence for all k > 1, M,,,1r = (A1)*M,,,. Let H(n) = A\(M,,). Since

M BroM, M, My
= — = M Mn : )
(A M~ Boodydd, 0 M S e S O T,

we get

Since the 2nd sum is a finite sum for large n it is a polynomial function of degree at
most d — 1. Hence A\(M/AM) is a polynomial function of degree d since 31 H (i) is
a polynomial function of degree d. Thus eo(A1, M) = eo(M). O
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Theorem 4.2. Let (R, m) be a d-dimensional local ring and let J be a parameter ideal
of R. Let F = {J,} be a J—admissible filtration. Let A = R[Jt] = ®y>0J"t" and
B =R(F) = @n>0nt™ and M = BJA = @p>1J,/J". Ifht(A:4 B) =1 then

er(F) < er(d) + > M/ T Jns).
n>1
Proof. We may assume that R is complete. Since F is an admissible filtration B is a
finitely generated A-module and hence M is also a finitely generated A-module. Since
ht(A:4 B) =1, dim M = d. Note that
A(Mn) = A(Jn/Jn)
= AMR/J") = MR/ Jn)
d—2

= |er(F) —e(J)] (n ;r_ . ) + lower degree terms.
Therefore A(M,,) is a polynomial for large n of degree d — 1 with leading coefficient
e1(F) —e1(J). Note that M/JtM = @p>1J,/JJ,—1 and for large n, J, = JJ,—;. Thus
ANM ] JtM) < co. By Lemma [T, A(M/J"t"M) is a polynomial for large n of degree d
and eo(Jt, M) = e1(F) — e1(J). By Serre’s Theorem we have

d

eo(Jt, M) =Y (=1)'A(H;(Jt, M))

i=0
where H;(Jt, M) is the i Koszul homology of M with respect to Jt. Note that
Ho(Jt, M) = M/JtM = @ Jn/J Jn1.

n>1

Let x1 = S0 (=1)*'\(H,(Jt, M)). By [I, Theorem 4.7.10] x; > 0. Hence
er(F) = er(J) <Y A/ T ).

n>1
Thus we have

er(F) < er(d) + > M/ T Jni).

n>1

O

Corollary 4.3. Let (R,m) be a d-dimensional analytically unramified local ring and let
J be a parameter ideal of R. Let F = {J"} denote the integral closure filtration. Let
A = R[Jt] = ®ps0J"t" and B = R(F) = @p>0J™" and M = BJA = @p>J7/J". If
ht(A:4 B) =1 then

e (J) < NTTT) + e ().

n>1
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Proof. Since R is analytically unramified F = {J"} is a J-admissible filtration. Hence
by Theorem [.2] we have

e (J) < AT T + e ().

n>1

O

Corollary 4.4 (Huckaba-Marley). [5, Theorem 4.7] Let (R, m) be a Cohen-Macaulay
local ring of dimension d, let J be a parameter ideal of R and let F = {J,} be a J-
admissible filtration. Then

er(F) <D A/ T Tna).

n>1

Proof. Since R is Cohen-Macaulay e;(.JJ) = 0. Hence by Theorem F2] we have

e(F) < SN TT).

n>1

5. SOME FURTHER ESTIMATES FOR THE CHERN NUMBER

In this section, we provide some estimates for the Chern number in terms of a cover
S/R of finite length such that S is local.

Let (R, m) be a Noetherian local ring of dimension d > 1, and let S/R be a cover of
finite length such that S is local. Let n be the maximal ideal of S, let p = [S/n: R/m],
and let v = A\(S/R). Let J be a parameter ideal of R. Then JS is a parameter ideal of
S.

Let P;(X) and P;5(X) be the polynomials associated to the functions n +— A(R/J" 1)
and n +— \g(S/J"TLS), respectively.

For a finitely generated R-module M, let pgr(M) denote the minimum number of
generators of M.

Proposition 5.1. (1) For every n > 1 we have

n+d—1 n+d-—1
s/ ("5 < s asy ("5
< AJ"S/TM
<

)\(S/R)(n+d_1).

d—1
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(2) The function n — X(J"TLS/ T is of polynomial type with associated polynomial
Py(X)+v—pPss(X), and further,
X+d

Py(X) +v —pPs(X) = —61(J>(d_1

) + f(X) with deg f(X) <d—2.

(3) eo(J) = peo(JS).
(4) pr(S/R) < MS/(R+JS)) < —ei(J) < A(S/R).
(5) If pr(S/R) = A(S/R) (equivalently, if mS C R) then

e1(J) = —pur(S/R) = =A(S/R)
and

n+d-—1

sy = —e(n ("4

) for every n > 1.

Proof. (1) The first inequality holds trivially because
pr(S/R) = pr(S/(R + JS)) < A(S/(R + JS)).

To prove the second inequality, let m = A\(S/(R + JS)), and choose y1, ...,y € S such

that if M; = R+ JS + (y1,...,y;)R then S = M, and A\(M;/M;_;) =1 for every i.
Let J = (x1,...,24)R. For a fixed n, let s = (":ﬁ;l), and let aq,...,a, be all the

monomials of degree n in z1,...,z4. Then J" = (aq,...,as)R. We have to show that

ms < A(J"S/J™).

Since S = R+ JS + (y1, .-, Ym)R, we have J"S = J" + J" 1S + J"(y1, ..., ym)R.
Let N; = J"+ J"™ S+ J"(y1, ..., y;)R. Then Ny = J" + J""1S and N,,, = J"S, and we
have the sequence Ny C Ny C -+ C N,,. So it is enough to prove that A\(V;/N;_1) > s
for every ¢ > 1.

For a fixed ¢ > 1 and for 0 < j < s, let P, = N;_1 + (a1, ..., a;)y;. Then Py = N;_4
and P, = N; and we have the sequence Py C P, C --- C P,. So it is enough to prove
that all the inclusions in this sequence are proper.

Suppose, to the contrary, that P; = P;; for some j < s — 1. Then

O4+1Y; € P] =J" + Jn+15—|— J"(yl, . ayi—l) + (Oél, L. ,Oéj)yi.

So we can write

s s J
Qjeryi = B+ arap+ Y bron + > crtio
k=1 k=1 k=1

with 3 € J"1S, a, ¢, € Rand b € (yy,...yi—1)R. Since JS is a parameter ideal in the
Cohen-Macaulay local ring S, gr;s(S) is a polynomial ring in the images of xy, ..., z4.
Therefore, since aq, ..., a, are distinct monomials in x4, . . ., x4, the coefficient of each «
on the two sides of the above equality are congruent modulo JS. In particular, looking
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at the coefficient of a4, we get yv; € R+ JS + (y1,...,vi—1)R. This contradicts the
condition A(M;/M;_1) = 1, so the second inequality of (1) is proved.
To prove the third inequality, choose a sequence

R:M()?C_ M17C_7C_ MV:S

of R-submodules such that M;/M; 1 = R/m for every ¢ > 1. Then each M; = Rz;+ M;
for some z; € S such that mz; C M, ;. For a fixed n, we have J" = (aq,...,a5)R as
above. Therefore

JnMZ == JnZZ' + JnMi_l = (06122‘, e ,ozszi) + JnMZ‘_l.
Further, mayz; € M;_yo; C J"M;_q. Therefore N(J"M,;/J"M,;_1) < s for every i > 1.
Now, the sequence
J"=J"MyCJ"M; C---CJ"M,=J"S

shows that A(J"S/J") < vs = MS/R)("1971).

This completes the proof of (1).
(2) From the commutative diagram

Jrlg —— 5

]

gt ——R

of inclusions, we get

ANJ"ES/ T = NR/J™H) 4+ v — A(S/J"TLS)
= MR/J"™) 4+ v — pAg(S/J™TLS).
Therefore the function n +— A(J"1S/J" 1) is of polynomial type with associated

polynomial

Q(X) :=Py(X)+v—pPrs(X).
Since this function is squeezed between two polynomial functions of the same degree
d — 1 appearing in (1), we get

X+d-1
o) =" ) o ()

with A(S/(R+JS)) < e < A(S/R) and deg f(X) < d—2. Since JS is a parameter ideal
in the Cohen-Macaulay local ring S, we have

X +d

Pjs(X):60(JS)< d )
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Substituting the above expressions for P;s(X) and Q(X) in the formula
Q(X) = P;(X) + v — pPrs(X),

we get
X+d-1
Q) = —atn(* 7T o

with deg f(X) < d — 2, as required.

(3) We have deg P;(X) = d = deg Pys(X). Therefore, since deg(P;(X) —pPjs(X)) <
d—1 by (2), we get eo(J) = pey(J9).

(4) This is immediate from (1) and (2).

(5) This is immediate from (1) and (4). O

Corollary 5.2. In the above set up, assume further that S is Cohen-Macaulay. If
ur(S/R) = A(S/R) (equivalently, if mS C R) then

e1(J) = —ur(S/R) = —A(S/R)
for every parameter ideal J of R. Further, in this case R is Buchsbaum.

Proof. The first part is immediate from the above proposition. Taking n = 0 in the
commutative square appearing in the above proof, we get

AS/R) + A(R/J) = \(S/JS) + MJS/J).

Since JS is a parameter ideal in the Cohen-Macaulay local ring S, we have \g(S/JS) =
eo(JS). Therefore A\(S/JS) = peo(JS) = eg(J) by the above proposition. Further,
taking n = 1 in part (5) of the above proposition, we get

NJS/J) = —er(J)d = MS/R)d = vd.

Substituting these values in the formula displayed above, we get A(R/J) —e(J) = (d —
1)v. Thus A(R/J)—eo(J) is independent of the parameter ideal J, so R is Buchsbaum. [

Example 5.3. These are examples to show that for d = 2 the Chern number e;(J)
can attain every value in the range given by Proposition (6.1). More precisely, given
any integers r, p with 1 < r < p, there exists a Noetherian local ring R of dimension
2, a Cohen-Macaulay cover S/R of finite length and a parameter ideal J of R such
that pgr(S/R) =1, A(S/R) = p and e;(J) = —r. In fact, it can be verified by a direct
computation that these equalities hold in the following situation: R = k[[t?,¢3, z,t2?]] C
S = k[[t,z]] and J = (t*,2") R, where k is a field and ¢ and z are indeterminates.
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