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1. Introduction.

TuE object of this paper is to study the infinite system of non-linear integral
equations :

i, (1) = fu (%) + / gulr, ) Ez halle, 15 ) () () dy,
0 A",

(m=1,2 -+ o0
The sum is always taken from 1 to oo throughout this paper.

The method of successive approximations 15 employed to obtain a solu-
“tion of this system. But when we proceed to establish the convergence and
uniqueness of these approximations, we find that two cases arise according
to the nature of the conditions which the given functions f,, g,, h, satisfy.

In the first case, where
Z )] =c | alsy)] <h Z [k, Lix)] < e

the solution exists only when % lies in a certain restricted domain. But if
the last two conditions are replaced by the relation

an O/ ol y) BB, 1 y) dy | < a,

we find that the solution of the system of integral equations exists for all x
however large.

These integral equations have a fundamental importance in the theory
of partial differential equations of hyperbolic and parabolic tvpe. Parti-
cular cases have heen considered hy the writer in several papers published
recently.*

* M. R. Siddigi, (1)“Zur Theorie der nicht-linearen partiellen Differentialgleichungen
vom parabolischen Typus.,” Math. Zeitschr., 1932,35, 404; (2) “ On a system of non-lincar
partial differential equations,” Journal, Osimania Uni., 1935, 3, 1; (3) “ Cauchy’s Proh-
lem in a non-linear partial differential equation of hyperbolic type,” Proc. Camb. Phil.

Soc.,1935,31,195; (4) “ On the theory of non-linear differential equations of parabolic
type I1,” Math. Zeitschr., 1935, 40, 484,
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2. Solzitz’on :n the Restricted Domain.

We wish to determine a solution of the svstem of non-linear integral
equations :

O e =fe )+ [ aln) Z hale b o) 1) &

n=1273, .- o),
where % lies in the interval
(2) 02T,
and where the given functions f,, g, h, satisfy the following inequalities for
all o, 2, v, k, I
@ 2l =c lglm ] < b, 2| Ik, T ) < @
a, b, ¢ being ahsolute constants.

We replace the unknown functions wu,(x) by the functions ,(x)
according to the relations:

(4:) u}ﬂ(x) =uﬂ(x) ”'fn(x): (n’ = 17 2) vt ')'
The equations (1) then become for all # > 1:

&ww%@wuwmm+ww»mm+wwmw

el

(5) wals) =

&

We shall solve this svstem by the method of successive approximations,
and for this purpose we write:

w(x) =0, and forr >1:
6) »(x) =

X

/@wJuQAWJwHﬁ@»+mwwnmewWﬂ@n@.

0

We shall prove now that for all # > 0, the series X |w? (x)| lies under
b/
a fixed limit as soon as T is sufficiently small.

Tetforalzxin0 < x< T,and forally > 0:
(7 v, = Max f | w5 (%) |.
Then we get from (6) on account of (3) :
(8) v, < abT(c + v,4)%
Now we define an infinite sequence (A,) as follows :
(9) Ag =0, A, =2abT(*+A%,)) (r=1,2,--.).
On account of the inequality 24b < a? + b2, we see that
(10) %, <A (r=0,1,23, - - ).
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We shall prove now that the sequence A, is bounded. Take a fixed
positive integer p, and let for all v < 9 :

A <Lr<p).
Then from (9) we have for all » € ¢

Ajyy — A, =2abT (A2 — A,?) = 24T (A, + A,_) (A, — A,L),
so that, since both A, and A, are supposed to be < 1,

| Apn — A | < 4aBT| A, — Ay, (P <)
Therefore we find :

Apry < ALl 1A = Al + 1A — A+ oo 4 [Ap — A
< 20T {1 + 4gbT + (4abT? + --. (4abT)?}
2abTe?
<1~ 44T

where it is assumed that 4adT < 1.
Now, if we take T so that

o (L1
(11 T <in (Sab’ 4abc? )’
we get
Ap+1< 4abT02 < 1.

We have, however, A, = 2abT¢* < 1; so that by induction we get for
all ¥ > 1

(19) A<l (F=1,2"" o)

From (7) and (10) we see therefore that the series X |wf) ()] is
”n

uniformly convergent and less than unity, provided « lies in the interval
given by (11).

We go on to prove now that the doubly infinite series
(13) Z|wa) | +2 2wy (x) —wix) |
”n r n

is also uniformly convergent.
We have from (6)

2 () — w0 /gnx y) Z' (R, L5 9) {{Faly ) + w1 [fly) + w?(y)] —
" L) + o000 X () + 5D dy
= (_/é,,(x ) 2 h,,\k L y) () [0 (y) — ™" (9)] +

Ji9) EW‘;?(y) — wg™(y)] + @ fly) [ (y) — 2l ()]
+ w™(y) [WRy) — @] .
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From (3) and (12) we get therefore for any % :

(14) I |wf(x)—02(x) | < abT2c +2) Max 5 |02 (x)— wf= () |.
7 7 .

We see, therefore, that the series X [wi*9(x) — w9 ()]

converges
n

uniformly provided the series X' |w$(x) — w™;”(x)| does so. We take
n
T so small that it satisfies the inequality :

oy
(15) T<smazg: v <t

Then applying the reduction (14) 7 times, we get for x in (2):
(18) 2 |w" (@) —27(%) | <2eT(l +o)y. Max & |0(x)—2'P(%)]
7 n
< y’. Max X |w')(x)].
”

Summing both sides of (16) from#=0to 7 = oo, and remembering that
Max > |w')(x)| =v; < A; <1, and that y < 1, we see that the double series
72

is uniformly convergent in 0 < x € T, where T is restricted by the relation
(15).

It follows thercfore that all the limiting values exist :
(17) lim w(%) =w,lx) n=1,2 . o)

’
7y —>0oo

and that for all ¥ in 0 < x < T, the series 2' | w,(x) | is uniformly convergent.
n

Proceeding to the limit » = oo in (6), we obtain that the function

w,(x) satisfies the integral equation (5), and consequently u,(x) = w,{x) +
(%) satisfies the integral equation (3).

We shall now establish the uniqueness of this solution.

Suppose that the system of integral equations (5) has another solution
w,(x) (n =1,2, - - ), such that the series X |u,(x)| converges uniformly:

(19 Z |oyl)| = .

From the definitions of w,(r) and #+¥(x), we get

(%) — 0V (x) = 0/ £x(%, ) fl bk, 1 ) {Lfe(y) + @2(9)] [fo(y) + Bi(y)]
. = [fay) +220)] [foly) + w9901} dy
= _[gn(x, y) .521 hn(k: Z:y) {fé(y) [5’1(3’) - w(?(y)]

+ fly) @ay) — @21 + wQy) [my(y) — w? ()1
+ wiy) [way) — ©P(y)]} dy.
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From (3), (12) and (18) we obtain therefore :
(19) 2‘7 | ,,(%) — Wi (%) | < abT(2¢ + 1 + 7). Max %’ | ,(%) — @ (x) ].
Now, we take T so small that besides (15) it satisfies also :
(20) T <l g <1

Then applying the reduction (19) 7 + 1 times, we get
412;,' | @, (%) — wi*(x) | <{adT(2¢c + 1 + ). Max X | w0, (%) — w9 (x) |
7
< ¢ Max 2 |w,(x)| = ¢ ¢.
Fed

Since ¢ < 1, we get

lim 2 |w,(x) — wi*P(%)| = 0,
. . >0
which gives
Wy(x) = lim wi*(x) = w,(x),
>0

(n =12 --- o).
This shows that the two solutions are really identical.

3. Solution in the Unrestricted Domain.

If the system

X
(1) %,,(.”C) = fu(%) + _O/gﬂ(xt ) kz,'l hu(R, T, _',V)u/é(y)ul(y) dy,(n=1,2,--)
has to be solved for the unrestricted domian :
(2) 0<% < oo,
we must assume that the given functions satisfy :
X
B Zl@l=c 2 | /el i) iyl < s

where ¢ and a are constants independent of x, &, I
We write for the successive approximations :
(4) #'Q(x) =fu(x), andforr =1

) w20 = fule) + [259) 2 hull, 1 )i 04 (0) dy.

We have now to show that these approximations converge to a unique
limit. Tor this purpose we prove first that the series 2 | u((x) | converges
n

uniformly for all x and all ». Evidently, X' |u$'(¥)| converges uniformly
n
for all x provided £ |uf"Y(x)| does so, for we have:
”

(6) T ) | < ¢ +aMax 5 |u0) [
n
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From (3) and (4) we find 2 |u(x)| == ¢, so that

2 |ux) ] < ¢ + ac
We assume now that

| 1
(7) ¢ <

so that we find 2 [ul(x)| < 2¢ for all x. We substitute this in (6) and
7

put 7 = 2, then we get
Zludx)| <c+da <c+4c = 2,
and in general, for all » > 1, and all x =

(8) 2[%"’( ) <c + dact < 2.

We shall employ this inequality in proving further the uniform conver-
gence of the double series

(9) Z|uQdx)—uQ)| +2 2 | g (%) — D (x)|.
b3 Yy n
We have {rom (5)

(r+1) (r)
uy (%)

=[x, ) Z Pl 13 3) L (9)02(5) — = (9)us=(3)} dy

Il
cba

(%, 9) 2 halk, 1; 9) {2 (1) [ () — 63 (y)]
+ ui"”( ) [W20) — w2 ()]} dy.

From (3) and (8) we get therefore for all x :

Z|u" @) —uQ(x) | < 4ac. Max I | u) (%) — w0 (x) |

7 n
Applying this reduction formula 7 times, we obtain :

(10) 2 uy™(x) —uP(x)| < (4ac)”. Max X [ 40 (x) — u'D(x) |.
7 ”

But

W) — ) = feu3) 2 il L 9w (9)u(y) d,
é:
so that for all x > 0, we have
Z [ 42(x) —u9() | < act.

Moreover, since 4ac <1, we get z (4acy = ———. Thus summing
r—0 1 — 4ac ’
both sides of (10) from » =0 %o # = oo, we see that the double

series (9)
converges uniformly for all x.
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We deduce therefore that the limiting functions
(11) lim uQ(x) =wu,(x) ( =1,2, --. o0)
7 —> 0

exist and are continuous for all ¥ > 0, and that the series X |u,(x)| =
”

lim X | «% ()| is uniformly convergent. Proceeding now to the limit 7 - oo
r-—>oo %

in (5), we see that the function #,(x) found in (11) satisfies the integral
equation (1), and is therefore the required solution.

To establish the uniqueness of this solution, we suppose that the inte-
gral equation (1) has another solution #,(x) (# =1, 2, - - -), which is such
that the series X' | 4, (x) | converges uniformly :

7

(12) _ 2| a.(x)] < 2e.
”n

From the definitions of 4,(x) and #*"(x) we get then

B8) — W) = [e03) 2 hall, 13 3) @0NEL) — 4§ OIP0) dy

X

= [ea(, ) Z (b, 15 9) () [a(y) — w9())

0

+ uS(y) [@(y) — wR()]} dy.
On account of (3), (8) and (12) we get therefore for all x:
2 #,(x%) — ui™(x) | < 4ac. Max X' | @,(x) — '} (x)];
n 7

and repeating this reduction (» 4 1) times :
(13) 2 |@u(x) — 3P (x) | < (4ac)™. Max X [d,(x) — w'3(x)|.
” 7

Now, since

#(%) — ud(5) = [g,(%, ) 2 Ik, 13 Y)m9)ay) 4y,
we have from (3) and (12) for all x > 0 :
2| ,(%) —u'D(%) | < dac
Thus, since 4ac < 1, we obtain

Im X |#,(x) —uy*(x)| < 4ac® lim (dac)
yr—>oc0 % ¥—> 0o ,
= 0,
showing that for all x > 0:

(14) Up(%) = lm uf*™(x) =u,(¥) (n =1, 2

- o).
7> 0

>

The two solutions are therefore identical.




