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Abstract

The existence of an optimal feedback law is established for the risk
sensitive optimal control problem with denumerable state space. The
main assumptions imposed are irreducibility, and a near monotonicity
condition on the one-step cost function. It is found that a solution can
be found constructively using either value iteration or policy iteration
under suitable conditions on initial feedback law.

Keywords: Optimal Control; Risk Sensitive Control; Dynamic Pro-
gramming.

1 Introduction

This paper concerns optimal control of Markov Decision Processes (MDPs).
Formally, this is defined by a triple (X, A, P,) where X is the state space, and
A is the action space. We assume that both X and A are denumerable sets.
In this case, P, is, for any a € A, a transition matrix on the state space X.
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A sequence {ux} evolving in A is called an admissible control sequence
if
ug, € Fi, k>0,
where Fy, := o{®p,...,Pr}, k > 0, is the minimal o-field generated by the
observations, and the state process ® is recursively defined via,

P{®Pr.1 € A @lg;ulg;q)k =z;up = a} = Py(x, A), reX, ACX, ac€ A

We suppose that there is a one step cost function C': X x A — Ry, so
that for a particular Markov policy w = (wg, w1, ws,...) the risk sensitive
cost starting at x € X is defined by

1
R(z,w) :=lim sup — (log EW [exp(aSn)D , (1)
n—oo N
where S, = Z;é C(Pg, wr(Pr)), and the expectation above is conditioned

on &y = x. For the processes considered here, the limit supremum in (1)
will typically be a limit which is independent of the initial condition x € X.
We consider only the risk-averse case where a > 0.

Models of this sort were first considered in [2, p. 329] for finite state
space models. An in-depth analyis first appeared in [11] in the finite state
space case where each controlled chain is irreducible and aperiodic. The
general finite state space case was subsequently treated in [20].

There has been renewed interest in the cost criterion (1) during the
past decade. The primary reason is the original one: when « > 0 the
use of the exponential reduces the possibility of rare, but devastating large
excursions of the state process. This control problem has attracted more
recent attention because of the interesting connections between risk sensitive
control and game theory (see [12] or the more recent treatments [15, 22, 7,
6, 8, 13, 23]).

Under certain conditions on the model (in particular, when the model is
linear in (x, a)), the controls that optimize (1) are known to be insensitive to
specific forms of model uncertainty [22, 6]. In general it may be shown that
any stationary policy which gives rise to a finite risk senstive cost will enjoy
some attractive properties. The controlled chain is V-uniformly ergodic
(see Theorem 3.3), which itself implies some degree of robustness to model
uncertainty [9].

The results developed in the present paper are most closely related to
[10, 3]. This prior work considers models with bounded cost functions,
and imposes a strong form of uniform ergodicity in order to show that a
relative value function exists and is bounded. It is also assumed in this



prior work that the constant « appearing in (1) be sufficiently small. The
main contribution of this paper is to establish existence of optimal policies
under a simple growth condition on the one step cost function. These results
hold without any conditions on the ‘risk factor’ a.

As in [11, 10, 3], we require that each of the controlled chains be ir-
reducible. This can be relaxed to -irreducibility, as defined in [16], with
slightly weaker conclusions. However, the general non-irreducible case is
subtle, as the treatment [20] of the general finite state space case shows.
Fortunately, most models found in applications exhibit some form of irre-
ducibility.

We also show here that stabilizing feedback policies are generated using
either the value iteration or the policy iteration algorithm, provided that
either algorithm is initialized with a stabilizing feedback law. This general-
izes recent results of [17, 4, 18] for the risk neutral ergodic control problem.
Under additional assumptions it is shown that either algorithm converges
to a solution to the dynamic programming equations.

The remainder of the paper is organized as follows. In the following
section we present some background on ergodic theory and the existence of
a relative value function for the risk sensitive control problem. Section 3
contains a proof that an optimal policy exists for normlike cost criteria.
In Sections 4 and 5 we present analyses of the value iteration and policy
iteration algorithms.

2 Multiplicative Ergodic Theorems

In order to address the optimization problem spelled out in the introduction
we first state some results from [1] which show that the limit supremum
in (1) is in fact a limit when the system is controlled using a stabilizing,
stationary policy.

We describe in this section results for a Markov chain without control.
We suppose that ® = {®g, Pq,...} is an aperiodic and irreducible Markov
chain with transition probability P on a countably infinite state space X.
We denote by C': X — R a fixed, non-negative valued function on X, and
let ¢(z) = exp(C(x)), x € X.

The function C' is assumed to be norm-like: the sublevel set {z : C'(x) <
n} is finite for each n [16].

We first present a collection of ergodic theorems from [16]. Theorem 2.1
will be useful below, and it also serves to highlight the symmetry between
classical ergodic theory and more recently developed multiplicative ergodic



theory for Markov chains. A Markov chain satisfying the drift criterion
(2) with C norm-like and ® irreducible is V-uniformly ergodic (see [16] for
notation and related results).

The existence of the two limits in Theorem 2.1 is a consequence of the
Geometric Ergodic Theorem of [16]. That the limit C is the essentially
unique solution to Poisson’s equation is discussed on page 433 of [16]. The
characterization of the limit + in (i) is simply the characterization of the
steady state mean 7(C) given in Theorem 10.0.1 of [16].

The first entrance time and first return time to a state 6 are defined
respectively by

op =min(k > 0: &y = 0); Tp = min(k > 1: &, = 0).

Theorem 2.1 Suppose that ® is an irreducible and aperiodic Markov chain
with countable state space X and that C is norm-like. Suppose further that
there exists V: X — [1,00), and constants b < oo, n < 1 all satisfying

Eo[V(®1)] = Y P(x,y)V(y) < nV(z) - C(x) +D. (2)
yeX

Then there exists a constant v € Ry and a function C: X — R such that
A 1
lim E,[S, —yn] =C(z), and hence, lim —E,[S,] =7,
n—oo n—oo N,

where

(1) The constant 7y is the unique solution to

T9p—1

Ey [Z (C’((I)k) - 'y)} — 0.

k=0

(ii) The function C solves the Poisson equation

A~

PC(z)=C(z) - C(z)+~, zeX

(iii) The solution C is unique up to an additive constant: If ¢’ is any other
solution, then

C(x) — C(z) = C'(x) — C'(x0), x,zo € X.



The desired multiplicative ergodic theorem is expressed in the following
result, which is evidently closely related to Theorem 2.1. This and some
related results are developed in [1].

Theorem 2.2 Suppose that ® is an irreducible and aperiodic Markov chain
with countable state space X, and that C is norm-like. Suppose further that
there exists Vo: X — R4, and constants B < 0o, ag > 0 all satisfying

Eufexp(Vo(®1))] = 3 P, y) exp(Vo(y)) < exp(Vo(z) — aoCl(x) + B). (3)
yeX

Then there exists a (possibly infinite) constant @ > «p, and a convex, in-
creasing function A : R — R such that A(a) < oo for a < @; and A(a) = 00
for a > @. Furthermore, the following hold:

For any a < @, there is a function ¢o: X — Ry such that

?}Lngo E. [exp(aS, — nA(a))] = éa(z), (4)

and for all o,
lim 1 log<Em [exp(aSn)]) = Aa).

n—oo N

Moreover, for all a < @,

(i) the constant A(a) € R is the unique solution to

To—1

Eo [exp(Z aC(Py) — A(a))] =1

k=0
(ii) The function ¢, solves the multiplicative Poisson equation:

Péq (z) = éa(z) exp(—aC(z) + Ala)), z e X (5)

(iii) The solution ¢4 is unique up to constant multiples: If ¢, is any other
solution, then

fale) A
Culwo) ~ By(zy) TSN

Analogous results for a bounded function C' are also obtained in [1].
The constant A(a) = exp(A(a)) is equal to the generalized principal
eigenvalue (g.p.e.) for the kernel P, defined by

~

Po(z,y) = exp(aC(2))P(z,y),  w,y€X.



It is also known as the Perron-Frobenius eigenvalue, and R(a) = M(a)~! is

the convergence parameter (see [1]).

The function ¢&, is the corresponding Perron-Frobenius eigenfunction for
P, and (5) is a restatement of the eigenfunction equation Poé = A(a)é The
term multiplicative Poisson equation is used to stress the symmetry with
the previous theorem, and with the usual MDP theory under the average
cost optimality criterion.

Suppose that the Markov chain is recurrent, as it will be under (2) or
(3). For any «, the constant A(a) = log(A(a)) is given by the following
formula:

A(a) :=inf{A € R: Eg[exp(aS;, — T9A)] < 1}, (6)

with 0 equal to any fixed state in X.
From the definition of A(a) and Fatou’s Lemma we have, whenever
Ala) < oo,
&(a) :=Eg[exp(aSy, — oA (a))] < 1. (7)

The constant @ is then defined as @ = sup{a : {(a) = 1} [1]. It is shown

there that for any o < @, the function

h*(z) = Ez [exp(aSr, — 1A ()], z € X,

is the unique (up to constant multiples) solution to the multiplicative Poisson
equation. The function h® will appear as the relative value function for the
optimization problems considered below.

The drift criterion (3) is useful since it gives a bound on @, and it also
implies a strong form of ergodicity for the chain. It is equivalent to the
following ‘sub-eigenvector equation’,

~

PayV (2) = exp(aoC(x) S Pla,y)V(y) < AV(2), 2z €X, (8)
yeX

where V' = exp(Vp), and A = exp(B).
Using these ideas we find that a solution V' to (8) or (3) always exists
provided that the “cost” A(«) is finite. For a proof see [1].

Lemma 2.3 For an irreducible Markov chain ® and a norm-like function
C, the following are equivalent for any 0 < A < oo, and any a > 0,

(a) @ is recurrent and the g.p.e. satisfies

AMa) < A



b) There exists a function V: X — Ry satisfying (8), and in addition
+

;rel)f(V(a:) > 0. (9D)

The proof of Theorem 2.2 involves a change of measure performed using
a solution of the multiplicative Poisson equation (5). We sketch the main
ideas here since this change of measure will also be required in some of the
results below. For a < @ define

Pufay) = S0 A

P(x,y)h*(y).

where h® is any solution to the multiplicative Poisson equation which is not
identically zero. The kernel P, is probabilistic (Py(x, X) = 1 for x € X) since
the multiplicative Poisson equation holds. It follows that P, is the transition
kernel for some Markov chain ®“. Theorem 2.4 establishes ergodicity of
these Markov chains, and shows that @® itself is V-uniformly ergodic when
a > 0.

Theorem 2.4 For any o < @ the Markov chain ® is V-uniformly ergodic
for some V, > 1. Hence there is an invariant probability measure o for Py,
and for any g: X — R satisfying

‘ g(z)
x)

<
o ‘ <Vo(z), zeEX

the following limit holds at a geometric rate as n — oo:

Ex [exp(aS, — nA(@))g(®n)] — h*(z)7a(g/h®), x e X

PROOF It is shown in [1] that the chain & is V,-uniformly ergodic for
some V,, provided that o < @ :=sup(a : Ala) < o0).
The limit then follows from ergodicity and the formula

L, [exp(aS, — nA(a))h*(®,) (@)

ESF(85)] = oy e

valid for any integrable f: X — R (see the Geometric Ergodic Theorem of
[16]). O

There are several possible extensions of these results: the conditions on
the ‘cost function’ C' can be generalized in various directions. One direction
which is developed in [17] for the risk neutral control problem is to assume



that the sublevel sets of C(-) are petite, as defined in [16], rather than finite
or compact. Such conditions may be used to generalize results of the form
developed here to arbitrary state spaces [14].

Some extensions are possible even in the countable state space setting.
To remove the unboundedness condition on C' one may replace the norm-
like assumption with near-monotonicity, so that {z : C(x) < n} is a finite
set for any 7 < sup,ex C(x). A parallel ergodic theory is developed in [1]
for near-monotone cost functions, and using these results it is possible to
generalize all of the results in this paper. For the sake of brevity we do not
consider in detail such extensions.

3 Existence of Optimal Controls

We may now address the question of existence of optimal controls for a
controlled Markov chain with transition function P, using the cost criterion
(1). We assume without loss of generality that o = 1, so that the goal is to
minimize over all controls,

R(z,w) = lim sup % log(E;U [GXP(S;U))]) )

n—oo

where we set
n—1

S =" C(Pk, wi (1))
k=0

The function C' is the one-step cost, which is assumed to satisfy a norm-
like condition. We let ¢(z, a) = exp(C(z,a)), and for any function w: X — A
we write,

cw(z) = c(x,w(x)), x e X

The function w is interpreted as a feedback law in the results below, and
the control up = w(®yg) is called a stationary Markov policy. The control
sequence is called Markov if up, = wi(Px), k > 0, for a sequence of functions
w = {wk}

Throughout the remainder of this paper we also impose the following
assumptions on the state space, action space, and on the controlled chain.

(A1) the state space X is countably infinite; the action space A is finite;
and the function C(-,a) is norm-like for any fixed a € A.

(A2) For any Markov policy w

PW{r, < oo | ®y=2x} >0, x,y €X.



For any stationary policy w, the Markov chain with law PW is assumed
to be aperiodic.

It will be clear that the strong assumption on 4 used in (A1) can be replaced
by appropriate continuity conditions. The norm-like condition on the cost
function is more difficult to remove, but some extensions were described
in the previous section. Condition (A2) is just an extension of the usual
definition of irreducibility for a time homogeneous Markov chain on X.

We now give a generalization of the g.p.e. defined by (6). Let 6 be some
arbitrary state in X, and for any Markov policy w = (wq, w1, wa, ...) let

To—1
Afw) := inf{A €R:EW [exp(Z [C(P, wi(Pr)) — A])} < 1}.
k=0
The minimal value is denoted
A" :=inf A(w), (10)

where the infimum is over all Markov policies. For any policy, we let A(w) =
exp(A(w)), and we set \* = exp(A*).

If w is stationary then we set A(w) = A(w), A(w) = log(A(w)), and in
this case, the constant A(w) is the g.p.e. for the kernel

~

Pw(xvy) = Cw(x)Pw(xay)' (11)

We call the controlled Markov chain ®% stable if A(w) < co. If w =
(w,w,...) is stationary then the feedback law w is called stabilizing.

Proposition 3.1 shows that A(w) is indeed the steady state cost when w
is a stabilizing feedback law. This is an immediate consequence of Theo-
rem 2.2.

Proposition 3.1 Suppose that (A1) holds and that w = (w,w,w,...) is a
stationary policy defined through the stabilizing feedback law w. Then for
every initial condition x,

R(z,w) = lim llog(Ex [exp(Sﬁv)D = A(w).

n—oo N

The following bounds are taken from [18].

Lemma 3.2 Under the assumptions of this section,



(1) There ezists a function s: XxX — (0, 1) such that for any Markov policy
w = (wo,wl,...),

[e.9]

Kuw(r,y) =EL[S 27010 = )] > s(,y),  zyex
k=0

(ii) For any finite set S C X and any y € X, there is a finite constant
B = B(S,y) such that for any Markov policy,

Ty—1
EW [Z HS(QJk)} <B, azeX
k=0 0

The following result illustrates that stability implies a strong form of
ergodicity for the chain.

Theorem 3.3 If w is a stabilizing feedback law then the controlled chain
B is V-uniformly ergodic for some V satisfying c,,(x) < V(x), x € X.
Hence, in particular,

(i) the chain is ergodic with unique invariant probability .

(ii) There exists p < 1, By < o0, such that for any function f satisfying
If1<V,

[EZ L (Pn)] = mu(f)] < BoV(2)p",  x€Xn=0.
PrOOF If the feedback law is stabilizing then we have seen in Lemma 2.3
that there is a function V' > 1 such that
cwPyV < A(w)V.

It then follows that V' > A(w)~!cy, so that the bound V > ¢, can be ob-
tained on scaling V. Letting S denote the finite set S = {z : A(w) tey,(x) <
2} we obtain, for some b < oo,

P,V < (1/2)V + blg,

which establishes V-geometric ergodicity (see Theorem 16.0.1 of [16]). O
For general Markov policies we cannot exactly duplicate Proposition 3.1
but we can obtain a lower bound.

Proposition 3.4 Under (A1) and (A2), R(z,w) > A* for any Markov
policy w, and any x € X.

10



PrOOF Let 0 < A < A* be arbitrary. For any Markov policy w we must

then have
To

= [exp(Z[C(@k,wk(Qk)) — A])} > 1.

k=1
Using Fatou’s Lemma we may assert the existence of Ny > 1 such that
for any Markov policy and any N > Np,

Ef’ [exp(%v[cm, wi(@) = Al)| = 1. (12)
k=1
For N > Ny let
oo A(N—1)
Wy (2) = min EY [exp( Y C(Rk, wi () A])} . (13)

k=0

where the minimum is taken over all Markov policies.
Fix N, and suppose that the minimum is achieved at w. Using Jensen’s
inequality we have

o0

log(Wn (x)) = ~AE® [ > Ls(@y)]
k=0

where S = {x : min, C(z,a) < A} is finite. By (13) and Lemma 3.2 (ii) we
see that Wy (x) > 0 :=exp(—AB(S,0)) for all z and N.
For any feedback law w we have

To AN

Al (@) PuWi (2) = EX [exp( Y [C(@, w1 (@0)) = A]) ]
k=0
where w = (wy, w1, Ws,...), w' = (w,Wy,w1,...). From the definition of

(Wn : N > Np) and (12) we then have
AN lew(z)PyWi () > Wi ()

We note that the bound (12) covers the case where x = 6. Since the
feedback law w is arbitrary we may iterate the previous bound to obtain for
any Markov policy w,

n—1

ATEW [exp(kz_o 0(<1>k,wk(<1>k)))WN0(q>n)} > Wy an(z) > 6.

11



From the Markov property and minimality of Wy, we then obtain the bound

n+Np—1
AEW [exp( 3 C(cpk,wk(cpk))ﬂ > 4.
k=0

In conclusion, we see that

n—1

lim inf EY [exp(Z[C(CI)k,wk(CI)k) —A])] = A2 Nog > 0.

n—00
k=0

Hence R(z,w) > A* since A < A* is arbitrary. 0
A candidate relative value function and optimal policy are defined re-
spectively as follows: For each x € X,

hi(z) = i&ny[exp(Z[C(@k,wk(@k))—A*])} (14)
k=0
w*(z) = argminc(z,a)Pyhy (x), (15)

acA

where in (15) the policy w* is taken to be any solution to the minimization.

Lemma 3.5 If A* is finite, then
(1) The function h, is everywhere finite.

(ii) The multiplicative Poisson inequality holds,

Cuw () Py=hy () < XN hy(z), x e X (16)

ProOF We first show that there exists a Markov policy w such that
Alw) = A*.

Take a sequence {A,} for which A,, | A* as n | oo, and choose Markov
policies w™ for which A(w™) < A,, for each n. We then have,

To—1

B [exp (D2 [C(@, wi(@0) — )] < 1.

k=0

Assume that there is a Markov policy w® such that w"™ — w®™ as n — oo
pointwise. This is possible on taking a subsequence since the control set is
finite.

12



Pointwise convergence is equivalent to weak convergence on X%+. Since
c is positive we then obtain,

To—1

R [exp(kzzo [C(@r (@) - A1) | < 1,

so that A(w) < A*. By minimality of A* this must be an equality, and
hence we may take w = w.
Observe that for each x # 6,

(A) " ews (@) P (2)
= (! mainz c(z,a)Py(z, y){i{lvf E;U [exp(S;‘g — U@A*)} } (17)
yeX
= h(z),
while for z = 6 we have

Pyshe (0) = min E§° |exp(S% — 7pA") | < 1.

It follows that the sub-eigenvector equation (16) holds, which establishes
(ii).

One may infer from the inequality (16) that the set S = {z € X : hy(z) <
oo} is absorbing. That is, Py«(z,S) = 1 for x € S. Since the point 6 is
in S, and since the kernel P« is irreducible, it follows that S = X, which
establishes (i). 0

Theorem 3.6 Suppose that (A1) and (A2) hold, and that A* < co. Then
(1) The feedback law w* is stabilizing with g.p.e. \*;

ii e stationary policy w* = (w*, w*, w*,...) is optimal over a arkov
ii) The stati li * * w* w* ; timal Il Mark
policies: For any Markov policy w,

R(z,w) > R(z,w") = A", x € X
(iii) The relative value function hy is uniformly bounded from below:

inf Ay .
g () > 0

13



PROOF Result (iii) follows from (16) which may be used to establish the
bound
To—1
Ev’ [exp( Cooe (B1) — A)] < ho(2)/ha(0),  zEX
k=0
We then obtain, exactly as in the derivation of the lower bound on W,

defined in (13),
hs(z) > hy(0) exp(—A*B(S,0)), xr € X,

with § = {z € X : min, C(z,a) < A*}.

That w* is stabilizing with g.p.e. \* then follows from (16), Proposi-
tion 3.1 and Lemma 2.3, giving (i), and then (ii) follows from Proposition 3.1
and Proposition 3.4. O

Note that the theorem does not say that the pair (A*, h,) solves the
dynamic programming equations

c(x,a)Pyhy (x) > gréiﬂ{c(:v, a)Pyhy ()} = X hy(z), zeX,ae A (18)

The difficulty is that we do not know in general if (16) is in fact an equality.
It is an equality for all  # 6, but for x = 6 the equality can fail (see
(7)). This corresponds to the ‘R-transient’ case for the kernel ¢« P+ [21].
Fortunately, the inequality provides an upper bound which is enough to
show that w* is optimal.

4 Value Iteration

In this and the following section we assume that the conditions of Theo-
rem 3.6 are met so that an optimal policy exists. We now focus on compu-
tational approaches for constructing an optimal stationary feedback law w*.
We first consider the value iteration algorithm, or VIA.

The VIA for the risk sensitive optimal control problem recursively con-
structs a sequence of value functions {V,, : n > 0} as follows: For n = 0 the
function Vp: X — [1,00) is given as an initial condition. For n > 1 the value
function is defined recursively,

Vo(z) = néii‘l{c(:v, a)P,Vy—1 (z)}, xz e X
We follow [4] and assume that V{ is a “Lyapunov function” in the sense of

(8) for at least one policy so that for some A_; < co and one feedback law
w-1,

Cw_, (@) Py_ Vo (7) < A_1Vp(2), x e X (19)

14



For each n we fix a feedback law w™ which achieves the minimum,

w"(z) = argmin{c(z, a) PV, ()}, x e X
acA

From the sequence {w™ : n > 0} of feedback laws we define two policies:

w" = (", w" w",...) " = (w" L w2, wh wl w® Wl ).

We will find that the feedback law w"™ is stabilizing for any n, and that
it is near optimal when n is large. The Markov policy v" minimizes the
finite-horizon cost criterion,

EX [exp(StY) Vo (@n)],

over all Markov policies w.
The normalized value function and the incremental cost are defined re-
spectively as

ha(2) = V() /Va(0);  gn(x) = Vg (2)/Va(z),  z€X,n=0.

For each n we let A, := sup,ex gn(), and A, = log(\,). We let P, = Pyn
and ¢, = cyn.

Lemma 4.1 Suppose that (A1) holds and that the initial condition Vy is
chosen so that (19) holds. Then,

(i) For each n, the function V,, is bounded from below by unity, and the
following inequality holds:

cn PV, < MV
(ii) The upper bounds {\,} are finite and decreasing:
A > > A >
PrOOF By definition of w™ we have
Vsl = cn PaVa.

Hence if V,,(z) > 1 for all z then V,,41(x) > (inf; ¢, (z))(inf, Vi, (x)) > 1 for
all z. Since the initial condition Vj is assumed to be bounded from below

15



by unity, we see by induction that each V,, is similarly bounded. The proof
of (i) is concluded on noting that

cn PV = 9V < MVi.

To prove (ii) observe that for any n,

. Vat1 - cn P Vi,
gn = =
Vi Vi

< Cn-1Pn1Vn

S Ty

_ cn—lpn—l(gn—lvn—l)
Va

~  Cp—1 PV <
< An_lnl?/—nlnl S
This shows that the sequence {\,} is decreasing. 0

From the lemma we find that the value iteration algorithm generates sta-
bilizing policies, provided that it is properly initialized. This is summarized
in the following theorem:

Theorem 4.2 Suppose that (A1) and (A2) hold, and that (19) also holds
for some initial feedback law w_1 and a finite constant A\_1. Then each of
the feedback laws {wy,} is stabilizing, and the risk sensitive cost satisfies

R(z,w") = A, < A, < o0, z e X,n>0.

PROOF From Lemma 4.1 we have the bound
PV < Aty V.

Hence the result follows from Lemma 2.3 and Proposition 3.1. O
Define inductively a new sequence of functions {h,,} as follows: Forn =0
we take hg = hg, and for n > 1 define

~ 1 ~
By, = e min{c(z,a)Pyhn—1 (z)}, x e X (20)

By induction we see that %n and h,, are constant multiples for each n, and
we have the following interpretation:

o) = ()" min B2 [exp(S2) o (®,)], (21)

where the minimum is over all Markov policies.
To obtain an upper bound on {h,} we use the following assumptions.
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(A3) There exists a solution (A*,h,) to the dynamic programming equa-
tions (18) satisfying h.(f) = 1, with A* given in (10).

(A4) There exists a solution w* to (15) such that the transformed kernel

Cw* (x)Pw* (:L‘, y)h* (y)
A hy(z)

Py(z,y) =

is positive recurrent with unique invariant probability 7.

We denote the transition kernel P, by Pk.

Suppose that w* is the feedback law defined in (15), with h, given in (14).
If the the Markov chain with transition function P, satisfies A(w*, o) < 0o
for some a > 1, it then follows from Theorem 2.2 that (A4) holds with P
geometrically recurrent (see also [1]). Assumption (A3) will also hold since
the multiplicative Poisson equation ¢y« Pyh, = A*h, is solved uniquely, again
by Theorem 2.2, and by definition of w* we do have

min ¢(z, a) Pohy = co(z) Pihy (x) = XN hy(z), x e X

Lemma 4.3 Under (A1)-(A4), provided that 7t (ho/hs) < 00, the following
bounds hold for all initial x:

lim sup iy (z) < #ulho/hu)ha(z).

n—oo
1 n—1
Tim nkz_olog(gn(w)) = A

PROOF Substituting w* for w in (21) gives the upper bound,

n—1

() < B2 [exp (Y [0(0g, 0 (85) — A ho(@)] = B (@) [Zz(cpn)]
k=0

From the f-Norm Ergodic Theorem of [16] and irreducibility we must have
E;[Z—O(CI)”)] — 7. (ho/hs) as n — oo for each x, which gives the first bound.

The second limit involving (g,) follows from the definition of {h;} and
{gx} which give

log(h+1(x)) = log(Vo(x)) + Y _ [log(gx(x)) — A”].
k=0

Dividing by n and using the boundedness of {h,(z) : n > 1} gives the
desired limit. O
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Lemma 4.4 Under (A1)-(A4), suppose that

e Vo(o)
0:= ;Ielf( ha(2) > 0. (22)
Then for alln >0 and x € X,
b () -
hi(z) —

Proor The proof is by induction, where hgy/h, is bounded from below
by 6 > 0 by assumption.
If hy,/hs is bounded from below by § then for all =

Bt () enPohn (2) _ coPoh () _  coPuha (x)
@) i) 2 v 20 )

= 0.

Hence %n+1 is bounded from below as claimed. O

Theorem 4.5 Suppose that (A1)-(A4) hold, and suppose that the initial
condition satisfies the pair of bounds,

mG) = G <

Then hy(x) — hi(x) as n — oo for every x € X.

Proor Let @ denote the stationary Markov chain with transition prob-
ability P, and invariant distribution 7. For each n < 0 we set
Z, = hon1(B)
hy(®y,)

From the inequality P*Z—Z > h;;—:rl it follows that {(Z,, F,) : n <0} is a sub-
martingale (integrability follows from the bound 7, (ho/hs) < 00). Applying
[5, Theorem 1, p. 376] we may then conclude that the limit

lim Z, =7

n——oo

exists a.s., and since the chain @ is ergodic, its invariant o-field is trivial,

and hence 7 is a constant (c.f. [16, Proposition 17.1.4]). We must also have
convergence in probability: For any € > 0, z € X, as n — 00,

(@) {71 (2) = Yhu(@)] > ehi(@)} = P{|Zy =] > &, 80 = 2} — 0,
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which shows that ?Ln — ~vh, pointwise as n — oco. It follows from Lemma 4.4
that + is non-zero, and the result then follows since, for each n, the functions
hy, and h, are constant multiples, and since hy,(0) = h.(0) =1 for all n. O

5 Policy Iteration

The policy iteration algorithm, or PIA, is similar to the VIA. Given an
initial feedback law wq to initialize the algorithm, we denote Ay = A(wp, 1),
so that for any 6 € X,

To—1

Ex® [exp (D (Cun (@) — A0) | < 1. (23)

k=0

We again recall that the above is an equality provided that @y, > 1 (see
Theorem 2.2).
One version of the relative value function is given by

g9

ho(z) = EX° [exp (Z(Cwo(‘bk) - AO))], T € X,

k=0

which satisfies ho(0) = exp(Cuy,(0) — Ag). Provided that wy is stabilizing,
it follows as in Lemma 2.3 that hg is finite valued, uniformly bounded away
from zero, and that the multiplicative Poisson inequality holds:

Pyhg (x) < )\ocal(a:)ho(x), T € X, (24)

where equality holds in (24) provided that (23) is an equality (see [1]).

Given an initial stabilizing feedback law wq, the PIA defines a sequence
of feedback laws, again recursively. Suppose that policies {wy, ..., w,} have
been determined together with relative value functions {hg,...,h,}. To
enforce the normalization hi(0) = 1, we define for all £ > 0, x € X,

o9

hi() 1= exp(~Clu, (6) + AER* [exp (D (Cu(@0) = M) | (25)
k=0

A new policy wy,11 is then defined to be any solution to the minimization

Wp+1(x) = argmin c¢(x, a) Pyhy, (x), x e X (26)
acA

As in the proof of the lower bound on {Wy} in Proposition 3.4 we can
obtain a uniform lower bound on the relative value functions {h,, }:
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Lemma 5.1 Suppose that (A1) and (A2) hold. Then there exists § > 0
such that for each n and x,

hn(z) >8>0
|

Like the VIA, the PIA generates stabilizing policies if it is properly
initialized:

Theorem 5.2 Suppose that (A1) and (A2) hold. If wq is stabilizing then
for any policies {wy, ..., wy,...} determined by the PIA,

(1) Each of the {wo, ..., wn,...} is stabilizing;
(ii) The costs {Ay, := A(wp, 1),n > 0} form a decreasing sequence:

Ag> Ay > >Ny >-ee

Proor The proof is by induction: For any n we have by Lemma 5.1
that inf, hy(z) > 0. Also, by minimality,

Cnt1Prsihn () < en(x)Pohy () < Aphp ().

From this bound and Lemma 2.3 with V' = h,, we conclude that the feedback
law wy11 is stabilizing, and A\, > Ap41. O

Lemma 5.3 Under (A1) and (A2),

sup hy(z) < oo.
n>0

PRroOF Suppose not. Then there exists ¢ € X, a subsequence {ny} of
Z+, a policy weo, and functions h, coo such that as k — oo,

an — Coo, hnk - hOO7 wnk — Woo,

where the convergence is pointwise, and hoo(z¢) = 0.
However, from (25) we have ho(6) = 1, and by Fatou’s Lemma,

Coo () Py, hoo () < Aoohoo(T).

Since the control set A is finite we know that c, is finite valued. It then
follows from the above inequality that the set S = {z : hoo(z) < 00} is
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absorbing. Since it is also non-empty, it must be full [16], and since the
kernel P, is irreducible this means that S = X. This is in contradiction to
the assumption that heo(x0) = oo, and we conclude that {h,(z) : n > 0} is
bounded for any x, as claimed. O

To establish convergence of the PIA to an optimal solution it is necessary
to impose some additional assumptions on the process. One convenient
assumption is the skip free property that for each x, there is a finite set
N, such that P,(xz,N,) =1, a € A. This assumption is satisfied for most
network models. Unfortunately, we have also been forced to impose some
less easily verifiable conditions in Theorem 5.4.

Theorem 5.4 Suppose that (A1)-(A4) hold; that the kernel P, is skip free;
and suppose that the multiplicative Poisson equation holds for each n:

cnPohyn = Aphy,.
Suppose moreover that
(i) 7x(h/hy) < 00, where h(z) = lim sup,, hp(z), x € X.

(ii) For any limit {Weo, hoo, Coc} Of the sequence {wy, hy,c, : 1 > 0}, the
multiplicative Poisson equation has a solution h.,_ for P, ; the asso-
ciated kernel Py, is positive recurrent with invariant probability 7, ;
and Ty, (hoo/hw,, ) < 00.

Then,

— hy(x), x e X,

and Ap, | N, as n — oo.

PRrROOF Let {W, Woo, hoos €0 } be any subsequential limit of the sequence
{Wn41, W, hpyen : n > 0}, Clearly coo = ¢y, and Ay = inf, A,. By the
skip free assumption,

Aoohoo = Coo P, Poo-

Iterating then gives

;L::(:c) = hw:(x)E;”w [exp(kzo(c@k,woo(@k))—Aoo))hoo(%)}
- (5 ez



The expectation on the r.h.s. is bounded due to the ergodicity assumption
on P,__. We conclude that oo = A(weo) for any limiting feedback law wq,
and hence also Ao = A(W).

On taking limits we also obtain

Aooloo = Coo Py oo 2 CPghoo = min ¢y Pyhoo.
w

By uniqueness of solutions to the multiplicative Poisson inequality we must
have an equality, ¢Pgheo = Aochoo (see Theorem 2.2). That is, (heo, W)
solves the dynamic programming equations for the risk sensitive control
problem. Note that this conclusion depends crucially on the observation
that Aeo = A(W).

Note also that we have not yet shown that Ao = A*. For this we iterate
the identity

Cuw Pihoo > Aochoo,
to obtain " N
Ea [hoo (q)”)} = (AO*O> @)

Since again the l.h.s. is bounded by assumption, and converges to a limit
independent of z, we conclude that Ao = A*, and m := heo /s is a bounded
function of x.

Finally, we have P,~m > m, which shows that m is a bounded, sub-
harmonic function. Since P,+ is assumed to be recurrent we must have

that m is a constant (see [19]), which implies the desired conclusion that
hoo(x) /hoo(8) = hu(z), x € X. O

6 A queueing model

To illustrate application of the theory we consider an elementary model.
Consider the single queue, described by the recursion,

Qr+1 = [Qr — u + Apt1]+, k>0,

where Qo =z € Z, = X is given. Both @ and u take values in Z, and we
assume that ug > 1 if Qp > 1.

Two sources contribute to cost: If Q) is large then there is excessive
inventory, and there is a relatively high price to pay for a large number of
servers. With these issues in mind, we take a cost function of the general
form,

C(z,a) =0lg(z) + al, reX, a€ly,
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where g(z) = o(x), so that there is a relatively high cost for servers. We
assume that § > 0, and that g(z) — 0o,  — 00, so that condition (A1) is
satisfied.

The sequence {Ay : k > 1} is assumed to be i.i.d., and the support of
the common marginal-distribution is equal to Z. These assumptions imply
that the irreducibility condition (A2) holds. The mean of A; is necessarily
finite, and is denoted a.

Finally, we assume that the moment generating function M4 for A; is
finite everywhere. This ensures that the risk sensitive cost is finite: To see
this, we show that for sufficiently small 3, the linear feedback law w°(z) =
[Bz] is stabilizing, where [z] denotes the least integer that is greater than
z, z € R. Consider the Lyapunov function Vy(z) = €7, x € X, with v > 0.
We have for any a < x,

FPaVo(2) = Eglexp(y(z —a+ Ap))]
= e 1" Ma(7)Vo(x) .
Thus, for any v > 6, there exists A, < oo such that
Pyuo Vo(x) < Ao exp(—Clyo (x))Vo(2), x e X.

The drift inequality (3) holds for this policy, and consequently this linear
policy has finite risk-sensitive cost.
An application of Theorem 3.6 shows that an optimal policy w* exists,

with risk sensitive cost A* < log(As) < oo.

Consider now the two algorithms considered above. Theorem 4.5 requires
a finite mean 7, (Vj/hs) to ensure convergence of the VIA. Similar conditions
are required in Theorem 5.4 to establish convergence of the PIA.

Suppose that w* is an optimal policy, and that h, is the relative value
function, so that Py«h, < exp(A* — Cy*)hs. The following bound is then
obtained via Jensen’s inequality,

Py Vi (1) S A" = Oy () + Vi) = Va(z) — Og(z) + w*(2)] + A7
where V, :=log(h.). Letting 7 denote the stopping time,
7 =min(k : Qr = 0),

we have @) = 0, and we then obtain the bound, for all z € X,

T—1

Ex > (09(Qu) +w (@] A7) < Vi) - Va(). @D)

k=0
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We assume without loss of generality that V. (0) = log(h.(0)) = 0.
We also have by definition of 7,

T—1
0=0Qr> Qo+ > (—w'(Q)+ Ait1),
=0

from which we deduce that

r=Qo < EBY YT (@) - i)
= B[S0 wr(@i)] - BT,
This combined with (27) gives a lower bound on h:
log(ha(2)) > 6(g(x) + ) + (B — A)EY' [7].

If wy(x) — o0, © — oo, then E¥" [7] = o(x). Unboundedness is a necessary
condition for finiteness of the risk sensitive cost when g is unbounded.

For a bound on the mean, note that the lower bound on h, implies that
Vo(z)/h«(x) < K. exp(ex) for any € > v — 0, and some finite K.. Hence the
required bound 7, (Vy/h.) < oo is satisfied provided

Z o (k)eF < oo

for some € > 0. This has not been verified, but is plausible when the twisted
chain with invariant probability 7, is geometrically ergodic. Hence, given a
geometric tail on the steady state distribution 7, it follows that the VIA will
converge with the initialization Vp(z) = €7*, provided v > 6 is sufficiently
small.
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