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We investigate the relation between the invariant correlators of random matrix theory and correlators
of the integrable one-dimensional systems. Starting from the relation between correlators for the
coupling strengths A = 1/2, 1, and 2, we explore the local current-density mapping applicable to
arbitrary A including irrational values, which results from the novel structure of the Calogero-
Sutherland model. We find an interesting and novel relationship between equal time current and
density correlations for any coupling, which exist in addition to the usual Ward identities for this class
of systems.
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Spectral statistics of complex quantum systems such
as quantum dots and quantum billiards exhibit striking
universal behaviors irrespective of their microscopic de-
tails. These systems are characterized by the repulsion of
energy level. To describe such spectral statistics in quan-
tum chaotic systems, the random matrix theory (RMT)
and Wigner-Dyson statistics have been successfully
applied [1-3]. The universality classes of a given
system are entirely determined by its generic (spin and/
or time-reversal) symmetry of the system: orthogonal
(spinless) and symplectic (with spin-orbit interaction) for
T-invariant systems, and unitary for 7-breaking systems.
Typically the level repulsion is characterized by the level
spacing & distribution proportional to &? for small &,
where 8 = 1, 2, and 4, respectively, for the orthogonal,
unitary, and symplectic classes. It is worth mentioning
that that the universality of Wigner-Dyson statistics
corresponds to the bulk scaling limit of matrix models.
It is also possible to get new and different universality
classes from various edge scaling limits.

RMT is connected intimately with the Calogero-
Sutherland model (CSM) [4-6], which describes N
fermions located on a ring of the perimeter L. The
interaction between these particles is pairwise and is
inversely proportional to the square of the arc distance:
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where r;; = r; — rj, p; = —ihd/dr;, ¢ = w/L, A de-

termines the sign and the strength of the interaction,
and Eg = N(N? — 1)¢p?A?/6m. We use the unit 1 = 1

hereafter.
The ground state wave function of Eq. (1) is given
by a Jastrow function, ¢o(r1,...,ry) = [1i<; sin* (¢ ri)).

The Jastrow form of the wave function enables ground
state averages (in the thermodynamic limit) to be iden-
tified with an average over Wigner-Dyson ensembles of
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random matrices for coupling constants A = /2 = 1/2,
1, and 2. In particular, the static density-density cor-
relation function (0|p(r)p(0)|0) of CSM, where p =
> 8(r — r;) is the density operator, can be connected
straightforwardly to the two-point correlator of density of
states (DOS) R>(w) of RMT for these values of A [7].

Recently the connection between RMT and CSM has
been extended from the static correlations to the dynam-
ical correlations [8—10]. In the framework of RMT, dy-
namical correlations of CSM correspond to the parametric
correlations depending on the external parameter. Take
the random matrix which is perturbed by the external field,
H(X) = Hyp + X®, where Hy is a random matrix belong-
ing to one of the Dyson ensembles, and ® is a fixed
traceless member of the same ensemble. The paramet-
ric DOS correlator K(Q,X) = (v(E,X)v(E + Q,X +
X)), where v(E,X) = >, 8(E — E,(X)) with E,(X) be-
ing the spectrum of H(X) and (---) denotes a statisti-
cal average in some interval of energy and/or external
parameter, was evaluated analytically by use of the su-
permatrix method [11]. The resulting function K (£, X)
is found to be universal after rescaling @ = /A and
x* = (X/A)(IE(X)/0XT*).

The connection with CSM is provided when we sub-
stitute 7w — r and 72x%/2 — —it in the expression of
K(€,X), which produces the dynamical density-density
correlator of CSM (0| p(r, 1)p(0,0) [0) for A = 1/2, 1, and
2. We remark that subsequently the dynamical density-
density correlator of CSM was evaluated for arbitrary ra-
tional values of A by use of Jack polynomials [12].

In quantum dots or RMT, there are two kinds of
two-point correlation functions which become universal
[13,14]. In terms of the retarded and advanced Green
functions, these two universal functions are defined by

1 A? R
k(w,x) = —'3 + '2? f drla’rz(GE+QX+X(r1,r1)

X Gy g(ra,r)y. (2)
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2
‘—2‘/ dr d"2<G[Ee+Q,x+X("1J2)
X Gg,x("z,rx)), 3)
where Gg:,/?(r,r’) = (rl[E — H(X) = i0]"'|r') denotes

the retarded and advanced Green functions. The DOS
correlator is given by K(Q,X) = A7?Re[l + k(w,x)],

n(w,x) = >

whereas n(w,x) has determined the response depending
on the wave functions as well as on energy spectra.

For all three universal classes (orthogonal, unitary, and
symplectic), the analytical results for k(w, x) and n(w, x)
were already obtained [8,14]. As a simplest case, these
invariant correlators for the unitary class are given by

L[ o
ku(w, x) = Ej, d)\lf dAei ™= TE A =AD/2, (4a)

A +A 2,202 2
u(w X) — f dA-lf d/\ 1 l7Tw (A= A)—72x2(A] A)/Z (4b)

From the analytical expressions for k(w, x) and n(w, x),
it is straightforward to observe that there is a simple
differential relation connecting these functions for all
three universality classes [14]:
9 92

25;—2-k(w,x) = mn(w,x). ®)
The identity (5) allows us to understand what is the
counterpart of n(w, x) in the context of CSM. Indeed, by
comparing Eq. (5) with the continuity relation

2

0 , 1 ,1) 10
at18t2< lp(ri,t1)p(r2, 12)|0)

2
= L0l j(r1, )i (2, ) 10),
arl arz

where  j(r) = 2m) ™' X[ pi6(r — r)) + 8(r — ri)pi]
is the current operator, we can identify n(w,x) with
[7¢j(r,t)j(0,0))dt'. Thus, according to the Kubo for-
mula, the Fourier transform of n(w,x) with respect to
x? gives the ac conductivity of the one-dimensional gas.
The correspondence between the universal correlation
functions of RMT and the correlator of CSM is summa-
rized in Table 1.

There exists another differential relation between
k(w,x) and n(w,x) which holds only at x — 0 for
B = 1, 2, and 4, namely,

1 + k(w,x = 0)

1o}
= szng n(@,x) i—o. (7

Let us first discuss some physics behind this relation. The
function n(w,x) appears when we investigate the uni-
versal properties which depend on the wave function as
well as the spectrum. One of the examples is the dielec-

TABLE I. Correspondence between RMT and CSM.
RMT CSM
7w kpr
2x2/2 —ikpt
1+ k(w, %) p(r,0p(0,0)
n(w,x) S ((r,1)j(0,0) dr’

I tric response of a complex crystal with a chaotic prim-

itive cell, where the quasimomentum serves as the ex-
ternal parameter [15]. It is observed that the dynami-
cal conductivity o(w) is exactly proportional to the DOS
correlator, 1 + k(w,0) [16]. The statement can be ex-
tended to all three ensembles. This result can be physi-
cally explained as the manifestation of the independence
in RMT between the fluctuations of wave functions (ma-
trix elements) and those of the energy spectrum. How-
ever, the underlying theoretical structure necessary to
produce o(w) « 1 + k(w,0) is highly nontrivial, since
the dynamical conductivity should be formally expressed
through the polarization part, hence through n(w, x) de-
fined by Eq. (3). We emphasize that the relation Eq. (7)
remains nontrivial even when we know the explicit in-
tegral expression of k(w,x) and n(w, x). In fact, to see
this equality explicitly by starting with the integral expres-
sions such as Eqs. (4), we had to perform all the double
(B = 2) or triple (8 = 1,4) integration by help of the
Fourier transformation.

Gaining insight from Eq. (7), we expect the following
equal-time relation between density-density correlator
and current-current correlator will hold in the Calogero-
Sutherland model:

01 J(j)10) = =5 Ol p()p@10). @)
m2r

We will show below that the identity Eq. (8) holds not
only for A = 1/2, 1, and 2, but also for arbitrary values
of A, even including irrational values.

To prove Eq. (8), we fully exploit the novel structure
of CSM. The striking feature of CSM Hamiltonian is
that it is possessed of the factorization [17] and the
supersymmetric structure [18]. When we define the
operator

Qi = pi + iAd > cot(drij). ©)

JEi
the Hamiltonian can be factorized as

1
=5->0l0. (10)
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where [0],0]1=[0:,0,1 =0, and
[inQ;r] = M;;

= 2/\452[2

k#i

8i; 1 — 8,
sin?(¢prij) sin?(¢pri;) |

Note that Q;|0) = 0, i.e., Q; annihilates the ground state.

To derive the relation Eq. (8), first write the current
operator in terms of operator Q;,

i) = fn;z[gfa(r — )+ 8 — 0. aD

For simplicity, we will consider the equal-time correlation
function( j(r)j(r2)) with r; # rp. From Eq. (11), we get

1
O j(r)j(r2)10) = 2 301 8(ry = ) (M + 0 2)3(r2 = 7)[0) (12)
ij
1
= 53 2.01My8(r = r)(r2 = 1))10). (13)
ij
As a result, we obtain ] current-current correlator.
M(r
Ol it 10 = 22 01 p(r) 09, (19) o )
oy — +0),
where M(ri2) = —2A¢?/sin?(¢prip) for ri # ro. From 0] j(r)j0) |0y — { (for r ) (15)
Eq. (14), we obtain the equality of Eq. (8) in the thermo- oz (for r— o0).

dynamic limit rj; << L when M(r) = —2A/r2.
Using Eq. (8) and the known expression for
(p(r)p(0)), we get the asymptotic behavior of the

©l j(ry)--

>

1 M(
Fa,
(Zm)" all possible pairing

We can readily extend this current-density relation to
higher point correlation functions:

- raz)"'M(ra,, T Va,,):|<0|P(V1)"'P(l’n)|0>~ (16)

For instance, the four-point equal time current correlator is found to be

. . . . 1
Ol j(r1)j(r2)j(r3)j(rs) 10y = Gm) (M (ri2)M(r3s) + M(r13)M(rpa) + M(r14)M(r23)1{0lp(r1)p(r2) p(r3)p(rs) 10)
17)
= A L L 0l tp e (e () 10) (1)
= — r r r r .
dm* | (riarsa)?  (rizraa)?  (riaras)? PRVPRRIPRTSIPArs

The last expression is true only for the thermodynamic ' s(x) = sin(7r.x) Ds(x) = is(x),

limit (r;; << L). We remark that for A = 1/2, 1, and TX dx

2, the n-point density correlators were already evaluated sin(arx’)

by Dyson within the framework of random matrix theory
[2,3], so Eq. (18) gives us a way to make an analytical
evaluation of the higher-point current correlators for these
values of A. We should substitute the result for the
density correlator in N — o limit which is presented in
the form of the quaternion determinant [2]:

©lp(r1)--- p(ry) 10y = det[or(x; — x;)], (19)
where 1 < i,j < n; x; = kpr;/m, and

o1a(x) = ( P foj)‘)) (20a)

o1(x) = (s(x) s&)), (20b)

mw = (150 Ty ). e

where
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dx', Js(x) = Is(x) — e(x),

Is(x) = fox

where €(x) is the function which equals 1/2, 0, and —1/2,
respectively, for x > 0, x = 0, and x < 0. We note
that in a very similar way, we can evaluate equal-time
correlation functions of any combination of current and
density operators.

In conclusion, initiating from the relation obtained
from the RMT, we have derived the equal-time relation
between the current correlators and density correlators
in the CSM, which can apply to arbitrary values of A.
General underlying structure responsible for this current-
density mapping was clarified and the extension to the
higher-point correlation was made.
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