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ABSTRACT

We present an exactly solvable quantum field theory which allows rear-
rangement collisions. We solve the model in the relevant sectors and demon-
strate the orthonormality and completeness of the solutions, and construct
the S-matrix. In the light of the exact solutions constructed, we discuss
various issues and assumptions in quantum scattering theory, including the
isometry of the Moller wave matrix, the normalization and completeness
of asymptotic states, and the non-orthogonality of basis states. We show
that these common assertions do not obtain in this model. We suggest a
general formalism for scattering theory which overcomes these, and other,
shortcomings and limitations of the existing formalisms in the literature.

1. Introduction

Quantum scattering has been an important subject of study since the early days of
quantum physics. Unfortunately, while we have a reasonable understanding and intuition
for simple scattering problems, such as single channel scattering, we cannot say the same
for more general scattering problems such as multi-channel scattering, rearrangement col-
lisions, field theoretic scattering, problems where bound states appear, and the like. There

have been many attempts to generalize scattering theory to deal with more complicated
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cases. However, the literature in this field, though vast, is highly implicit and not con-
structive. Most authors that have dealt with the problem have carried over the intuition
developed from the study of single channel potential scattering. This intuition, while quite
adequate for simple problems, is ill-equipped to deal with more complicated scattering
problems. Therefore, it is important to examine the common claim by some authors, for
example Haag [1,2], that their formalism is general enough to encompass complicated scat-
tering problems, as well as field theory. Unfortunately, most such formalisms are based
largely on previous results from potential scattering. Furthermore, even when these prob-
lems are addressed in quantum mechanical scattering, field theoretic scattering remains
problematical. Many papers, such as the paper by Gell-Mann and Goldberger [3], treat
field theoretic scattering as somewhat of an afterthought, without much development from
first principles, or such as the papers by Van Hove [4], treat it as a case for discussion. The
first clear development of field theoretic scattering from first principles was the seminal
paper by Lehmann, Symanzik, and Zimmerman [5]. However the LSZ formalism is not
applicable in many cases, for example, collisions in which stable bound states appear. This

is, in fact, pointed out by the authors themselves.

All this leads to the question: how many of our results and assumptions, and how much
of our intuition can we carry over from simple single-channel potential scattering to more
complicated scattering situations? To attempt to answer this question, we will construct an
exactly solvable sector for a quantum field theory. This model has a three particle sector,
and allows rearrangement collisions. We will use the solutions of this model, along with

previous results, to point out where the existing formalism has defects and shortcomings.



Our model, which we shall call the Rearrangement Model, is an elaboration of the Lee
Model [6], and the Cascade Model [7], but with extra particles and couplings chosen in
such a way as to allow rearrangement collisions. The couplings of the model are B « C¢
and D « (6. This model has a sector, which we shall call the Rearrangement Sector,
B8 «— C0¢ < D¢, in which rearrangement collisions can take place. The model can
be applied directly to physical problems involving rearrangement collisions. We shall,
however, leave the applications to subsequent work.

This model is interesting because it a very simple one, and yet contains the essence of
many phenomena that can take place in an interacting system. It displays the following

characteristics:

1. New states can appear, which have no corresponding states in the original
Hamiltonian.

2. The thresholds and continuous spectra shift, and the spectra of H and Hy are
not the same. Furthermore, the continuous spectra are shifted by different
amounts.

3. Genuine rearrangement collisions can take place. Yet we have the sub-additivity
of the spectra: the spectra in the higher sectors is the sum of all the spectra in

the lower sectors, with possibly additional terms.

We will construct the solutions of this model, and then, in the light of the solutions we
have constructed, will examine various assumptions and assertions made in the literature
about quantum scattering theory. In particular, we will focus on four key points, that of
the isometry [1] of the Méller wave matrix [8], the normalization [1] and completeness [9]

of the asymptotic states, and the non-orthogonality of the physical Bf, C'8¢, and D¢



states [10,11]. We shall show that these assertions do not obtain in this model. We also
comment upon the use of the (renormalized) free Hamiltonian in the literature [1,3,9,10,12],
rather than the correct prescription, which is to use the isospectral comparison Hamiltonian
(see section 8).

The plan of this work is as follows. We start with a review of scattering theory in both
the single channel and multiple channel cases. In the next three sections, we introduce the
Hamiltonian of the Rearrangement Model, show how explicit solutions can be found for
this model in the Rearrangement Sector, and verify that the solutions obtained are, in fact,
solutions to our model. We then show that the solutions obtained are orthonormal and
complete, write down the Moller matrix and the comparison Hamiltonian, and show that
the comparison Hamiltonian is isospectral with the full Hamiltonian, but not with the free
Hamiltonian. Then we calculate the S-matrix of the system in this sector, demonstrate
its unitarity, and calculate its eigenphases. In section 12, we present a general formalism
for scattering theory which overcomes the shortcomings and limitations of the existing
formalisms in the literature. In section 13 we discuss scattering theory and its relation
to the solutions that we constructed, and to previous work. Finally, in section 14, we

summarize our work and present our conclusions.



2. The Single Channel Formalism

For our purposes, it makes no difference whether we use the time dependent or time
independent formalisms of scattering theory. We are concerned with the assumptions and
results that obtain from the formalisms, and they remain essentially the same in both
cases. We shall therefore restrict ourselves to the time dependent formalism in the next
two sections. We follow the treatment of Newton [13] for both sections.

The discussion in the next two sections is supposed to be very general. In fact, even
though the method described deals with the non-relativistic region, “the formalism set
up is such that, provided there exists a consistent relativistic quantum field theory, the
transition to the relativistic domain is relatively simple” [14]. However, we find that even
in such a simple model as our Rearrangement Model, these anticipations are not fulfilled.
This formalism leads to wrong and contradictory results, as will be discussed in section 13.

We wish to solve the Schrodinger equation

)
s () = HU(1). (2.1)

We split H into a free Hamiltonian and an interaction Hamiltonian,
H=H,+H. (2.2)

We assume that this split can be carried out: we shall consider the case of rearrangement

collisions later. We define four Green’s functions

(i% - H0> GE(H) =168 (1), (2.3q)

(i% — H) GE(t) =16(1), (2.3b)



with the initial conditions
GF(t)=G*t(t)=0, t<0, (2.4a)
G- (t)=G (1)=0, t>0. (2.4D)
G+ and G+ are therefore the advanced Green’s functions, and G~ and G~ are the retarded

Green’s functions.

These may be solved formally yielding

GT (t) = —ie oty (1), (2.5a)
G~ (t) = ie tHolg (—t), (2.5b)
Gt (t) = —ie g (1), (2.5¢)
G (t) = ie g (—1). (2.5d)

Let Wy(t) be a state vector satisfying the free Schrodinger equation. The operator G+
can then be used to express the state vector Wo(#') for any time #' later than ¢, in terms of
its value at t' = ¢,

Ty () =iGY (¢ —t) (). (2.6)

Uy(t') then satisfies the free Schrodinger equation for ¢ > ¢, and Wo(t') — ¥o(t) when

th—t.
Therefore,
lim GT () = lim g7 (¢) = —i1 2.7
Jim G (t) = lim G7 (1) = —il, (2.7a)
lim G~ (t) = lim G~ (¢) =il. (2.7b)
t—0~ t—0~

Similarly, for ¢’ >t we can write

() =igt (' =) ¥ (1), (2.8)



and for ' < t we have

Ty (1) = =G~ (t' —t) o (t), (2.9a)

U () =g~ (' —t) T (2). (2.90)

We now wish to define “in” and “out” states. We start by defining
o (t) =iGH (t—t") T (), (2.10)

whose time development for + > #' is governed by the free Hamiltonian, but which at time
ty was equal to ¥(ty). We now let the time, t', approach d+oco. Then, for the case of
t — 400, we have the “out” state, and for the case of t — —oco, we have the “in” state. In

terms of the “in” and “out” states, the equations for ¥(t) are

+o0o

T (t) = Ty (t)—l—/ dt' Gt (t—t)H' Uy, (), (2.11a)
-

= Uyt (t)—l—/ dt' G (t—t') H' Uiy (). (2.11b)

Note that these are retarded and advanced Green’s functions for the whole system. These
are not the same functions as those that appear in a (time ordered) Dyson series which are,
instead, time ordered particle propagators. Note also that for every state in the continuous
spectrum of Hy, and only for such states, these formulae define a corresponding state in
the spectrum of H.

If we insert Eq. (2.9b) in Eq. (2.11a), we find
U (1) = Qo (1), (2.12)
where
400
Q) =1 —i/ dt' gt (t—t)H'G™ (f —t)

=1—4 /+OO dtGt (—t)H'G™ () (2.13)

— 00



is called the wave operator or the Méller matrix. We can similarly define Q(~),

Because H' is hermitian, Eq. (2.13) gives us the relation
U(t), (2.14a)
and similarly

Tout (1) = QW (1) (2.14b)
Then, Eq. (2.12) and Eqs. (2.14) give us the relations
QT (1), (2.15a)

f

Wout (1) = QT (1) (2.15b)

We now consider the possibility that the free states Uy, () and Woyi(?) span the entire
Hilbert space, i.e. they are complete. From this assumption, we conclude that Q) and
Q) are isometric,

oo — gTge) Z . (2.16)
This does not, however, mean that the s are unitary: we cannot conclude from Eq. (2.15a)
that Eq. (2.16) holds with its factors reversed.

Furthermore, granted the assumption that the i, and Woyt each form complete sets,
we conclude that

HO®F) = 0 H,. (2.17)

When there are bound states in the spectrum of H, we proceed as follows. Let Uy(E, o)
be the eigenstates of the free Hamiltonian with eigenvalue E, and « be the set of variables
necessary to remove any degeneracy. Then, the completeness of these states can be written

as a resolution of the identity,

1= Z/OOO dE Ty (E,a) Tyl (B, a). (2.18)



We again emphasize that we do not know whether the states of Hy are complete, a priori.

We are simply proceeding under that assumption. We then insert this into the product

QQT,toget
I ) Tt (B.a)0f
Q0 Q/O dEza:\IIO(E, YO (B, a)Q
:/OOdE N U (E,a) Tl (E,q)
0 o
—1- A (2.19)

A is called the unitary deficiency of €. From the completeness of the set of all states,

bound and scattering, of H,
A:}j@@@&ﬂ. (2.20)
Thus, A projects onto the space spanned by the bound states of H. If H has no bound
states, then Q1) and Q) are unitary. Both H and Hj are hermitian; therefore, the
hermitian conjugate of Eq. (2.17) gives
mol =afm. (2.21)
We now let both sides of Eq. (2.21) act on ¥(E, a) to get
2010 (B, 0) = BQTO (B, a), (2.22)
which shows that if £ is in the spectrum of H but not in the spectrum of Hy then
ol (B,a) =0,
and so
afa=o. (2.23)

+)

Thus, the range of the operators Q) is not the entire Hilbert space. Instead, these

operators map the whole space onto the subspace spanned by the continuum eigenstates
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of H. We cannot reach the subspace spanned by the bound states of H, and therefore,
cannot construct an inverse operator for the whole space. The closest that we can come
is to use the operators Q(i)T which are inverses of Q(¥) on the subspace of states spanned
by the scattering states of H, and which annihilate the subspace of bound states of H.
Assuming that the asymptotic states are complete, we construct the S-matrix in the
following manner. We use Eqs. (2.15b) and (2.12) to write the “out” state in terms of the
»

“in” state,

ot (1) = QD W, (1), (2.24)
which defines for us the S-matrix
s =0 o), (2.25)

The S-matrix can be shown to be unitary and isometric. See Newton [13] for details; note,
however, that S is only unitary when € is unitary. (This point is not clearly stated in
Newton, or in the literature.)

Some mathematical questions about convergences arise in the above. Conventionally,
in the Schrédinger picture (the one in which we are currently working), one demands that

(see Newton [13] for details)

lim [ () = i (£)] = 0, (2.26a)
Jim [ (1) = o (1)] =0, (2.26b)
lim 4 (0) = (0) = 24, (0), (2.26¢)

where = denotes the strong limit.
We will find, in our model, that if we construct the asymptotic “in” and “out” states

correctly, these limits will be satisfied; however, the states will not be orthonormal or
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complete. On the other hand, if we make the usual assumptions of scattering theory,
namely that the asymptotic states are orthonormal and complete, then these limits will

not be satisfied.

3. The Multiple Channel Formalism

The above formalism is only adequate for simple single-channel cases. For more general
scattering problems, such as rearrangement collisions, we must generalize the formalism.

We shall again follow Newton [13].

We want to split up the Hamiltonian into two pieces: one piece, H,, that is left when
the two initial fragments are taken far apart, and the remaining piece, H),. We can then go
through the same development of U(#) from W;,(¢) as above. However, there is a difficulty
that occurs for the development for the distant future. If rearrangements or break-ups can
occur, then it is possible that the “channel” Hamiltonian in the future is different than the

“channel” Hamiltonian in the past.

The various possibilities for an n-particle system are handled by defining a partition
of them into k clusters, denoted by a;. Given a partition a, we define H, by allowing all
distances between clusters to independently tend to infinity. Therefore, H, will contain
only interactions that are internal to clusters, but none between them. Then, H! is defined
by the requirement that H = H, + H/, and therefore, for any two partitions a and b, we

a’

have

H =H,+ H, = H, + H,. (3.1)
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To each partition, there will correspond Green’s functions given by

<z% — Ha> G*, (t)=16(t), (3.2)
with the same boundary conditions as Eqs. (2.4). If H,, after removing the kinetic energy
of the center of mass motion and of the centers of mass of its clusters, has at least one
bound state, it is called an arrangement channel. When this condition on H, does not
hold, the channel is not of interest as an initial or final scattering state. If H, has more
than one bound state, then each of them defines a separate channel, and therefore, in
each channel the clusters are in a specific bound state but moving freely relative to one
another. The channel consisting of the entire n-cluster partition is the channel 0 because
then H, = Hy.

Now consider the space of each arrangement channel a, which we shall denote by H,.
Then, if @ has m fragments, each state in H, will have m groups of bound particles. This
means that unless the channel a is the entire n-fragment arrangement channel, H, will not
be the whole Hilbert space: the ionized eigenstates of H, will be missing. Furthermore,
as each H, is defined by different channel Hamiltonians, H,, the H,’s are generally not
orthogonal to each other. In fact, “the complete set of basis functions is not linearly
independent and, of course, not orthonormal” [15].

It will be convenient to define the orthogonal projections P, onto the channel spaces,

H,. In other words, we define
P2—P, PJ=P, PH.=H, (3.3)

with the null space of P, defined as the space spanned by the ionized eigenstates of H,.
P, projects states from the full Hilbert space, H, to the channel spaces, H,. Obviously,

for the n-cluster arrangement channel, we have Py = 1.
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We now wish to define “in” and “out” states. We first define an a state, which is a

state that develops according to H, but is in H,,

(i% - H) T, (a,t) =0, (3.4)

where the label « contains all the other information including the arrangement channel
(even though including the arrangement channel in « is redundant for ¥,(a,t), it is con-
venient for other purposes).

We then define \I/(+)(0z,t) as a state in H that develops according to H,

(i% - H) o) (a,t) =0, (3.5)

and for which there exists an a-state such that

lim <\I/ (a,t),\I/(+)(a,t)> ~1. (3.6)

t——o0

Therefore, the state Wo(a,t) is the “in” state Uin(a,?) in relation to the state \I/(+)(oz,t).
Eq. (3.6) demands that the probability of finding the system in state U, (v, t) in the remote

past approach 1, and therefore, it is equivalent to

ot = T (o), (3.70)
or

/dtz’G;f (t—=t) ) (a,t) 2o Wi (a,t), (3.70)

with the double arrow denoting the strong limit.

Similarly,

/dt' (=) Gy (t—=t) 0 (a,t) = Tou (1) (3.8)
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Exactly analogous to Eqs. (2.11), we can now write

400

) (a,t) = Ty, (a,t)+/ dt' Gt (t —t') Hy Wy, (a,t'), (3.90)
+o0o

q;(—)(a,t):xlzout(a,t)Jr/ dt' G~ (t —t') HyUqut (v, 1) . (3.9b)

We can now define the Moller matrices, and the S-matrix. The Moller matrices are
defined by

T (a,t) = QF W, (0, 1), (3.10)
with only those states ¥, admitted which are in H,. On the orthogonal complement (i.e.
the ionized eigenstates of Hy) QF) is defined to be zero,
QFp, =),

Then, on the space H,, using Eq. (3.9a), we find

Q((1+) = Pa + I((g—i—)v
K = —@'/ At Gt (—t)H .G (1) P,
0 . .
= —i/ dt e g e=tHalp,

and therefore,

= lim e
t——o0

ot = il —iflatp (3.11)

We can similarly find, on H,, that

Qg_) — lim ¢te=Hatp, (3.12)

t—o0

The range of Qg—i_) is the space of all full states that develop from arrangement channel

a, and the range of Qg_) is the space of all full states that develop into arrangement channel
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a. Let us call these ranges Rg—i_) and R((l_), and their respective orthogonal projections Qg—i_)
and Qg_). The Méller matrices, Q&) map H, onto RE, and from Egs. (3.10) we find that
on Rg—i_) and R((l_), respectively,

Tg) (a,t)

f

T, (a,t) = Ty (o, 1) = QF)

= Uoui (o, 1) = Q0 (a) 1) (3.13)

Therefore, because the ¥,(a,t) span the space H,, we find that the Moller matrices,

Q&i), are partially isometric from the space Hy, t.e.

o o _ p, (3.14)

a@a T _ o (3.15)

which defines the Q&i). The full states developing from or into any arrangement channel
are orthogonal to each other as can be seen by direct evaluation of the inner products of
asymptotic states. “If the two arrangement channels are different, then there must be at
least one particle for which the “overlap” of the two states was negligible in the remote
past because it belonged to a different fragment. Hence that inner product must vanish
for all times” [16].

A major point of difference with our results from the Rearrangement Model is the

statement, “note that the same argument shows that the inner product

(Tp(B,1), U (1)) (3.16)

approaches zero as t — +oo (for a # b). But since H, # Hp, it is not independent

of t and hence it does not generally vanish for finite times” (emphasis added) [16]. In
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the Rearrangement Model, this is untrue: we show in section 7 that our states are all
orthogonal to each other.

From the Schrodinger equation, one can write
7o' = oPH,, (3.17)

which means that ) intertwines H and H,. This again is a major difference with the
Rearrangement Model, because we show in section 7 that € intertwines H and H¢, where
H¢ is the comparison Hamiltonian, which has the same spectrum as H; here, H, does not
have the same spectrum as H.

Our channel definitions could also include the single cluster arrangement channel, which
is the channel of all the n-particle bound states of H. If we define A to be the orthogonal

projection onto that subspace, then for all a we have
QFA =o0. (3.18)

Now, every non-bound state must be decomposable into states that arise from, or go into,

one of the other arrangements. Therefore, we assume

A+ Q) =1, (3.19)

which is known as asymptotic completeness.

Using Egs. (3.12), (3.17), and (3.19), we may then define a unitary S-matrix,

T (a,t) o Tour (1) =Y SpaPalant), (3.20)
b

where

Spa = Qg—ﬂggﬂ (3.21)
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The mathematical questions of convergence are the same here as for the single channel

case, as in Eqs. (2.26).

4. The Rearrangement Model

To keep contact with earlier work, we shall use a combination of the notations of [7]
and [17], as far as possible. We consider a quantum field theory with five distinct fields,
B, C, D, 6, and ¢, and the corresponding particles (no anti-particles).

The non-zero commutators are:

{B%BW::{Der :[C@Cw — 1,
), 0T W] =6 (' —w), ool ()] =6 (v~ ). (41)
Note that # and ¢ are labelled by continuum parameters, 0 < w,v < oo, while B, C,
and D, are treated as single modes (“infinitely heavy”) [18]. We choose to use the energy
as our variable, rather than momentum, because this makes the model much simpler, and

more physically transparent. We want a total Hamiltonian for the system which allows

the transitions

B < Co,
and

D < C6.
Therefore, we choose our Hamiltonian to be:

H=H+YV, (4.2)



18

where
Hy = mBBTB + mDDTD + /dw wGT(w)G(w) + /dz/ V¢T(V)¢(V), (4.3)

and

V= /dwf(w)e(w)CDT + /dw F (w) b w)cip

+ /dug () 6(v)C BT + /du g (v) ot ()T B. (4.4)
This Hamiltonian has three constants of motion apart from itself. They are:
¢, =BiB+clfc+ DD, (4.5a)
¢,=B'B+ /du sT(1)6(v), (4.5b)
¢;=DID+ / dew 61 (w)8(w). (4.5¢)

Therefore, no transitions can occur between sectors labelled by different values of these
quantum numbers. Let us start by enumerating the stable sectors. The first such sector
is the vacuum and has C7 = (' = C3 = 0. The next three are: C7 =1,C3 = 0,C5 = 0;
C1=0,Co=1,C3=0; and C7; =0,C3 = 0,C3 = 1. These correspond to the states C, &,
and 6, respectively. Finally, there is the sector with C7 = 0,Cy = 1,C3 = 1; it corresponds
to a state 6¢.

The three lowest non-trivial sectors are:

Ci=1,C,=1,C3 =0, (4.6a)
Ch=1,C,=0,C3 =1, (4.6b)
Ch=1,C,=1,C3 = 1. (4.6¢)

These correspond to B « C¢, D « C6, and Bf «— C6¢ < Do, respectively. The last
of these is the sector in which rearrangement collisions can take place, and as mentioned

before, we shall call this the Rearrangement Sector.
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Our strategy for solving the model in the Rearrangement Sector will be to first con-
struct the solutions of the two lowest non-trivial sectors, (4.6a) and (4.6b) (which are
exactly analogous to the Lee Model), and then use these solutions to express the Rear-

rangement Sector equations.

5. Solving the Model

We start by constructing the solutions for the B « C¢ and D « (6 sectors. These
are exactly the same as the Lee model, so the solutions are simple. We shall denote non-
interacting (“bare”) states by single bras and kets ({ , )), and interacting states (“dressed”

or “physical”) by double bras and kets ({{ , ))).

The equations we need to solve for the continuum solutions are

HIA)) = AIA)) (5.1a)

in the B «+ C'¢ sector, and

Hu)) = plu)) (5.10)

in the D < C0 sector.

We define

oz(z)EZ—mD—/OOOal(,u|f(w)| , (5.2)
ﬂ(z)zz—mB—/Ooodl/L(yﬂz, (5.3)
prs(v) = (CHIN, (54)

pup(w) = (CO(w)|p)), (5.5)
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oxB = (B[A), (5.6)
ou,p = (Dlp)). (5.7)

For shorthand, we will write a(\) for a(A + i€) and a*(A) for a(A — i€), and similarly for

B(A). In terms of these, the solutions are:

g*(v)oxB

p)\’B(I/) =6 (/\ — ) N i Z'€7 (58@)
i) = 8 =) + LI, (5.8b)
g\
=G0y (5.8¢)
_
Ou,D = o M) (58d)

If a(z) develops zeros then we have additional discrete states. Similarly, if 3(z) develops
zeros then again we have additional discrete states. For our purposes, we shall always
assume that both «(z) and 3(z) have exactly one zero each, which are denoted by Mp
and Mp, respectively. There is no loss of generality if we use this assumption because the

extension to more than one zero is trivial. The equations for the discrete states are:

H|Mp)) = Mp|Mp)) (5.9a)
in the B «» C'¢ sector, and

H|Mp)) = Mp|Mp)) (5.90)
in the D « C8 sector. We define

p(v) = (Co(v)|Mp)), (5.10)

pp(w) = (C(w) M), (5.11)

VZp = (B|Mp)), (5.12)
V' Zp = (D|Mp)). (5.13)
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In terms of these, the normalized solutions are:

op(v) = ZB%, (5.14a)
\ﬁMD — (5.14D)
Zp= |14 /du %] , (5.14c)
L BV
Zp = 1+/d (J\'j( )|2)2] , (5.14d)
L D—w

where the last two are obtained by imposition of the orthonormality condition. Note that
these solutions, Eqgs. (5.8) and (5.14), form a complete orthonormal set.

Now, we use these solutions to construct the solutions in the Rearrangement Sector. In
this sector we will have four sorts of solutions. The first will correspond to the “physical”
|CO(w)p(v))) sector, the second to the “physical” |D¢(v))), the third to the “physical”
|BO(w))), and the last to one or more dynamically generated bound states, which we shall
denote by |My)). Which solution is obtained will depend on whether we put the delta
functions (which represent the plane wave parts of our solutions) in our solutions. If we
put none, we get the discrete states.

We wish to solve the eigenvalue equation
H|E)) = E|E)). (5.15)
We expand Eq. (5.15) in terms of 67(w)|A), 6T (w)|Mp)), ¢T(1)|1)), and ¢T(v)|Mp)). By
acting on these states with the Hamiltonian, and using Eqgs. (5.1) and (5.9) we get
(B -\ — o) ((MB@)IE) = £ () (et Dl Ey), (5.160)
(B~ Mp —@)(Mpl6(w)|E)) = f* () {{Mp|CTDIE)). (5.160)

(B — = v){(plo(v)|E)) = " (v) ({n|CTBIE)), (5.16¢)
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(E — Mp — v)({Mplé(v)|E)) = g* (v) ((Mp|CT B E)). (5.16d)
We need to evaluate the unknown matrix elements on the right hand side of Egs. (5.16).
We solve for these elements by inserting H in them, commuting it on one side, and letting
it act on |E)) on the other. For example, we can solve for ((\|CTD|E)) in the following
(\CcTDH|E)) = E{(A\|CTD|E))
= (\{#HCTD + |cTD,H| }|E) = E((AICTDIE)). (5.17)
We now let H in the first term of Eq. (5.17) act on ({\|, and evaluate the commutator
in the second term. We proceed similarly for the other three equations and, when all the
dust settles, get
(E A —mp)((AICDT|E))
= [ e Fo) (B E))
/ des f () { / N oy p((N6)|E)) + /Z5((Mp6()|E)) }

—ox\B"

+ / dv g (v) / Ao p ({1 |6(v)|E)) + zD<<MD|¢<u>|E>>}}, (5.18a)
(E — Mg —mp) {{(Mp|CDT|E))
— [ o o) (talot E)

~VZa| [ do ) { [ Xon s N B@IEN + vV Zat(Malét) |E))

+ / dv g (v){ / Ao p ({1 |6V E)) + ZD<<MD|¢<V>|E>>}}, (5.180)
(E —p—mp) {(n|/CBT|E))
— [avg o) ltuto)iE)
[ o @{ [ dNox s IEN + VZp((Mlo) E)

*
— Ou,D
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+ [avs o { [ ool o B) + VEplplo0IEN} . (5150)
(E = Mp —mp) ((Mp|CBT|E))
~ [avgo)i0mlmE)

V2| [ do ) { [ aNow s(NIOIE) + VEr((Male(e) BN}

+ / av g (v){ / Ao p ({1 |6V E)) + ZD<<MD|¢<V>|E>>}]. (5.184)

We first solve for the “physical” |CH(w)o(v))) states. We start by inverting Eqs. (5.16)
and putting in the requisite delta functions. Note that we may put the product of two
delta functions because this is an infinitely degenerate (double) continuum, which cannot
be specified by just E; rather, we have to label the state with the variables £ and n, with
the n variable representing the division of energy between the 6 and ¢ particles. We then
substitute these into the first term of each of Eqgs. (5.18), and solve for the unknown matrix

elements. Having found them, we put them into Egs. (5.16) to find our solutions. Defining

(B n, M w) = (A|6(w)|E,n)), (5.194)
V(B n, Mp,w) = ((Mp|#(w)|E,n)), (5.190)
d°(B.n, p1,v) = ((ul6(v)| E,n)), (5.19¢)
di(E,n, Mp,v) = {(Mp|é(v)|E,n)), (5.19d)
we get
b (B, n, \w) = 6(E — A —n)pa.p(w) — z _J;*_(“;) s (U];{*A)KC (E,n), (5.20a)
b (E,n, Mp,w) = — f1w) V7B . (E,n), (5.200)

(E— Mp —w +ie)a(E — Mp)
o o 9" (v) D"
dC(E,TL,MaV) _(S(M ),OE—n,B( ) (E_M_y+i€)ﬂ(E_/“L)
g9* (v) vZp
(E—Mp —v+ie) 3(E — Mp)

Ko (E,n), (5.20¢)

dS(E,n,Mp,v) = — Ko (E,n), (5.20d)
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where
_g(E- )f(n) 1
Ko (E,n) = (E OE (5.21)
| (/«L)|2 1
E) = E MD / Ml PR E - ) (5.220)
) lg(A I
E MB / BN [P a(E =) (5.220)

The last equality follows from Eqs. (A.10).

We now solve for the “physical” |D¢(v))) sector. We must again start by inverting
Egs. (5.16), but this time need to put just the one requisite delta function in Eq. (5.16d).
We put these equations in Eqgs. (5.18), and solve for the unknown matrix elements putting

in another delta function in Eq. (5.18a) when inverting because now we must account for

the zero of o(E — ) at Mp. We then put these results in Eqgs. (5.16). Defining

bO(E,\w) = ((A6(w)| ED), (5.230)
bP(E, Mp,w) = ((Mplé(w)|E)). (5.23b)
d"(B.p1,v) = {{ulo(v)|EY). (5.23¢)
dR(E, Mp,v) = ((Mp|é(v)|E)). (5.234)
we get
b2(E N\ w) = pp (w)8(E — X\ — Mp) — © _J;*_(“w) e (Ug’ﬁ*A)KD (E), (5.240a)
bP(E, Mp,w) = ~E= J\Z(C—‘J)w o (];/_Z_BMB)KD (E), (5.24b)
dP(E, p,v) = = i;f”j ey (UE“{*M)KD (E), (5.24¢)
ARE M) = prosty ()~ i D YDy (). (5204)
where
Kp(E) = VZp 9(E — Mp) (5.25)

v(E)B(E - Mp)’
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and y(E) is the same as that defined in Eqs. (5.22).

In exactly the same way, we can find the solutions for the “physical” |Bf(w))) sector.

They are:
bB(E N\ w) = — E _J;*_(“w) i (“];{*A)KB (E), (5.26a)
VR (B, Mp,w) = pp_niyp(w) — B J\Z(f)w . (E\/—Z—BMB)KB (E), (5.26b)
dB(E, p,v) = pp ()6 (E — pu— Mp) — @ _ff”j s ﬂ(”gﬂ*ﬂ)f@ (E), (5.26¢)
dB(EB,Mp,v) = ~E= ]\Z;(i)y s ﬂ(E@D)A’B (E), (5.26d)
where
Kp(E) = VZp J(E — M) (5.27)

V(E)a(E - Mp)’
and y(E) is the same as that defined in Eq. (5.22).

Finally, we wish to solve for any dynamically generated discrete states. In this case,
we put no delta functions anywhere. When we follow the procedure of putting Eqgs. (5.16)
in Egs. (5.18) and solving for the unknown matrix elements, we find that the only way
to satisfy all the equations is if v(F) has zeros. Denoting these zeros by My, we find the

discrete state solutions:

_ (@) ornB'
bA(MA’/\’w)__(MA—/\—w)oz(MA—/\)AA(MA)7 (5.28a)
_ M (w) VZg ..
b (Ma, Mp,w) = My — oS a i, —BMB)AA (My),  (5.28b)
A g W) oD .
T Mas ) = (Ma —p—v)B(My— M)I (M), (5.28¢)
9" (v) VZp

dH( My, Mp,v) = — Ki(My),  (5.28d)

(MA—MD —V—I—ie)ﬂ(MA—MD)
where K 4(M4) is now an arbitrary normalization factor which is fixed, when demonstrating

completeness, to be 4/ dzl(g) |E=m, (see the discussion after Eq. (7.18)). For our purposes,
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without loss of generality, we assume that there is only one zero of ¥(E), denoted by My,
and thus only one dynamically generated discrete state. The extension to more than one
discrete state is trivial.

In each of Eqgs. (5.20), (5.24), (5.26), and (5.28) the superscript refers to the sector that
the solution is in, and the subscript F refers to solutions expanded in the the discrete state
part of the Lee Model sectors. Furthermore, we have anticipated future developments by
fixing the arbitrary constants accompanying the delta functions in Eqs. (5.20), (5.24), and
(5.26). We do this by demanding that Eq. (6.3a) and Eq. (6.3b), or their equivalents for

the other two sectors, give the same result, and that the solutions be orthonormal.

6. Verification of the Solutions

We now proceed to verify that Eqs. (5.20), (5.24), (5.26), and (5.28) are each solutions
to our problem. To do this, we first transform our solutions into the bare state basis;
i.e. in terms of the non-interacting states |C6(w)¢(v)), |Bb(w)), and |D¢(v)), using the
completeness of the lower sector solutions. With the expansion coefficients in the “physical”
|CO(w)p(v))) sector defined in the following manner (with the coeflicients for the other

sectors defined similarly)

B, n)) = CO(E.n,0,1)|CO)0(1))

+ BY(E,n,w)|Bé(w)) + DY(E,n,v)|Dé(v)), (6.1)
where
CC(E,n,w, v)
\I/C(E,n,w, v)= DY E,n,v) |, (6.2)
BY(E,n,w)

and
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CYE,n,w,v) = (CHw)d(v)|E, n))
BY(E,n,w) = (BH(w)|E,n))

DC(E,n,V) = (Do¢(v)|E, n)).

we have

/d/\ pa BV (B, n,\,w) + pp(0)V5(E,n, Mp,w),  (6.3a)
/d/,L pu’D(w)dC(E, n, p,v) + pD(w)dl(j:(E, n, Mp,v), (6.30)
DC(E,n,V) = /d/,L Uu’DdC(E,n,/,L,I/) + \/Zpdg(E,n,MD,y), (6.3¢)

d\ O'A,BbC(Evnv /\7w) +T v ZBbg(EvnvMva)v (63d)

with similar equations for the other three sectors (for example, for the “physical” |D¢o(v)))
sector, we would replace CY(E, n,w,v) by CP(E,w,v), b (E,n, \,w) by bP(E, \,w), etc.).
A good check that we have solved our equations correctly is to verify that Eqs. (6.3a) and
(6.3b) give the same result. This is indeed completely trivial if we use Eq. (A.14).

For the “physical” |CO(w)¢(v))) sector in the bare basis, we get:

frw)g*(v)
(E—w—v+ie)

(E—)\—wtie)a(E —\) PME - u—vtio0B(E—p)
Zp Zp

a(E—Mp)(E—Mp —w +ie) +ﬂ(E—MD)(E—MD—y+¢e)}’ (6.4a)
D¢ E n,v)= f(n)/)n,D(w) Ko (E,n) g (v)

c¢ (E,n,w,v) = pp.p(w)pg—np(v)— Kc(E,n)

_|_

( a(n)
|Uu,D|2 Zp
{/dM(E—M—V+i6)ﬂ(E—/,L) * ﬂ(E_MD)(E—MD—V—I—ie)}’ (6.4b)
BC (E7n7w) = MPE—%B(V) _ A’C (E,n) f* (w)

3E—n)
|U)\,B|2 75
{ d/\(E—/\_CU—I—ie)a(E_/\) —I_Oz(E—MB)(E—MB—w—I—ie)}' (6.40)
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For the “physical” |D¢(v))) sector in the bare basis, we get:

frw)g*(v)
(E—w—v+ie)

/dA o) 5] +/d |o,n|”
(E—X\—wtiea(E—\) PE - —vtieB(E—p)
ZpB Zp

T a(E—Mp)(E - Mp—w+ie)  F(E—Mp)(E - Mp —u+ie)}’ (6.5a)
v) = \/EPE—MD,B (v)—Kp(E)¢g*(v)

cP (E,w,v)=pp(w) PE-Mp,B (v)— Kp(E)

DD

(E7

|ou.n]” Zp
{/dﬂ (E—p—v+ie)p(E—p) * ﬂ(E_MD)(E_MD—I/—I—ie)}7 (6.50)
BP (B,w)=pp(w)op_mp,B — Kp(E) f*(w)

21k Zp
d\ : . (6.5
{/ FE—wtioaE-N T a(E-Mp) (E-p—wiig) (%9
For the “physical” |Bf(w))) sector in the bare basis, we get:

fHw)g*(v)
(E—w—v+1e)

/dA |ox.8]° +/d |00,0]
(E—N—wtie)a(E—\) HE - —v+ioB(E—p)
ZpB Zp

T (E=Mp)(E- My —w+tie) +ﬁ(E_MD)(E_MD_,,+Z-€)}v (6.6a)

O (Byw.v) = p5 () p5-stp,n () — K3 (E)

DY (E,v)=pp(v)op-mpp — Kp(E)g* (v)

(E7
lou.n] Zp
{/dﬂ (E—p—v+ie)p(E—p) —I_ﬂ(E_MD)(E—MD—V—H'e)}’ (6.60)

B (B,w) = \/Zppp-siy.n (@) = Kp (E) f* ()

2915 Zp
dA ’ : :
{/ Fd—wtiagaE-N  a(E-ilp) (E-p—wiig) (0
Finally, for the discrete states, we get:

[ (w)g(v)

A -
M =—-Ka(M
C* (Ma,w,v) Ca( A)MA—w—I/

lor Bl lou,nl*
{/CM (Ma =X —w)a(My—A) —I—/dﬂ (Ma —p—v)3(My—p)
Zp
* Oé(MA—MB)(MA—MB—w+i€)
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Zp
—I_ﬂ(MA_MD)(MA—MD—V—I—ie)}’ (6.7a)

DA (M, v) ==K, (My)g* (v)

|Uu,D|2 Zp
{/dM(MA_M—V)ﬂ(MA_M) +ﬁ(MA—MD)(MA—MD—u+@'e)}’ (6.70)
B (My,w) = —K4(Ma) £ (w)

2
VP mr s ean =t sen == ra) ¢
We now verify that Eqs. (6.4), (6.5), (6.6), and (6.7) are each solutions of our model. To
do this, we explicitly write down the analogues of Eqs. (5.16) in the bare basis, plug in
each set of solutions in turn, and verify that the equations are satisfied. A straightforward
analysis shows that the following equations must be satisfied in the bare basis (we have
written them for the “physical” |C(w)p(v))) sector, i.e. with the variable n—for the other

sectors the variable n is, of course, missing):

(E—w—v)C(E,nw,v)=¢"(v)B(E,nw)+ f*(w)D(E,n,v), (6.8a)
(E—mB—w)B(E,n,w):/dl/g(z/)C(E,n,w,l/), (6.80)
(E—mD—V)D(E,n,I/):/dwf(w)C(E,n,w,y). (6.8¢)

Putting each of Eqs. (6.4), (6.5), (6.6), and (6.7) in turn into Eqs. (6.8), or their equivalents
for the other sectors, and using Eq. (A.14), we find that each of these sets of solutions
satisfies the equations. Incidentally, a glance at Eqs. (6.8) immediately shows why we
could not have solved the problem directly rather than the somewhat convoluted method

we went through: the integral equations are not separable, and are quite intractable.
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7. Orthonormality and Completeness

We now proceed to verify orthonormality and completeness of the solutions Eqs. (6.4),
(6.5), (6.6), and (6.7). We start by verifying orthonormality for the diagonal components
beginning with the scalar product (\I/CT(E', n',w,v), ¥ (E, n,w,v)), which is given by

/ dw dv \I/CT(E', n',w, V)\I/C(E, n,w,v)
= /dw dv CC*(E',n',w,V)CC(E,n,w,l/)
+ /dw BY(E',n',w)BY(E,n,w)

—|—/duDC*(E’,n’,V)DC(E,n,y). (7.1)
We now use Eqs. (6.3) to write this as

/dw dv \I/CT(E', n',w, V)\I/C(E, n,w,v)

= /dw dv [/ d\ pX/’B(V)bC*(E',n',/\',w) + p()bS (B n, Mp,w)

[ oo do) + o B D)

+ /dw [/ d\ UK,’BbC*(E',n',/\',w) + \/ZBbl(j:*(E',n',MB,w)

[/ dA a)\’BbC(E,n,/\,w) + \/ZBbl(j:(E,n,MB,w)

—|—/duDC*(E',n',y)DC(E,n,z/). (7.2)
We then do the integrals over A and X' to find
/dw dv \I/CT(E',n',w,y)\I/C(E,n,w,z/)
/dA dw b (E' 0\, w)bC (B, n, \,w)
—|—/d¢ubc 0!, Mp,w)b(E,n, Mp,w)

—I—/dl/DC (E',n',V)DC(E,n,V). (7.3)
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Defining
by ) gt (B =)
Ly <E 7”) = o (n') B* (E' —n’)’
Ly (E,n) = iggi%g:’;)) (7.4)

(BB (n )~ (B~ 5 ) LD

a* (n')a(n)
, 1 1
+L1<E’n>L2(E’n){7*(E’)a*(E’—E—I—n)+7(E)a(E—E’—I—n’)}
Li(E'n')Ly(E,n) ~Zp B Wik
T ENE) {a*<E'—MB>a<E—MB> [P e A>}<75)

(') a(n)

[ 1 1
_Ll<E’n>L2(E’n){7*(E’)a*(E’—E—I—n)+7(E)a(E—E'+n')}
_I_Ll(E',n')Lz(E,n)

7 (E) 7y (E)

{ Zp Zp

5(E—Mp)a*(E'—E+MD) B*(E'—Mp)a(E — E'+ Mp)

' |Uu’,D|2 |UuD| }
d (7.
R S oo / MiE = @ —E—m Y

Adding Eqgs. (7.5) and (7.6) together, and doing the integrals by combining them into a
single contour integral (which evaluates simply to its residues), we find that the only term
left is §(E' — E)é(n' —n), which is just as required.

We can similarly show that

/dw dv \I/DT(E',w, V)\I/D(E,w, v)

- /d/\ dw BP"(E') X\, )P (B, A, w)
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—|—/dw VP (E', Mp,w)bP2(E, Mp,w)
—|—/duDD*(E’,u)DD(E,u)

—6(E'—E), (7.7)

and

/dw dl/\I/BJr E',w,y)\I/B(E w, V)
A\ dw BB (E' N, w)bP (B, A, w)

+ [ dv DP(E',»)DP(E,v)

-/
+/dbi* (E', Mp,w)b(E, Mp,w)

/

(

E' - E). (7.8)
Finally,
@AT(MA,w, )T My, w,v) = 1. (7.9)

Now we take up the off-diagonal elements. For

/dw dv \I/CT(E',n',w,y)\I/D(E,w,V)
:/d/\dw bC(E '\ )P (B w)
T / Ao VG (B !, Mg, b2 (B, Mg, )
—I—/duDC*(E’,n’,u)DD(E,u), (7.10)

we find that the third integral exactly cancels the sum of the first two, giving us 0. We

can similarly show that

/dw dv \I/CT(E',n',w,V)\I/B(E,w,V) =0, (7.11)

/dw dv \I/CT(E',n',w, V)\I/A(MA,w, v) =0, (7.12)
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/dw dv \I/DT(E',w, V)\I/B(E,w, v) =0, (7.13)
/dw dv \I/DT(E',w, V)\I/A(MA,w, v) =0, (7.14)
/dw dv \I/BT(E',w, V)\I/A(MA,w, v)=0. (7.15)

Therefore, the set of solutions we found, Eqgs. (6.4), (6.5), (6.6), and (6.7) are orthonor-
mal.

We now consider completeness. We wish to show that

/dEdn\I/C(E,n,w,V)\I/CT(E,n,w',l/')—|—/dE\I/D(E,w,V)\I/DT(E,w',V')

+ /dE @B(E,M,V)QBT(E,CU',V’) + @A(MA,M,V)@AT(MAM',V’)

S(v—v)(w—uw) 0 0
= 0 s(v—1") 0 ) (7.16)
0 0 §(w—w')

Let us start with the diagonal elements. The (1,1) element of the matrix is
/dE dn C’C(E, n,w, I/)CC*(E, n,w v+ /dE C’D(E,w, V)C'D*(E,w', ')
+ /dE CP(E,w,v)CP(E,W V') + CH My, w,v)CA (My, ' 1), (7.17)

These integrals are most easily done in the following manner. The first term can be

rewritten, using Egs. (6.3), as
/dEdn C(E,n,w,v)C(E,n,u' /)
{0 i 0 (B Xy 4 006 (B, M)
= /dEdn{/d/\pA,B(y)bC(E,n,/\,w) —I—pB(V)bJCJ:(E,n,MB,w)}.

(7.18)

One then rewrites subsequent terms in Eq. (7.17) in a similar fashion as Eq. (7.18).

Since the integrals are exceedingly tedious, we describe how they are done, and leave it to
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the interested reader to verify our results. The integrals over n are done with the help of
Eq. (A.15). Then, the integrals over E are done by converting them into contour integrals.
When all the contour integrals are combined it 1s found that they add together into one
large contour integral (plus the non-contributing circle at infinity), which evaluates simply
to its residues. These residues exactly cancel the other pieces in the expression, leaving
over one or more delta functions for the diagonal terms, and nothing for the off-diagonal
ones. For convenience, the branch cuts and poles of the function ﬁ, where z is a complex
integration variable in the contour integral, are shown in Figure 3.

One finds that the (1,1) term is §(w — w')é(v — v'). In doing this, one has to fix

Ka(My) =1/ de(g) | E=ar, » which fixes the unknown normalization constant in Eqgs. (5.28).

One can similarly show that the (2,2) and the (3,3) terms are §(v — ¢') and §(w — '),
respectively.

For the off-diagonal terms, one proceeds similarly and finds that they are all zero. Thus,
our set of solutions, namely, Eqs. (6.4), (6.5), (6.6), and (6.7) is a complete orthonormal

set of solutions of our model in this sector.

8. The Moller Matrix and the Comparison Hamiltonian

The matrix (with continuous eigenvalues) of the eigenfunctions, including any discrete
solutions, gives us the generalized Moller Matrix by virtue of the results already demon-

strated on orthonormality and completeness [7]. It is given by

QE n,w,v)= <\I/C(E,n,w, v), \I/D(E,w, v), \I/B(E,w, v), \I/A(MA,w, 1/)> (8.1)
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with components

CC(E,n,uJ,V) ( 77/) CB( w,z/) CA(MAvw V)
DY(E,n,v) D( V) DB(E,v) DA(My,v) . (8.2)
BOEinw) BP(E.w) BMEW)  BAMaw)
It has the properties of being unitary
ool =1, (8.3a)
ofo=1, (8.3b)

and of diagonalizing the full Hamiltonian, H,

HQ =QHe, (8.4a)

ofmo =me., (8.4b)

where H¢ 1s called the comparison Hamiltonian. It can be calculated in the following

manner. First, we use the eigenvalue equations to write
HQ(E,n,w,v)
- <E\I/C(E,n,w,u),E\I/D(E,w,u),E\I/B(E,w,u),MA\I/A(MA,w,u)> ,
(8.5)

and then act on Eq. (8.5) with O from the left, and make use of the orthonormality

relations to get

Es(E—E')6(n—n') 0 0 0
. 0 Es(E - E) 0 0
QLHS = 0 0 ES(E—E) 0
0 0 0 My

_ He. (8.6)

To compare Ho with the free Hamiltonian, Hy, we rewrite Heo, putting £ = n + 7

for the (1,1) element, E = Mp + 7 for the (2,2) element, and E = Mp + 7 for the (3,3)
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element, and similarly for E'. Thus, He becomes

(n+7)6(r—7"H)6(n—n') 0 0 0

0 (Mp +71)é(r—1") 0 0 (8.7)

0 0 (Mp+1)6(r—7") 0 '

0 0 0 My

The free Hamiltonian, Hy, is
(WH+v)d(w—w)é(v—1) 0 0

0 (mp+v)é(v—1") 0 ) (8.8)
0 0 (mp +w)d(w—uw)

Comparing Ho and Hy, we see that we can identify He with Hy if we include both
mass and wave-function renormalization terms in the interaction, and ignore the discrete
M4 state in Ho. The mass renormalization means that we must add a quantity A to Hy,

where A is

0 0 0
A=|0 (Mp—mp)é(v—1") 0 . (8.9)
0 0 (Mp —mp)é(w—uw')

The structure of our solutions, Eqs. (6.4), (6.5), and (6.6) immediately tells us that we
must have a wave function (and consequent coupling constant) renormalization.

Thus, the fields B, C, D, 8, and ¢ have the wave function renormalizations

B — /BB = %B, (8.10a)

1
D —+a'D = —=D, 8.10b

V75 (8400
C—C, (8.10¢)
68, (8.10d)

¢ — 0. (8.10¢)
Because there are no proper vertex corrections, the coupling constant renormalizations

reflect the wave function renormalizations [7]

flw) = VZpf(w), (8.11)

g(v) —/Zpg(v). (8.12)
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Furthermore, as there are no divergences in this problem, the coupling constant and
wave function renormalizations are inessential, and the mass renormalization making Hy +
A identifiable with H¢ is essential only in this sector. These renormalizations are sufficient
for higher sectors as well. The only change in the higher sectors is due to the mass
renormalizations which alter the continuum thresholds from mp and mp to Mp and Mp,
respectively, but leave everything else unaffected.

Notice that while Ho and Hy have the same structure (as long as « and S both
have zeros, and 7 does not), they have different spectra. Only the double continuum
0 <n < F < o is coextensive; the D¢ and B6 continua are renormalized downwards from
mp to Mp and from mp to Mp, respectively. Notice also that, contrary to conventional
wisdom [1,3,12], the Méller matrix intertwines the full Hamiltonian, H, with H¢, not with
Hy. However, Ho and H do have the same spectrum.

In addition, if we take the unitary transformation of H¢ in reverse, we can convert the

comparison Hamiltonian to the full Hamiltonian
oH-0N = H, (8.13)

and just as in the Cascade Model of [7], we find that the notion of an interaction is basis

dependent.
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9. The S Matrix

We have obtained one set of solutions to our problem, namely, Eqs. (6.4), (6.5), (6.6),
and (6.7). We can, of course, obtain another set in which the singular operators of the form
(E —w — v +1€)~! (which give the “in” states) in Eqs. (6.4), (6.5), and (6.6) are changed
to (E —w — v —ie)~! (which give the “out” states), while Eqs. (6.7) remain unchanged.
Let us denote these solutions, and quantities associated with them, with a prime. This

new set also furnishes a Moller matrix,
O = <\IICI(E,n,w, v), \I/DI(E,w, v), \I/BI(E,w, v), \I/A(MA,w, 1/)> , (9.1)

which satisfies the same properties as the original Moller matrix, that of unitarity

ool = 1, (9.2a)
ot =1, (9.2b)
and of diagonalizing H
HQ = Q' He, (9.3a)
oo = He. (9.3b)

The set of states, Eqs. (6.4), (6.5), (6.6), and (6.7) are such that
o(n—w)o(E—w—v)

lim eiHcte_th\I/C(E,n,w,l/) = 0 , (9.4a)
t——o00 0

. . 0

tlim echte_lHt\I/D(E,w, v)=| vZpé(E - Mp—v) |, (9.4b)
——00 0
. . 0

lim echte_lHt\I/B(E,w, v)= 0 , (9.4¢)

oo VZg6(E — Mp — w)
lim eiHcte_th\I/A(MA,w, v)= \I/A(MA,w, v), (9.4d)

t——o0
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of which the first three are the plane wave ideal eigenstates of the comparison Hamiltonian.

However, notice that there is the need for a wave function renormalization in \I/D(E,w, v)

and $B(E,w,v), and that the threshold is renormalized in these two cases (i.e. mp — Mp

and mp — Mp). Clearly, these states are the “in” states in our problem. This is again

analogous to the Cascade Model of [T7].

For t — 400 for these “in” states we have

lim echte_lHt\I/C(E, n,w,v)

t——o0

= 2mi_ f(n)g(E—n)
EamaE m 0 S )
2m S(n)glL—n w
| S0y etz 280 (B = Mp —w) 555
lim eflote ZHt\I/D(E,w, v)

F—Mp) [ (w)g" (E-w)
E-Mp) a(w)p(E-w)

B _ . 55 (v) 27 lg(v )|2
= | VZpo(E - Mp —v) | 555 + 575 ZDﬁ(V)ﬁ‘(V)] ’
,—ZB(S(E — Mp— w) 727; ZBQU(W)

lim ecte _’Ht\I/B(E w, V)

t——o0

27ri(5(E—w—1/)\/(Z_ijE§ B) 7(w)

= v ZD6 (E B MD B V) 727” Z |(V()6EV
" (w) 271 | |
VZpé(E—Mp —w) [ @) T 3B 2B aw)a@)

lim eflote _ZHt\I/A(MA,w v)= \I/A(MA,w,z/).

t——o0

(9.5b)

(9.5¢)

(9.5d)

(The limits in Eqgs. (9.4) and Eqgs. (9.5) are understood for multiplication by smooth

functions of w or v or both, as the case may be).

The “out” states behave in an analogous but opposite fashion to the “in” states. They

behave simply for ¢t — +o0, but have a complicated structure as ¢ — —oo. Furthermore,

the “in” states at t — —oo and the “out” states at ¢ — +oo are identical. Therefore, we
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can define an S-matrix, and can compute it in one of several ways. For example, we can

compute it using

\I}scattered = lim (\I} (t) 4 (_t))7

t—o0

or we can take the scalar product of the “in” and “out” states
(¥, 7) = 5.

Both methods, of course, give the same answer.

The method of the inner products is cleaner and more aesthetically satisfying so we

shall follow it for the calculation. The results are easily checked by doing the calculation

by the other methods.

Schematically, the S-matrix looks like (the “+” subscript means an “in” state and the

“—” subscript means an “out” state)

((CB0ICB8)),  _((CHOIDG)),  —((COSIBE)), _((CHS|M.))
o_ [ —UDelcvs))|  _((Do|Da));  _(1Da|BE),  _({D|ML))
_({BOCs)),  _((BOID)),  _((BE|BE),  _{(BE[MLL))
(MAICH6)),  (MaIDY),  ((MalBE)),  ((Ma|Ma))

Let us start with the (1,1) component of S. We wish to calculate

c({E' 0 out|E,n,in))
:/dwduCCl*(E',n',w,V)CC(E,n,w,l/)
-I-/deCI*(E',n',w)BC(E,n,w)

+ /dl/ DCI*(E', n', V)DC(E, n,v).

(9.8)

(9.9)

We rewrite Eq. (9.9) in terms of the lower sector physical states using Eqgs. (6.3) to get

[ o [ [N 5 (B ) 0 (B M)
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[ s B ) + B M
—I—/dw [/d/\' a')\,’BbCI*( ol N w) + \/ZBbCIF*(E',n',MB,w)

[/ dA a)\’BbC(E,n,/\,w) + \/ZBb](j:(E,n,MB,w)

+/duDC’*( ' 'n' . v)DY(E, n,v). (9.10)

Doing the integrals over A in Eq. (9.10) we get

* A *

/d/\dA’ %((A))a(A—A’)/dw b (E 0! N, w)C (B, n, N w)
o C

+ [ dwbd”p (E',n',Mp,w)bp(E,n, Mp,w)

+/duDC’*( ' ', v)DC (B, n,v). (9.11)

The sum of the first and second integrals gives

o fs o BB m)at(n) | 2mi g(E—n)f(m) g (B~ ') £ ()
o(E E>{‘5< ) @ at) I EFE=m)a(n) ﬂ(E—n’)a(n’)}
_ I n B (E =n) fr(n') f(n)

OB == B n) S m Y awha ()
LS ) P g (B ) )

FE =) a () 3(E—m)an

1 1
{wE)a(E—E'm') - v(Ef)a(E'—mn)}
1 g (B =) F () g(E—n) f(n)
(BN (E) BB —n)a (W) B(E—n)a(n)

, 1 Z
{_/d””f" a(E—Na(E—N\) a(E’—MB)E;(E—MB)}’ (912)

_|_

and the third integral gives

B (E—n) £ (n) f (n)
B(E —n)a(n
g* (' ') f* (') g (E = n) f (n
B(E =)o (W) B(E—n)a(n

(5<E'—n'—E—|—n>

e —ET t TEe )
T (E)a(E—E +n)  7(E)a(E —E+n)
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L g (E=n)f(n)g(E—n)f(n)
v (E)y )5(E’—n)a(n)ﬂ(E—n)a(n)
1 , 1 1 1
{5 dMa“D' E—p) (a*(E’—EJru)JrOé(E’—EJru))

1 1 1
dyl' |0
+2/ kool BE" —p') (a*(E—E’+M’)+a(E—E’+M’)>
i Zp 1 N 1
23(E — Mp) \a* (B — E+ Mp) ' a(E —E+ Mp)

Zp 1 1
Qﬂ(E’_MD) (a*(E_E/_I_MD)+a(E_E,+MD)>}- (913)

_|_

_|_

Adding Egs. (9.12) and (9.13), and converting the sum of the integrals to contour
integrals (which evaluate to their residues and cancel the other terms with them inside the

curly brackets), we are left with

Bt il i = (8 — ) {3 (n— oty 5 E =0 0
211 g(E —n)f(n) g (E—n') f*(n')
+7(E)5(E—n)0z(n) B(E—n")a(n) } (9.14)

p{(E', out|E,in)), = § (E — E) {%*((EE__%;))
2miZp |g(E—.7\4D)|2
TS (E) B(E - Mp) F(E - Mm}’ (915)
B{((E',out|E,in))y =6 (E — E') {%
omiZy  |f(E— Mp)|?
O e e 19
A{(MalMa)) 4 =1, (9.17)
B((E', out|E,in)) , = 27ié (E' — E) \/i_@/)Z_Bf ((Jf J\J\g))g((g j\\jﬁ)), (9.18)
p{(E', out|E,in)) y = 27is (E' — E) \/i_@/)Z_Bf(é J‘J\Z))g((g j\\jﬁ)), (9.19)
p((E',out|B,n,in)), = 27ié (E' — E) ;/(?)Z((Z))ﬁ(( )) (( j\‘jg)), (9.20)



c{(E',n', out|E,in)), = 27ié (E' — E) \/(Z—D)g* ((Zi))ﬁ(( ))g((g_?\?;))v
BB out B, im) = 20is (5 - ) Y2 ULIEZ ) LB = o),
c((E'.n/,out|E,in)) p = 2mié (E' — E) \/(Z_B)g ((Z))ﬂ(( )) igg = %ﬁ%’

A(MA|E, n,in)) =0,
c((E'n', out|Ma)) 4 = 0,
A((Ma|E,in))p =0,
p{{E", out[My)) 4 =0,
A((Ma|E,in))p =0,

B{{(E', out|Ma)) 4, = 0.

10. Unitarity of the S Matrix
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(9.21)
(9.22)

(9.23)
(9.24)
(9.25)
(9.26)
(9.27)
(9.28)

(9.29)

We can almost trivially show that the S matrix that we have obtained is unitary. In

equations, we wish to show that

sst—1.

Let us calculate the (1,1) term in SST. 1t is

ssh,
s(E-2) [ [5 (n — ") ﬂ; Eg - Z§ Z*(fg)
2ri f*(n") f(n)g* (E—n")g(E —n)
B 3B )

(10.1)
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2 f(n"Y A () g(E—n")g" (E —n')
VE(E)a* (n")a* (n') B* (B —n") B* (E —n')

e gy Le(E—n) F g (B =)
g (E = Mp)|*  |f(E=Mp)|
ZDW(E—JWD)I2 +ZB|a(E_MB)|2 : (10.2)

Doing the integral in Eq. (10.2) with the help of Eq. (A.15) we find that the result is

8(E — E"Yo(n —n'), exactly as desired. The rest of the terms are done in the same way.

We find
SS(yg =0 (E—E'), (10.3)
SS(35 =0 (E—E'), (10.4)
SSiy =1 (10.5)

with all other terms in SS¥ being zero, as required. Thus SST = 1. In the same way, we

can also show that STS = 1, and therefore, our S-matrix is unitary.

11. Eigenphases of the S Matrix

The interesting case for the S Matrix is when E > 0 so that all channels are open. The

S Matrix must satisfy

SC =7, (11.1)

where |7|2 = 1, for some ¢. This is equivalent to the following relations (where we ignore

the discrete A channel, as it is decoupled from everything else, and suppress 6(E — E'))

CFE—n)aln),
JE-—maln "

T
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_ 2mi f(n)g(E —n) {/d FrON(E =) g (B = Mp)

" AE)am)BE-m ) " apE-—) " B(E — Mp)
f*(E = Mp)
+\/E—Q(E_M§) CB}, (11.2q)
__BUE-Mp),
B(E—Mp) ?
2 9E—Mp) [ [, f(n')g"(E—n') *( — Mp)
= VISt e e VI
f*(E — Mp)
+Zp o(E = MB } (11.20)
.o (E-Mp),
o(E—Mp) P
_ 2m f(E— Mp) g (E =) g"(E - Mp)
=3V @ ) {/ W enIE ) VA G )
F*(E — Mp)
+\/E—Q(E_M§) CB}. (11.2¢)

We now define the unimodular quantities

BT (E —nja*(n)

7(n) = FE—n)a(n) (11.3a)
™D = % (11.3b)
B = % (11.3¢)

These are the basic equations. We can solve them for continuum values or for dis-
crete values of the eigenphase shifts. Let us start with the continuum values. We invert
Eq. (11.2a) and put a delta function on the right hand side along with the appropriate
normalization. We then multiply both sides of the equation by % and integrate

over n to get

27TZ |f(l | |g |2 () If*( I) ( n/)
{ / le (1) | |6 (E — ()—I—ie}/dn a(n')B(E )Cn/
(r)g*(7) , 2m |f()|2| E-0 1)
() (r) (B S la(D) |8 ( — D7 —7() +ie

9" (E — Mp) f1(E — Mp)
(VS Vs o)
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Defining

2m1 E—Mp)l?
oy 2 lEM)E o
Y(E) T|B(E—Mp)|Po—op
2w |FE=Mp) o
- B )
YWE) "|a(E—-Mp)|*c—op

(11.5)

we invert Eq. (11.2b) and Eq. (11.2¢) to solve for the term in the curly braces on the right

hand side of Eq. (11.4), namely, \/—g — CD + \/Ef (E= MB CB, and find
g (E — f*(E — Mp)
Ve >CD+r (B ly) "
1 , Fr(n')g (E n')
:<i‘1>/d SIE =) o
We now define
L 2m FOPgE-DF ()
w0 =1- s [ E T (11.7)

and use this to combine Eq. (11.4) and Eq. (11.6), and find

£ (B = ) o F(E — M)
f o =y o+ VI a0 VIR
1

frir)g (r)
X(T)Sa(r)B(E—71) (11.8)

Therefore, our continuum solutions are

2i f(n)g(E —n) 1 PG E =)
YE)a(n)B(E —n)(r —7(n) +ie) X(7)8 a(r)B(E—71)’ '
ori g(E — Mp) 1 frr)g (E-1)
D= Y E M) NS g B
ori f(E — Mp) 1 (g (E-1)
‘5 +(E) @Q(E “Mp)(r—r5+ie) X(1)S a(r)B(E —1) (11.9¢)

To investigate the spectrum of 7, we use the method of [7]. We define the following

quantities, taking advantage of their being unimodular:

e20(n) = T(n), (11.10a)
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200 = 7p (11.100)
2B = rp, (11.10¢)
e =7, (11.10d)

We then put these definitions in Eqs. (11.9), and see that 7(n) = ¢29(") ranges contin-
uously along a unit circle in the complex plane from 6 = 6(0) to § = 6(E).

In addition, these solutions are continuum normalized

/dn Co (7' —i€) Cp (7 + ie)
+Cp (7' —ie)Cp(r+ie) +Cp (7' —ie) Cp (T + ie)
—5(r' =), (11.11)
and will be complete if there are no discrete zeros of X(7). If there are, they will have to be

included in the completeness identity. We now find the number of discrete zeros of X(7),

that is, the number of discrete eigenphase shifts of our S-Matrix.

We define
TEl—I_Z:x, T(n)Eil—l—z:x(n)?
1 —ix 1 —a(n)
14+ 2p 1+ xp
T = " R ™R = - ,
1—xp 1—xp

put these in Eq. (11.7), and take real and imaginary parts to get
/dl £l (=D 2(1+2(1)
B o) |2| E— D) —2()+ie

Le(l+ap) , |g(E—Mp)[
27m 2 z—ap D|ﬂ(E—J\4D)|2

(11.12b)

La(ltap), |f(E-Mp)]
_5 T — TR Zp |Oé(E_ B)|27 (11.12@)
1 If (D) Plg (E =1
Q/dl o (DB (E—1) [
—re (UE)) - Sz S EMIE 1y, P
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We observe that Eq. (11.12b) is an identity, by means of Eq. (A.15). To find the number
of zeros of X(7), we multiply both sides of Eq. (11.12a) by (¢ — ap)(x — xp). We then
find that the highest power of = appearing in Eq. (11.12a) is #®, barring any higher powers
contributed by the integral. Therefore, there are at least three discrete zeros of X(7), and

thus, at least three discrete solutions which will have to be included in the completeness

identity, Eq. (11.11).

12. A general formalism for scattering theory

In this section, we describe an approach due to Sudarshan and collaborators [19-25],
which takes a very different view of scattering problems, and is quite different in spirit. It
is essentially immune to many of the problems that occur in the conventional approaches
in the literature. The idea is that one always works with the complete set of eigenstates
of the full Hamiltonian, H, properly labelled. This set, by definition, is both orthonormal
and complete. The matrix made up of these eigenstates is the Moller matrix. This Moller
matrix, again by definition, will diagonalize the full Hamiltonian giving the comparison
Hamiltonian.

In other words, we have a Hamiltonian for the system, H. We wish a physical inter-
pretation of this object as a scattering system. One starts by considering the complete set
of states for H, which we denote as 1o(E), where E is the energy of the eigenstate, and «

contains everything else necessary to uniquely specify the state such as spin, channel, etc.

Then,

Hio (E) = Eqtba (E). (12.1)
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Form the generalized Moller matrix, W, by defining

WE,a = 77/)@ (E) .

Therefore,

HW = WHe. (12.2)

where the implied integration is of the Stielje’s type—i.e. we sum over any discrete in-
dices, and integrate over any continuous ones. Because we have assumed that the set of

eigenstates of H is complete, this Moller matrix has the property that
oof =1, ofao=1. (12.3)

It is thus isometric and unitary, as long as we ensure that the spectra of H and H¢ are the
same, and the spectrum multiplicity is properly preserved. The only caveat here is that
not all formally hermitian Hamiltonians have a complete set of eigenstates. However, all
“reasonable” Hamiltonians will have a such complete set.

Now, one normally wants an interpretation of a scattering system in terms of asymp-
totic states. The point here is that, to get such an interpretation, we should use H¢, not
Hy. We must set up a correspondence between the set of eigenstates of H with H, because
unlike Hy, we are guaranteed that H and H¢ are isospectral. Any asymptotic conditions
(such as the strong convergence properties of Eqgs. (2.26)) should be expressed using Hc,
not Hy. Thus, it is He, not Hy, which is the proper starting point for any perturbative
scheme. Furthermore, as indicated by our model, we should endeavour to construct a per-
turbative scheme to calculate the full states, not the asymptotic ones, because we cannot
say, with any confidence, what the appropriate conditions are on the asymptotic states

(see the next section for details). In addition, note another advantage of this formalism.
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Any, and all, shifts in the thresholds and spectrum of H (such as a mass renormalization)
are automatically taken care of by this procedure.

Finally, it is worth remarking that, in general, W and H¢ are not going to be analytic
in the coupling constants. Therefore, the procedure that one occasionally sees in the
literature of splitting H into Ho + V' is not very useful, and not very constructive. Both
H¢ and V' will be complicated functions of the coupling constants, and will have all sorts
of renormalization factors appearing.

If we are interested in working perturbatively, then we must set up the system carefully.
We give here an analysis of Sudarshan [26]. Consider a quantum system defined in a Hilbert

space ‘H with the Hamiltonian split in the usual way

H=H+YV, (12.4)

in which we already know the ideal eigenstates for the continuum, and the proper eigen-
vectors for the discrete states. The ideal states are, of course, not normalizable and we
must take proper linear combinations of them to get states that are square integrable, and
in ‘H. Then, we set up a correspondence between eigenstates of H and eigenstates of Hy,

in such a manner that

Hipy = Ay, (12.5a)
Hotbox = Aon. (12.5b)

Therefore,
(1=Go (M) V)hx = vox, (12.6a)

Go(\) (N — Hy) =1, (12.60)
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where G 1s the free Green’s function. From this we can write
dy = (1= Go(\) V)™ o, (12.7)
thus defining for us a possible Moller matrix, ' given by
Q' =(1-GyV) ', (12.8)
Now this Q' is a possible Moller matrix in the sense that it intertwines H and Hy:
HQ = O'H,y. (12.9)

Unfortunately, it is not very useful because it is not necessarily unitary, or even isometric.
One must renormalize it correctly so as to get a unitary operator. Furthermore, H and

Hj are not isospectral. Consider the full Green’s function, G(A):

1

=g =G0 V)T Go(N). (12.10)

g (M)

While, at first glance, it would seem that Gy and G have the same singularities, this is
not necessarily true. Firstly, G can have additional singularities from the first factor (1 —
Go(M)V)~tin Eq. (12.10). These can come from bound states produced by the interaction,
and more importantly, from continuum states in which one or more of the particles is
composite so that its mass gets shifted. Secondly, G can have some of its singularities
cancelled when this factor vanishes. Therefore, G and G are not necessarily isospectral, in
general. In other words, the statement that “perturbations vanish at infinity” is not valid
generally. Rather, this naive asymptotic condition is not generally fulfilled. This shows us
why ' failed to be unitary: the new spectra produced by (1 — Go(\)V)~! do not appear

with a canonical weight. As advertised, we correct this problem by defining a renormalized
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Q given by

Q=(1-GV)'D}, (12.11a)

where

D’=(1-VGH) " (1-GyV)™". (12.11b)

However, since this new € is unitary, it connects H with an isospectral and diagonal
Hamiltonian. We have already seen that this associated diagonal Hamiltonian cannot be
Hy. Rather, it is a different object, which we call the comparison Hamiltonian, Ho. For
further details, and concrete examples of this formalism applied to several models, such as
the Lee Model, the separable potential model, and the Cascade model, see [26]. In these
models, one can explicitly see these various effects such as shifts in the continuous spectra,
the deletion of spectra from Hy to get the spectra of H, and the augmentation of spectra

in Hy to get the spectra of H.

13. Putting the “generic” formalisms to the test

There are many different approaches to Quantum Scattering in the literature. The most
familiar of these is potential scattering. Others include the LSZ formalism, the “almost
local” formalism, and the Lax-Phillips formalism. Lax-Phillips [27] theory is outside the
scope of this work.

The well known LSZ formalism [5], extended by Mohan [28], postulates the convergence
of the matrix elements of interacting fields to the matrix elements of free fields. However,

the formalism does not apply in many cases. For example, as noted by LSZ themselves, it
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is inapplicable to problems in which stable bound states exist. Trouble occurs when this
point is forgotten, and the formalism is extended into areas where 1t is inapplicable. The
“almost local” formalism due to Haag [1], Ruelle [9], Ekstein [10], Jauch [12], Araki [29],
and others tries to be general enough to consider complicated problems [1]. Its basic
idea is that it is possible to construct asymptotic in-going and out-going states as strong
limits in Hilbert space, if a certain “space like asymptotic condition” is verified by the
vacuum expectation values of products of field operators [9]: the so called “almost local”
operators [1].

We shall restrict our attention to the conventional, and quite “generic” formalism,
as reviewed earlier in sections 2 and 3; as mentioned before, the LSZ formalism is not
applicable to situations where stable bound states are present, such as our model. We will

compare these results to the results obtained from the Rearrangement Model.

Conventional formalisms for quantum scattering theory have the following protocol for

generic scattering systems:

1. They do not use the comparison Hamiltonian
2. The asymptotic states are orthonormal [1,9,13]
3. The completeness of the asymptotic states is postulated [1,13]

4. For the case of potential scattering only, the Moller Matrix is isometric but not

necessarily unitary [1,13]

5. The eigenstates of the exact Hamiltonian are never considered.

We shall take up these points one by one, and put them to the test by comparing them to

the results explicitly obtained from our model.



1. Tt is essential when taking the limits, limy .1 €

Hte—iHot\y where U is either
a wave function or a field operator, that the continuous spectra of H and Hy
coincide. If they did not there would be wild oscillations while taking the
limit, and the limit would not exist. It is for this purpose that Hy is mass-
renormalized to H). However, in general, this is still not enough. It is perfectly
possible, if there are bound states or unstable particles in the spectrum of H,
that no amount of tinkering with Hy will make its spectrum coincide with
H. This can be seen by inspection of Eqgs. (8.7) and (8.8). No amount of
renormalization of Hy can give us the discrete M, state present in H¢, but
this may be ignored because My is a discrete point eigenvalue. On the other

hand, we do have the possibility of a continuous spectrum in H corresponding

to the scattering states involving physical B or D particles.

However, unlike H and Hy, H and H¢ are guaranteed to be isospectral
because H¢ is obtained by diagonalizing H. Therefore, it is H¢, and not
Hy, that is the proper starting point for any scattering scheme, perturbative or
otherwise. The method for obtaining the correct spectrum of H by perturbation
theory is discussed in the work of Sudarshan, Chiu, and Bhamathi [30]. In
simple cases such as when stable bound states are not present, or field theory
with no bound states or unstable particles, Ho can be identified with the

renormalized Hy, as noted in section 8.

In fact, even in cases where (formally) no splitting is made, 7.e. no explicit

mention or use is made of an Hy, there is still the implicit use of Hy because,
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commonly, asymptotic particles are defined as solutions of free particle equa-

tions like the Klein-Gordon equation.

. Both formalisms assert the orthonormality of the asymptotic states, and the
result is supposed to be generic. In Eqgs. (9.4), we have obtained the asymp-
totic states of the Rearrangement Model according to both formalisms. Yet,
as we can see from a glance at the Haag-Ruelle asymptotic wave functions,
Egs. (9.4), the asymptotic states computed according to their rules do not
form an orthonormal set. This point should not cause confusion. Our full
states, namely, Eqs. (6.4), (6.5), (6.6), and (6.7) are, indeed, all orthonormal to
each other, as was shown in section VII. As a result, we have orthonormal sets
of “in” and “out” states. However, when we calculate the Haag-Ruelle type
asymptotic states according to either of the formalisms, we find that they are
not orthonormal. This lack of orthonormality stems from a factor of the wave
function renormalization constant that appears in each of the asymptotic wave
functions. This factor is essential: if it were not present, the interacting states

would not be orthonormal.

. As mentioned earlier, Ruelle extends Haag’s work by postulating the complete-
ness of the “in” and “out” states [9]. This is also postulated in simple potential
scattering [13]. This postulate is necessary to prove that the S-matrix is uni-
tary. Again, simply by inspection of Eqs. (9.4), we can see that the asymptotic
states of the Rearrangement Model, according to these two formalisms, are
not complete. Again, this point should not cause confusion. Our full states,

Egs. (6.4), (6.5), (6.6), and (6.7) are complete, as was shown in section VII.
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As a result, our “in” and “out” states form complete sets. However, the set of
Haag-Ruelle type asymptotic states calculated according to either of the two
formalisms is not complete.

. In potential scattering the Moller matrix, €2, can be defined using the full in-
teracting wave functions so that it is isometric even in the presence of bound
states [1]. We see that the Haag-Ruelle asymptotic solutions, Eqs. (9.4), ob-
tained by the use of ), are certainly not orthonormal, whereas the original
interacting wave functions were; therefore, the Moller matrix computed by
their rules is not isometric, s.e. it is not norm preserving. However, the gen-
eralized Moller matrix that we defined in Eq. (8.1) is not only isometric, but
unitary.

. It is important to note that even though these asymptotic wave functions are
neither orthonormal nor complete, they still lead to the correct S-matrix, as
can be verified by calculating it using Eq. (9.6). If we had insisted upon the
asymptotic wave functions being orthonormal and complete, we would have got
the wrong S-matrix.

. Notice that because of this lack of orthonormality and completeness in the

exact asymptotic states, the strong limits of Eqgs. (2.26) are satisfied. Namely,
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lim [ () = i (£)] = 0, (13.1a)
Jim [ (1) = o (1)] =0, (13.1b)
lim 4 (0) = (0) = 24, (0), (13.1¢)

are automatically satisfied. This can be seen easily in the following way. For

the first two equations above, the expression on the left hand side is just the
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requisite full wave function, but with the delta function part removed. When
we now take the norm and then take the limit, the remainder cancels giving

zero. Similarly, the third equation above can be shown to be satisfied.

On the other hand, if we had insisted that the asymptotic states are or-
thonormal and complete, the wave function renormalization constants would
have been missing from the asymptotic states. Thus, the delta function pieces
would not have cancelled between the full and asymptotic states, and therefore,
these pieces would contribute, and we would get a non-zero result. Thus, in

this case, the strong limit would not hold.

7. It is important to note that the reason that all these problems occur is that the
full states are never considered. Most formalisms in the literature try to set up
the problem in terms of the asymptotic states, and are thus forced to make as-
sumptions regarding their properties and behavior. These assumptions are not

necessarily correct in general, as is amply demonstrated by the Rearrangement

Model, and other models such as the Cascade Model [7].

All this points out the importance of the correct normalization of the state vectors, a
point already considered by DeWitt [31]. However, his work was restricted to the case of
no bound states. The question of the correct description of the asymptotic states was also
considered by Van Hove in his papers on the description of “persistent interactions” [4].
However, as noted in those papers, the formalism developed there does not deal with cases
involving bound states, and does not deal with field theoretic scattering except for a few

comments at the end.
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In the multichannel case (such as rearrangement collisions), in the “channel Hamil-
tonian” formalism, the statement is made that the basis states of one group of channels
are not orthogonal to the others [10,11,13] because they are eigenstates of different free
Hamiltonians. As we can see, in our model, the physical states C'8¢, D¢, and B6 are
strictly orthogonal to each other. Evidently, this problem arises due to the use of “channel
Hamiltonians” in the formalism. It is our belief that the method of splitting up the inter-
action differently depending on which channel one is considering is fundamentally flawed
because “every channel can be distinguished and is observable independently in experi-
ments. This means that these channels should be orthogonal to each other” [32]. One
method for ensuring orthonormality is given in [32]; however, this method still suffers from
the flaws pointed out above.

It is straightforward to see the problems caused by this lack of orthogonality. We are
instructed, in these formalisms, to begin with asymptotic states. Let us first consider the
“channel Hamiltonian” formalism. Then, the asymptotic states are the eigenstates of the

“channel Hamiltonian” in the sector we are considering. As an example, let us consider

|Mp6(w))) — |Mpé(v))), (13.2)

where Mp is the physical B particle and Mp is the physical D particle. We immediately
notice, even before we consider any scattering, that the |AMp6(w))) state is not orthogonal
to the |[Mpo(v))) state, as can be seen by inspection of Eqgs. (5.10), (5.11), (5.12), (5.13),
and (5.14). In other words, two experimentally distinct channels are not orthogonal to
each other. This will clearly lead to the wrong S-matrix elements because it says that even
if there is no scattering, there is a non-zero probability that the |[Mp6(w))) state will turn

into the |Mp¢(v))) state. We cannot even argue that the two states are “asymptotically
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orthonormal” [10] because they clearly are not. This can easily be seen by observing that
both |Mpé(w))) and |Mp¢(v))) have expansion coefficients in the “bare” |CO(w)o(v)) sec-
tor. Therefore, as these states are neither orthonormal nor complete, we cannot have an
isometric or unitary S-matrix, since orthonormality is necessary for isometry, and com-
pleteness for unitarity. However, we have constructed a set of orthonormal (and complete)
solutions for our system, a feat that many authors [33] tacitly assume is not possible, and

have a perfectly isometric and unitary S-matrix.

These problems with the S-matrix can be verified by explicit calculation. Since the
calculation is tedious, we describe the method, and leave it to the interested reader to
verify the results. Our interest is in the scattering of physical states, and so we must start
by re-expressing the Hamiltonian, Eqs. (4.3) and (4.4), in terms of the operators which
create the physical B and D particles. We denote these operators by B and D, respectively.
They are found by inspection of Eqgs. (5.10), (5.11), (5.12), (5.13), and (5.14), which are the
wave functions for the physical particles. To find the expressions for these operators, we
promote the states |C'¢(v)), |CO(w)), |B), and |D) to operators, all acting on the vacuum,

and read off the expansions for the operators B and D. In other words,

BT:/dy,oB( yotol )+ /ZBt, (13.3a)
DT:/dwpD( yctol (w) + /Z,Dl. (13.3b)

We re-express the Hamiltonian in terms of these operators, which can be split into various

channel Hamiltonians, from which the S-matrix is calculated.

We can go even further than this. Consider the state |Mp6(w))), which is a product

state of the physical B particle and a free € particle. If we wanted the asymptotic state
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corresponding to this then, by the Haag-Ruelle protocol, we should find that the compo-
nents of this state are only in the |C8¢) and |Bf) sectors, with no admixture of the |D¢)
state. However, we can use our exact solutions to calculate this asymptotic state. We will
find that this assertion will not hold true.

To calculate the asymptotic state, we take the limit

lim e Hele T MRA (w))). (13.4)

t——o0

Inserting a complete set of states, we have

/dE dn lim eHcte=t B D WHE, n|Mph (w)))

—|—/dEdntlim eHcte = Y BYY S ((E|Mp# (w)))

+ /dE dn Tim et T EY) g ((E|Mph (@) )). (13.5)

Expanding each of the physical states, |E,n)), |E)) , and |E)) g in terms of the bare states
|CO(w)o(v)), |BO(w)), and |D¢(v)), and taking the limit, it is immediately obvious that
the expansion coefficients in the |D¢(v)) sector are not zero.

As a physical example, consider the case of a proton bound to a fixed nucleus by a
potential Vp, and bombarded by a neutron which interacts with the proton and the nucleus
through the potentials Vpy and Vi, respectively [32]. The total Hamiltonian of the system
18

H=Kp+Ky+Vp+Vy+Vpy, (13.6)
where Kp and Ky are the kinetic energy of the proton and the neutron, respectively. The

initial state, denoted by ®1,, is given by

Hi®y; = Ei®,, (13.7)
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where

H = Hl —|— Vl, (138@)
Hy=Kp+ Ky + Vp, (13.8[))
Vi=Vpy+ V. (13.8¢)

Therefore, the initial state, ®1,, is a product of a bound proton, qﬁg(ElB), and of a free
neutron (represented by a plane wave), uy(FE; — EP), where EP is the binding energy of
the proton.

Several possible reactions can occur giving rise to different final products. Let us

consider four such reactions.

1. Elastic or inelastic collisions.
The proton remains bound to the nucleus, and the neutron is free after the
collision. Therefore, the Hamiltonian is divided in the same manner as above.
2. Exchange scattering.
The neutron knocks out the bound proton and becomes bound to the nu-

cleus. The Hamiltonian is then divided as:

H = H2 —|— VZ, (139@)
Hy=Kp+ Ky + Vy, (139[))
Vo =Vpy + Vp. (13.9¢)

Therefore, the final state is

qu)z’f = Efq)z’f, (1310@)

@ =up (Ey - Ef) of (EF). (13.100)



3. Ionization.
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The neutron knocks out the bound proton and both are free after the

collision. The Hamiltonian is then divided as:
H = Hs + Vj,
Hs =Kp+ Ky,
Vi =Vpn +Vp+Vy.
Therefore, the final state is
H3®sp = Ey®s,5,
@3y =up (Ef ) un (Bf— Ef).
4. Pickup.
The proton and the neutron become bound and form a deuteron.
Hamiltonian is then divided as:
H =H4+ Vy,
Hy = Kp + Ky + Vpy,
Vi=Vp+ Vy.

Therefore, the final state is

Hy®y 5 = E;®yy,

Py = uc <X,Ef - E?) o8By <r,E}B> :

(13.11a)
(13.11b)

(13.11¢)

(13.12a)

(13.12b)

The

(13.13a)
(13.13b)

(13.13¢)

(13.14a)

(13.14b)

Here, X is the center of mass coordinate of the deuteron, and r is the internal

coordinate of the deuteron.
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Property Conventional |Rearr.

Formalism | Model
Asymptotic states normalized? Yes No
Asymptotic states orthogonal? Yes Yes
Asymptotic states complete? Yes No
Q isometric? Yes No
S-matrix unitary? Yes Yes
Strong limit satisfied? No Yes
He used? No Yes

Additional property for the multiple-channel case

Phys. states orthog.? No No Yes

Table 13.1: Comparison of the properties of the Rearrangement Model to
various scattering formalisms.

The final states given by Eqs. (13.10), (13.12), and (13.14), are eigenstates of different
free Hamiltonians. Thus, in general, they are not orthogonal to each other, and the

concomitant problems follow.

The reason that these methods do not work properly is that the basis used is one
in which bound-state eigenfunctions of the Hamiltonians that bind each fragment are
multiplied by plane waves for the fragment motion [13]. In our model, because we have
made no breakup, we get the physically reasonable result that the wave functions of the
bound states are always orthogonal to the scattering states, and that the basis states
of different channels are explicitly orthogonal to each other. We do not have to worry
about making the explicit assumption that as the separation between the fragments goes
to infinity, the overlap becomes negligible. This assumption may or may not be true, and

leads to the problems with “persistent interactions” considered by Van Hove [4].
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We compare the results from the conventional formalism with those from the Rear-

rangement Model in Table 13.1.

In addition, even when it is not stated explicitly in the literature, it is often assumed
that the spectra of the bound states and the scattering (continuum) states do not overlap.
However, it is possible to construct models in which the spectra of one or more bound
states overlap with the continuum [34,35]. Therefore, this assumption is not necessarily
true, and will in general depend upon the details of the model under consideration. It
is also possible to construct two different potentials which can lead to the same S-matrix
with, in one case, redundant poles unnecessary for completeness, and in the other case,
with the same poles being absolutely necessary for completeness [36,37]. This points out
the need for resisting the temptation to identify the poles of the S-matrix with physical

bound states of the system.

More importantly, no authors have as yet worried about the evident normalization
problem with the asymptotic states because they are always assumed to be normalized.
These states are not normalized in the Rearrangement Model, and consequently, assum-
ing orthonormality of the asymptotic states, in general, is very dangerous. In addition,
we notice that in this model even though the asymptotic states are not normalized, the

interacting states are.

One approach that tries to avoid all these problems, especially in the cases of unstable
particles and bound states, is that of analytic continuation [7,19,23,24,38,39] of the state
space ‘H into a generalized vector space G. This has already been done for the case of the Lee
model by Sudarshan, Chiu, and Gorini [19], Parravicini, Gorini, and Sudarshan [20], and

by Bohm [40]. For instance, with this method, one can identify resonances and redundant
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poles, and study the decay of a metastable quantum system. It can also be used for many
other things, such as studying the Khalfin observation that the decay of a metastable
system with an energy spectrum bounded from below can never be strictly exponential [41].

See the above references for details.

14. Summary and conclusion

In this work, we constructed a model that allows rearrangement collisions. We ex-
plored the spectra and the complete set of orthonormal (ideal) eigenfunctions of this Re-
arrangement Model in the Rearrangement Sector. Because of the structure of the effective
Hamiltonian in this sector, we were able to solve the model exactly. In a similar fashion
as for the Cascade Model [7], we find that the spectra can be interpreted as a B particle
with energy Mp < 0 coupled to a 8 particle with energy w, 0 < w < oo; a D particle with
energy Mp < 0 coupled to a 6 particle with energy v, 0 < v < oco; and a C particle of
energy 0 coupled to 8 and ¢ particles with energies w and v, 0 < w, v < co. We see that
the interacting field theory has a particle interpretation.

Both the B and the D particles suffer mass renormalizations, and these mass renor-
malizations alter the threshold of the Bf and D¢ continua, respectively. In Eqs. (6.5b)
and (6.6¢), we also see the presence of both the mass and wave function renormalizations
of the B and D particles in the plane wave parts of their respective wave functions.

We have throughout emphasized the importance of using the comparison Hamiltonian
(the diagonalized form of the effective Hamiltonian) because it is isospectral with the full

Hamiltonian. Its spectrum differs from that of the free Hamiltonian by the alteration of
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the B6 and D¢ continua, and by the addition of a discrete A state. These effects are non-
perturbative and, as emphasized in [7], can only be handled by a renormalized perturbation

scheme in which H¢, not Hy, is taken as the starting point.

Our results are surprising when compared to what we would expect from conventional
scattering theory. We find that while the interacting state vectors are normalized, the
asymptotic states are not. Moreover, the asymptotic states are neither orthonormal nor
complete because of the presence of the wave function renormalization factors in the phys-
ical D¢ and B sectors. We note that this lack of orthonormality and completeness is
absolutely necessary. If we construct the S-matrix from these states, we get the correct
result (¢.e. it is the same S-matrix as the one constructed from the full state). On the
other hand, if we didn’t allow the wave function renormalization factors because of our
demand that the asymptotic states be orthonormal and complete, we would get the wrong
S-matrix. Furthermore, for the strong limits Eqgs. (2.26) to hold, we must again make sure
to have these non-orthonormal and non-complete states. We also find that our physical
CO¢, Do, and BO states, while being the basis states for different channels, are strictly
orthogonal to each other. Further, the Moller matrix, as defined in the literature is not
isometric: it does not preserve the norm of the states. However, we defined a generalized
Moller matrix which is not only isometric, but unitary. All these results are contrary to

the usual formalisms of quantum scattering theory.

More generally, we argued that the correct procedure, for any Hamiltonian, H, is to
take its complete set of eigenstates, and an associated isospectral comparison Hamiltonian,
Hg. The matrix of normalized eigenfunctions of H constitutes the generalized Moller

matrix, which is unitary and intertwines H and H¢.
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This model is a very simple one. However, even this simple model is enough to show
the problems with conventional perturbation theory, and the conventional formulations of
scattering theory. It is clearly necessary in the light of this model, and previous work on
the existence of redundant poles in the scattering amplitude [36,37] and the presence of
discrete solutions degenerate in energy with the scattering continuum [34,35], that a funda-
mental re-examination be made of some of the postulates and assumptions of conventional

quantum scattering theory.
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A. Some Useful Formulae

The following formulae are very useful for the calculations in the main text. By our

definitions in section 6 we have the following ranges for our variables:

0 <\ < oo, (A.1)
0< < oo, (A.2)
0<n<oo, (A.3)

with E being free to run over all values.

We then have the easily proved identities
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£ = s () — a” ()] (4.5)
ﬁ32;4ﬂ5>wbﬂ’ o
:i% ||§ - _i _oz(lu) - Oé*l(/w)} ’ 0
“ﬁ§:XL:‘§%ﬁ%;_n_ﬂwg—w]_@ﬁm_A_Mﬁ’ -
R = o [ E g e E ) P Mo (49)

The equations (A.8) and (A.9) follow because E — A and E — ;1 can be less than zero, and
thus pick up singularities at Mp < 0 and Mp < 0, respectively. On the other hand A and
@ are always greater than or equal to zero, and so cannot pick up any singularities.

Another useful identity is

TSR Zs )
ﬂm_/ﬁMMMPME—M+a@—Mw (4.10)

w1 Z

‘/*ﬂwmvﬂw—ufﬂﬂE—Mm‘ (4.100)

We can easily show this by means of the contours in Figures 1 and 2. If we convert the

integral in Eq. (A.10a) into a contour integral by using Eq. (A.6), we get

<G%>Lﬁﬂ%aJE—a+aw%hw’ (4.11)

with the contour shown in Figure 1. Then, we make a change of variables from z to E — z

to get

1 1 ZB
<3E>“”Aﬁkwamﬂ—a+aw—Mw’ (4.12)

with the contour shown in Figure 2. Now we deform the contour Cy and write it as the
contour C3 plus the circle at infinity, while picking up the contributions from the residues

of the integrand. Note that the circle at infinity gives no result, so we have

<‘§§>“””“ﬂﬁéﬁka@w§E—w>+(‘5§>“”J@“)E@%%ﬁ5'
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1 . Zp Zp

The /Zp terms cancel, and the first two terms are Eq. (A.10b), by definition. Therefore,

Eq. (A.10a) is equal to Eq. (A.10b), and the identity is established.

We can similarly show that

lg (M) | 1 1
J o BFOVEa(E— N —vtie)
Z/du f P 1 1 - 1
la (@) ? B(E —p)(E—p—v+ie) o(E—-v)3(v)
+ Zp - Zp . (A14)

B(E—-Mp)(E—Mp—v+ie) «(E—Mp)(E—Mp—w+tie)

Using Eqgs. (A.7), (A.8), and (A.10) we can get another useful formula

[ an L0ls (2 -

o () PIF (B =) P
B =2 (B,
(—2i) 3(E ~ M),

|9 (E — Mp) |*

L M)

la (B — Mp)|*

(A.15)

Finally, in Figure 3, we display the branch cuts and poles of ﬁ which are used in

showing the completeness of our solution set.
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Figure Captions
Figure 1. Contour for Eq. (A.10a)

Figure 2. Contour for Eq. (A.10b)

Figure 3. Contour for the function

1
v(z)"
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