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1. TLet f(x) be a function integrable in the sense of ILebesgue and
periodic with period 2=. Let

b (b, cos nx — a,, sin nx) (1-1)
%=1
be the conjugate series to the Fourier series corresponding to f (x).
It was shown® by Paley that the series (1-1) is summable (¢, 8) for
3 > 1 to the conjugate function

1 t
5 of g (£) cot 3 dat, (1-2)
provided the above integral exists, where
() = flx +1) —flx —1).
Later on, it was shown? by Dr. B. N. Prasad that the condition of the
existence of the integral (1-2) can be removed off and he proved that the
series (1-1) is summable (¢, 3) for § > 1 to the generalised integral

T
7;7}_/‘ ¥ (¢) cosec? ~dt, (1-3)

0

120] T

which integral may exist even if the integral (1-2) is divergent, provided
¥ ()

2 =0 (1-4)
or
o/’—l'%@l at =0 (), (1-5)
where
¢
¥ (1) =6/¢(z) at
1 Paley (2).
2 B. N. Prasad (4).
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The object of this paper is to prove that for the summability (¢, 8) for
8 > 1, of the series (1-1) even the conditions (1- 4) and (1-5) can be relaxed
and the theorem can be stated as follows:

THEOREM : T he conjugate series

o
2 (b, cos nx — a, sin nx)

n=1

is summable (c, d) for 8 > 1 to the sum

1 ¢ o
i Of ¥ (¢) cosec? 5 at,

at a point x, where this integral exists at least as a non-absolutely convergent
integral.

My thanks are due to Dr. B. N. Prasad for his keen mterest in the
preparation of this paper.

2. 'The Rieszian means being equivalent to Cesiro means, we shall use
the former in the present investigation and shall employ Young’s function®
and, in particular, its following properties :

If C, (¢) denote the Young’s function, then ‘

__® £ - # L
SO =mapl! ~ FToEEy F TG TIG I )

P =0 (2-1) %
Cp (u) = Ig‘;fl (1 — £)2-* cos ut dt, (-2) i
[ .
%, Cp () =Cpa (), (P 21), (2-3)
u?
Cot2 ) =pryp ~ G @ (2-4)
and
for large values of #,
Cow) =0(), (<2 (2-5)
Cp(u) =0 (w?~2), (p > 2) (2-6)

3. In what follows we shall require the following Lemmas :

Lemma 1. If p > 1, the funciion u=2 C,(u) is of bounded wvariation
in (0, o) and tends to zevo as u tends to infinity.4

3 F,. W. Hobson (1).
4 Young (5).
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Lemma 2. If p > 0, the function u=2 Cy(u) is of bounded variation in
every finite interval.s

Lemma 3. When f(x) is pemodw with period 2mw and integrable in the
sense of Lebesgue, then

= JoWdt= [(flx+0)—flx~tpa

1S a periodic function with period 2w and bounded.®
Lemma 4. If

()
2

0
1s convergent, then 1t 1s equivalent to the integral

1 7 t
- _/ ¥ () cosec? 5 dt,

3

provided
¥ (t) vs periodic.”
4. Proof of the Theorem : Working in Rieszian means, in order to prove
that the conjugate series (1-1) be summable (¢, §) for § > 1, we have to
show® that

_ I'(1+9) ./_ool]} (i) £=0+8) Cyup (1) di (4-1)

as w ~—>» oo,

Since & > 1, put 8 =1 + », where y > 0in (4-1). Then

o149 (@) = F(iﬂ)ofw ¥ (i) g4 Coyy (1) dt

by virtue of (2-4).

5 B. N. Prasad (3).
S B. N. Prasad (4).
7 B. N. Prasad (4).
8 B. N. Prasad (3).
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o
Lol o Integrating by parts, we get
(t . i _lleyrt 1—T(2 4 q) 041 C (t)}:'oo .}_17)5”(5) di |
S R A O ) N :
14
¥ (%)
r2 :
‘ + :"’)of " tz“’ 1 Cy (f) di
¢
w(l
I+ 7 (w) N
- DR [ 0 Cy ()
¥rom Lemma 3, ¥ (¢) being bounded in (0, eo),
]4im ’q:it'(‘t‘) == 0.
t=> o0

Also by virtue of Lemma 1, £~0+" C, 5 (¢) tends to 0 as £ —> co.

Therefore the expression within the square brackets vanishes when /= oo

Substituting the expansion of -+ Cy.y (¢) from (2 1) and taking into

] consideration that
¥ (0 =0,
we find that the expression within the square brackets also vanishes when
= 0.
“ Therefore
o tewy . e e Y(5)
I S _ < g " . .
wle) = D) AT [ e = G0
AR I3 + )T ( )
il e =04 Cpy (1) dt
L I
T =1, +_~;—@12—mp(3ﬂ+”)1 (4-2)

IR Let us now evaluate I,.

L, 279 ‘Fz(t

(wt) =7 Cy (wt) dt.

Now, since

is convergent, we may put
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where
Lim x (¢) =0.

t-—>0

Hence corresponding to an arbitrarily chosen small positive number e,
another positive number % can be found out such that

[X{#) | < e for0 <t gk

Iet us now divide the infinite interval (0, o) into two parts (0, &) and
(&, o).
£ o

I, = LW + 12(2) = / + /

0 R

Since P(¢) and C, (f) are bounded in (o0, o) by virtue of (2-5), we have

. M7 1
l Iz(z) l < (;'—,I{ BT7 (H

= 0 (1), as o —> oo,

where M is the maximum value of |¥ (1) - Cy (wt)| in (&, o), since k& is
independent of .

Now, since EUZ;@ is integrable and (fw)=" G, (wf) is of bounded variation

n (0, &) by virtue of Lemma 2, we have on integration by parts
12(1) == [ ( (U)t) -1 C'r) wi] -— /X { )_T) C'r) (wl)} di

&

— [x(t) 5 { "C()}dt.

0

1 d

L {(wt)‘"Cy,(wt)} l it
i

IO <0(l) +¢ f
=0+ eV w1, (i)}

= 0 (1), as w —> oo,

since e is arbitrarily small.

Therefore
Linl Iz = 0. (4:'3)

W > 0
Also, since I is obtained from I, by putting 1 + 5 for %, the relation
ILim I,=0 (4 -4)

Q) —>» o0
is a forttory satisfied.
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Hence, from (4-2), (4-3) and (4 -4), we have

e b e TR e e i i T H
e e e e e e . S R

Lim  o6y4y (w) =1 70 Ly dt _ %

w —> oo 70 2

1 7 t
= Of ¥ (1) cosec? 5 dt,

by virtue of Lemma 4.

S St g o et 5 i
™ S S PR ®

This completes the proof of the Theorem.
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