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1. INTRODUCTION

THE boundary layer on yawed infinite cylinder and on yawed infinite
flat plate was first studied by Sears.® It was shown that for an incompressible
flow over such a yawed body, the chordwise flow, both inside and outside
the boundary layer, is independent of the spanwise flow. This ° principle of
independence > introduced a considerable mathematical simplification. In
order to solve the problem by momentum integral method earlier workers
took both the boundary layer thicknesses 8, 8y for chordwise and spanwise
profiles to be the same, but greater accuracy is achieved by taking 8z, 8y, as
different as has been shown by Wild,2 Cooke,® and Wilkinson.4 They have
used the Pohlhausen technique assuming fourth degree profiles for the
spanwise and chordwise flows. Besides, following the usual pattern they
take only one boundary condition at the surface. An excellent review of

the literature on three-dimensional boundary layer is given in References (13)
and (14).

In the present paper we have considered the boundary layer on a yawed
semi-infinite plate for the main flows: Case 1 U=1—x, V= const.,
Case (i) U= 14 x, V = const. Following Bhatnagar and Jain,? we take
tvtro boundary conditions at the plate and compare the results of the chord-
wise flow by taking fourth, fifth and sixth degree profiles for (u/U). We
find that a fifth degree profile predicts the point of separation closer to that
predicted by Gortler’s new series for the chordwise flow U = 1 — x, and

a sixth degree profile gives better range of applicability for the chordwise
flow U=1 + x.

. For the calculatior} of spanwise flow we have taken the boundary layer
thicknesses for chorqwxse (3x) and spanwise (0y) flows as unequal.  We have
calculated the spanwise flow by assuming fourth, fifth and sixth degree profiles

ic:s (v/V). We have plotted the various flow characteristics against the
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chordwise distance in Figs. 1-8. In particular, we mention that for decele-
rating flow the x-component of the skin friction is less than its y-component
at all points on the plate and decreases more rapidly as we move down-
stream, as expected due to the separation in the chordwise flow. The
conclusion for the accelerating flow is in the reverse direction.
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Figc. 1. Boundary layer thickness against chord-wise distance.
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FiG, 2. Boundary layer thickness against chord-wise distance.
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Fi16. 3. Displacement thickness against chord-wise distance,
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F16. 4. Displacement thickness against chord-wise distance.

In Part B we discuss the effect of imposing suction and injection on the

boundary layer flows discussed in Part A. To simplify the analysis we have
represented the effect of suction or injection by a parameter M = wy8,/»

and considered only those normal suction or injection velocities w, which

conform to wy = L /5, (M = =+ 1), ie., the magnitude of the suction or

injection velocity is inversely proportional to the boundary layer thickness
i the chordwise direction.

The analysis piredicts that the suction increaées the skin friction for
both the accelerating and decelerating flows considered here. Further,
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Fic. 5. Momentum thickness against chord-wise distance.
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Fic. 6, Momentum thickness against chord-wise distance,
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2. EQUATIONS OF THE PROBLEM

The boundary layer equations for incompressible flow in three dimen-
sions ared:

du U w_ 1y 2%
us;C 'USE‘)*I—WDZ-—- p'a*;c"l“ Y 2.1)
W LY w _ 1y 2%
us—k*i-'v",é}'{"waz—- ;"B—j‘)"'}‘ V‘.(:)‘Ez (2"2)
w ., W oW

where
X, y are curvilinear orthogonal co-ordinates on the surface of the body,
z is the co-ordinate normal to the body,
P is pressure, u is coefficient of viscosity, p is density,
v is kinematic viscosity (u/p).

For a yawed wing of infinite span, all the variables are independent
of y and the equations reduce to

iU o _ 13y o%u :
W D% -
Y TV T Ve (2.5)
U, 0w

where x and y, in this case, are measured along chordwise and spanwise
directions respectively.

Boundary conditions are:

(@) u=v =w=0at z=0 (no suction or injection) 2.7)
u=v=0, w=w, at z=0 (in the presence of suction or
injection) 2.7)
Ny W ,
(11) u->U, a‘ézm-—*“w.mo a8 Z-—» 00 (28)
W 2 oo .
V>V, 2w T5E = =0  as ze» oo .89
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in the present paper we consider the following main flows: ,

Case ) U=1—x, V=const. _ (2.9
Case (ii)) U=1 -+ x, V = const. (2.10)
GOz integrating equation (2.4) and equation (2.5} w.r.t. z from 0 to o,
and O to &, respectively and using equations (2.6), 2.7, (2.8? we ge_t ‘the
momentum integral equations which include the terms for suction or injec-
tion as:
| 7] d_ g 5
d o TTTTS _ du '
£ f wdz — U2 f wds = U0z — wy () U — »(2) .11
[} 0
and
o3y : - N
d%f Ut —Vydz= — w, () V — » S%-)zao" (2.12)
0 . N
where
ox is the chordwise boundary layer thickness,_
dy is the spanwise boundary layer thickness,
and

wo (%) is the velocity normal to the surface which is negative for
suction and positive for injection. R

3. METHOD OF SOLUTION

We observe that equation (2.11) is the momentum integral equation for
2 two-dimensional case which can be integrated by assuming polynomial
expression for the velocity distribution (/U) in terms of the normal distance
ffum the wall, Krnowing the form of u, and assuming a polynomial expres-
sion for the velocity distribution (v/V) we integrate equation (2.12). Follow-

ing Bhatnagar and Jain, we evalpate the coefficients by taking two boundary
conditions on the surface, viz,, . '
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i , %u ]
O v+ (55)
= Wy (x) (-g»g) (in the presence of suction or
Ze=() . . ‘ L
injection)
= (no suction or injection) _
[ @31
%u
@ »(55),.,
d2%u . . f .
= wo () ( 55 e (in the presence of suction or
injection)
=0 (no suction or injection) J
for chordwise flow and
. b*v)
) V(b;:f o
v . .
= W, (X) (XE)Z (in the presence of suction or
: -0
injection)
=0 (no suction or injection)
(3.2)

@ ().,

2‘ . I
= W, (x) (%Z_?; )zno (in the presence of suction or

injection)
=0 (no suction or injection)
for the spanwise flow.
PART A

4. CHORDWISE Frow

First, we concentrate on the chordwise flow in the absence of suction
or injection and consider polynomial expressions for (u/U) of degrecs 4, 5
and 6 to examine which profile gives better agreement with the exact
results. We shall use the profile of this degree in Part B when we consider
suction or injection.
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(i) Fourth degree profile

Let
4
=1
where
=g @
X
From the boundary conditions (3.1) and (2.8) with wo = 0 we have
' N
alz_l\.r_g_ij; Qs = —-7; a;=0;
— ’5..2
a,:li.s_%; N:fo'. 4.2)
The equation (2.11) with (4.1) and w, = 0 reduces to-
aN _ 2 U’ 17N3 + 211N2 — 2002N -+ 7560 .3)
ax~ ~ °U 42N? + 33N — 812 ‘, ‘
which on integration gives
U

12.890365 — 4 In i = 3-193875 In (N + 19-5844)
0
+0:903062/n (N2—7-172635N--22-707053)

N — 3-586317
_ —1
0.670427 tan 3137731 (4.4)

where we have used the condition that N = 0 when x = 0.

For U=1—x, the point of separation is given by xs = 0-112 and
for U=1 + x, the range of applicability* is given by xz = 0-132.

(ii) Fifth degree profile
Let

B

u ‘ 8
ﬁ = as’?a: s

=3

* For definition refer to p. 7 in reference 3.




and

The
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3N + 20 20
a = 12 5

3N — 10 4 —N U’8p2
a, = — ;oag = -t N = vx
equation (2.11) with (4.5) and w, = 0 reduces to
dN _ _ U 1692N® + 39264N? — 662320 N + 3326400
U 2115N? 174500N — 124000 ~

Uy = — 5 ; dy=0

which on integration gives

U
3-889228 — In T,

= 0-802432 In (N + 35:-709317)

+ 0-223784 In (N2 — 12-503641N - 55-054385)

N — 6-251820
e . =1 . o s o .
0-122953 tan 37998749

assuming N =0 when x =0

For U =1 — x, the point of separation is given by xg

For U =1 + x, the range of applicability is given by x; =

(i) Sixth degree profile

Let
[]
u
U~ 2 ' agnz’
am]
where
Z
N = '8"; s
and
N+ 10
a:l:”'";*s:""‘”’; g ™= — 5 5 a3 =0;
BN a6 = N=D |
- U’8,.2
P

(4.6)

“4.7)

4.8)

= 0-127

0-087.

4.9)

4.10)
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The equation (2.11) with (4.9) and w, =0 reduces to o
(4.11)

dN _ U’ I68N® + 6288N? — 164532N + 1081080
dx — T U 210N 24 855N — 29550
which on integration gives
U
4-365268 — In T,
= 0803906 In (N + 56-702042)
-+ 0:223047 In (N2 — 19-27347IN + 113:487995)
— 0064675 tan-2 N — 9-636735 @12

6.373487

under the condition that N = 0 when x = 0. N
For U=1 — x, the point of separation is given by x; = 0136
For U=1 + x, the range of applicability is given by xz = 0:193.
To decide about the choice of the velocity profile we compare the pre-

dicted point of separation with the other known results in the following
table:—

Position
Name of the method of the point
of separation
Th. V. Karman and Millikan? .. 0-102
Howarth? .. . . 0-120
Meksyn? . . 3} 07124
Schlichting?® . .. .. 0-138 - 4.13)
Pohlhausen! .. .. .. 0-160
Gortler (New Series)!2 .. .. 0-126
Present ‘method :
Fourth degree profile .. 07112
Fifth degree profile .. .. 0-127
Sixth degree profile | :. .. 0 136 J
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From (4.13) it is evident that the present approach gives excellent results
for retarding flows with fifth degree proiile because in this case the position
of the point of separation is nearly the same as that predicted by Gortler’s
new Sseries. ‘

For accelerating flows we observe that the sixth degree profile has greater
range of applicability than the fourth or fifth degree profiles as shown by
the following table:—

) ]
) Range of
Name of the method applicability
Karman-Pohlhausen : '
Fourth degree profile . .. 0.164
Present method: P (4. 14)
Fourth degree profile .. .. 0 HBM B
Fifth degree profile . .. 0.087 o
Sixth degree profile .. .. 0.193

Hence, we conclude that a {ifth degree profile with two boundary condi-
tions on the plate gives better results for retarding flows and a sixth degree
profile with two boundary conditions on the plate gives better results 'l‘or
accelerating flows.

5. Seanwise Fiow
Case (a).—Fourth degree profile, for the cuses (2.9) and (2.10)
Let .

4
o
V= E r beny®
=1

where )
= Z
"7y‘ 5y G
From the boundary conditions (3.2) and (2.8") with w, = 0 we have
4
bi=33 be=0; by=0; b,=—1. (5.2
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For both the cases,
_ sy . . v
k(—- S;)> 1 and <1,
the equation (1.12), on using (3.1) reduces to the form

4 v

d
& (UFSg) = — 225 .

where

2, N-—12 N-—8 5N-—28
F=—%k-

k

and
F=—N+4k2—}-Ek3 N-—2

5.3

30 T 5k T sgmoma o for k> 1

. (5.4)

7 VD) —_ W k5, fOI' K < 1.

When k& > 1, the equation (5.3) with (4.3) reduces to
dk

AN = [2268 (25N® — 178N2 + 1190N — 7560) k® — 189 (9N

+ 900N® — 7330N2 + 36960N — 90720) &5 + 105 (IN
+ 800N® — 9642N? + 29824N — 2016) k* — (45N*
+ 3700N® — 30954N2 + 146720N — 211680) k]

X [2N (17N3® + 211N2 — 2002N —+ 7560)

X {2268%° + 105 (N — 8) k% — 4 (SN — 28))= .5

with £k = 1 when N = 0.

When k < 1, the equation (5.3) with (4.3) reduces to

dk

aN = [7560 (42N + 33N — 812) -+ 210 (ON* + S0ON®

— H82N? + 17920N + 30240) &3 — 135N (ON®

600N — 5194N + 22680) k* -+ 14 (IN* - 650N®

— 9550N® + 25060N — 15120) k] x [2N (17N® + 211N?
— 2002N +- 7560) {— 420 (N -+ 4) k2 -+ 405NK*

— TN — 2) k312
with k=1 when N =,

(5.6)

Near N =, (5-5) and (5.6) admit the following solutions :

k=1-0-031698N — 0-002712N2 -+ 0- 000891 N
— .., fork>1

-+ 0-000963N*

¢.7)
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and
k=1~ 0-031698N — 0-002712N? — 0-000659N?* — 0-000048N*
— ..., for k<1 (5.8)

We have calculated the starting values from (5.7) and (5.8) to perform
the numerical integration of (5.5) and (5.6) by Milne’s method.

From (5.7) and (5.8) we conclude that & > 1 for retarding flows and
k <1 for accelerating flows.

. Tables I and IT give the values of k for some selected values of N
for the two cases of the main flows which we have considered.

Case (i).—
U=1-—x V=const.; k> 1;
Case (ii).—
U=1+x, V=const, k< 1.
TaBLE I
-N= 0-1 0-2 0-3 04 | 06 0.8 1-0 2-0 3.0 &0

|
A= 1-0031 | 1-0062 | 1-0093 1'012311-0182 1-0240 | 1:0297 | 1-0571 | 1-0844 | 1-1131

TaABLE 11

+N= 01 0-2 l 0-3 0-4 0-6 0.8 ’ 1-0 2-0
k= 0.9968 | 0-9936 ] 0-9902 | 0-9868 | 0-9798 .| 0-9725 ‘ 0-9648 | 0-0188

In case (i) we have calculated the values upto N = -~ 4 only, as at this
value the chordwise flow undergoes separation.

Similazly in case (i) we have considered the values of N up to N =2
only in view of the range of applicability of the assumed profile for the
chordwise flow. '

Case (b): Fifth degree profile
For the case (i) U = 1 — x, V = const.
~We calculate the spanwise flow by assuming a fifth degree profile for

(@/V):
3
{_)_,= 2 ’ bl'rlllsa
"=y
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where

(.9

_{
Sy

and

bi=3: ba=0; b=0; by=—13; by=1. (5.10

Here the equation determining % is

g{; = [—~ 166320 (1269N3 — 15132N2 + 207160N — 1663200) &

+ 4158 (846N* + 159552N2 — 2344240N2 - 18265600N

— 66528000) k® — 330 (5940N - 106974N3 — 21398400N:
+ 104936000N — 20160000) &° + 220 (1269N¢ + 198720’
- — 3032136N? + 20769280N — 46569600 k2

— 27 (3807N* 4 591084N? — 9035880N2 - 61479200N

— 133056000) k] X [4 (423N* + 9816N? — 165580N?
+ 831600N) {— 166320k® — 330 (15N — 200) k¢
+ 880 (3N — 28) k& — 135 (ON — SO)JL. (5.10)
As in case (@), here also k> 1 and & = 1 when N = 0.

‘Table HI gives the values of % for some chosen values of N
from N=0 to N= —6-6 as in the present case separation takes place
at N = — 20/3.

TABLE III

| [

| { | "
—N~01;021 03?04%06!08[ 1-0 | 2-0 3-0‘4-0

£=1-0014 | 1-0029 1-0043 | | 10057 l 1-0086 t 1-0114 |1 0142 1-0280 1-04‘.‘0'1-0564

50 | 60 | 040

10715 | 1-087) 105,
l N

%
Case (c). Sixth degree profile
Forthecase (i), U=1+ x, V = const., we assume

»
v= Z , bsmy®
=1 L
with ' -
z
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and
by=2; by=0; by=0; by=—5; by=6; by=—2. (5.13)

The ‘differential equation for k ‘takes the form:

9 — 45 (126N* + 2825IN? — 697524N* + 5919180N

— 10810800) k* — 780 (42N* 4 9333NS$ — 230982N?
+ 1937916N — 3243240) k7 + 1456 (42N* -+ 9207N?
— 228693N? 4 1885200N — 2702700) kS
— 3575 (42N* + 8577N*® — 217248N2 + 1621620N) k¢
+ 4290 (42N* - 7317N? — 194358N? - 1094460N
.f + 5405400) & + 3603600 (42N? + 171N — 5910)]
X [4 (42N* 4 1572N° — 41133N2 - 270270N)
X {— 315 (3N — 20) k7 - 4680 (N — 6) k®
— 7280 (N — 5) k® -1 10725Nk® — 8580 (N + 10) k2],
(5.14)

In the present case k < 1 and the starting value is £ == 1 when N == 0.
The variations of k& with N at chosen values of N are recorded in Table IV
upto N = 5 taking into considerations the range of applicability of the
chordwise flow.

TABLE IV

IN= 0-1 0-2 ( 0-3 l 04 l 06 ’ 0-8 l 1-0 | 20 i 30 ’ 40 | 60
#=0-9993 | 09985 | 0-9973 { 0-9970 10-9955,‘0-9040!0-9925 0-984.8‘0'9760'0-9673 04060,

R e R, R C R DR O S s

6. CHARACTERISTICS OF Frow

We give below the characteristics of flow for the cases (b) and (¢) con-
sidered in § 5. .

Case (®) Roatarding Flow:

Boundary layer thickness:

& N
S AT =k 6
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Skin friction: _ }

=°,Z‘/"““U_1_2"" N’ Ty"‘p‘/v“yc'\/N' :

| 6.2
Displacement thickness: -
52* 20— N /N S* k N 3
Dz—vv 60 UI > Dy -—7~ ——gdU—; (6.3)
Momentum thickness:
© g = =% _ 124000 — 1500N — 423N? :
2=V T 997920 \/ U i

775 64

= y i
b= = kAT 5 P

These characteristics have been plotted agamst the ChOI'dWISe dlstance
in Figs. 1, 3, 5, 7. ‘ :

Case (c) Accelerating Flow: : % |

Boundary layer thickness:
8z /N

Ty = AT Sy =k (6.5)
Skin friction:

x p'\/v U 3 N Ty_#»\/v 7 N.(6.6)
Displacement thickness-

* _30-N /N sy* _ 2k N
Pe=0="5 AT+ Dy =2 = F\ o 6.7

Momentum thickness:

Oy = 9z* _ 98500 — 950 N — 302N2 /N
900900 U

Ve

By* 985 k /J
T

hese ‘-"hamﬂexlstlcs have bee 1 . . .
in Figs. 2, 4, ¢, 8. I plotted against the chordwise distance

6.5)
By

I
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We note the following important conclusions :—

Decelerating Flow:

(i) The ratio 95/8y changes by about 10 per cent. as we go from the
leading edge to a distance x = 0-1266 downstream along the
plate.

(if) Ty > Ty at all points. Besides, T, decreases more slowly than
T, as we go downstream.

(iii) Dz > Dy at all points and further D, increases more rapidly than
Dy as we go downstream.

(iv) 8y > 0z at all points and 6y increases more rapidly than 0 as we
go downstream.

Accelerating Flow:

(i) The ratio Oy/8z changes by about 6 per cent. a§ we go from the
leading edge to a distance x = 0-1928. ‘

(i) Ty < Tz at all points and Ty decreases more slowly than Ty as we
go downstream. .

(iii) Dy < Dy at all points and D, increases more slowly than Dy as
we go downstream.

@iv) 0 < 8, at all points and 6, increases more slowly than 6, as we
go downstream.

Finally it is interesting to compare the characteristics of decelerating
and accelerating flows:—

(i) The variation in %k is mere-pronounced in decelerating flow than
in accelerating flow.

(i) The chordwise skin friction is less than the ‘spanwise skin friction
for decelerating flow whereas the conclusion is reversed for
accelerating flow.

(iif) The chordwise displacement thickness is greater than the spanwise
displacement thickness for decelerating flow and is less for
accelerating flow.

(iv) The spanwise momentum thickness is greater than the chordwise
momentum thickness in both the cases.
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PART B

In this part we study the effect of suction or injection on the yawed

infinite plate with main flows, U=1—2x, V=const. and U =1 +x,.

V = const. Here again we use a fifth degree profile for the decelerating
flow and a sixth degree profile for the accelerating flow and integrate the
equations for two values of the suction or injection parameter

M(=20) - 1y

7. RETARDING FrLow
U=1—2x V=const.
{a) Chordwise Flow:
Let

&

od ‘ s
’C{f = Cs"?:n ]

=1

where

=g . : (7.1
From the boundary conditions (3.1) and (2.8) we have

6=CFMNL6 30M—13N
1 D s 82~—~— Dw,

- (7.2

C‘___@N"ISM-""SM-%—(ISN-—-GO) )
D ’

aﬁ;.w*%%z-(ss-m

J
where
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() Suction with M = — 1:

The equation (2.11) with the hélp of (7.1) reduces to

dN _ U’532N® 4 12978N2 —

78N2 — 140742N + 620928
ax U 655N® - 2457 N — 39960

~hich on integration gives

3.791124~—ln%

0

= 0-812303 In (N + 33-370561)

+ 0-218848 In (N> — 8-975824N - 34.975659)

— 0-190143 tan N — 4-487912

3-851533
under the condition that N = 0 when x = 0

Point of separation:
N=—7-5 x; =0-181
(i) Injection with M = + 1:

The equation (2.11) with (7.1) reduces to
dN _ U’ 10324N® + 233046N? — S5761470N - 33790680
dx U

12905N? |- 7425N = 922350
which on integration gives

3.989323 — ;z Y

ez

Uo
= 0.794314 ln (N 4 39-023353)

+ 0227843 In (N2 — 16-450126N - 83-873398)
N — 8-225063
—0- am-l 2000
| 0:061722 tan 403762
taking N = O when x.== 0,

~ Point of separation :

N = — 6, x; =0-0914.

(7.3)

(7.4)

(7.5)

(7.6)

(7.7)

(7.8)

167
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(b) Spawnise Flow:
Let

. .

) 2 Y ,

V = ds”?vs 3
=1

where
z
ny = -8; (7'9)
and
60 30k k*M?
h=5; d=20M, 4 0KM,
— 15k3M2 — 45kM — 60
d4 = D ; r (7" 10)
d = 6k®M? <4~ 24kM + 36
° D
where
_ %
k=%
and

D =k™2 +'9kM -+ 36
@) Suction with M = — 1:

The equation (2.12) with the help of (7.9) reduces to

(532N¢ +- 12978N® — 140742N2 - 620928N) [(7k* — 54k + 180)
X {1164240K* 4- (6930N—2640330) &7 — (62370N — 5717250) k¢
T (249480N — 4241160) &° — (113850N — 1311750) k*
— (825N — 9405) k® — (15525N — 113565) k°
 (23820N —173100) k — (7020N —48780)} — (k* — 9k - 36k)
X {9313920k" + (48510N — 18482310) 4¢ — (374220N
— 34303500) &° +- (1447400N — 21205800) — (455400N
— S247800) k* — (2475N — 28215) k2 — (31050N — 227130) k

+ (23820N — 173100)}] %
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= — (399N3 — 4042N?2 + 37611N — 310464) (k3 — 9k? + 36k)

X [1164240k® + (6930N — 2640330) k? — (62370N —5717250) k°

+ (249480N — 4241160) k5 — (113850N — 1311750) k*

— (825N — 9405) k3 — (15525N — 113565) k2 4 (23820N

— 173100) k& — (7020N — 48780)] -+ (532N* + 12978N3

— 140742N® + 620928N) (k3 — 9k2 + 36k) [6930k” — 62370%"

+ 249480k° — 113850k* — 825k® — 15525k2 -+ 23820k — 7020]

— 388080 (655N2 + 2457N — 32760) (k* — 9k* 4- 36k — 60)

X (k7 — 9k® + 36Kk°). (7.11)
for k> 1; and the starting value is k = | when N = 0,

Table V gives the values of k for some chosen values of N from
N =0to N= — 7-5, where the chordwise flow undergoes separation :

TABLE V

-N= 01 ] 0:2 0-3 J 0-4 0-6 l 0-8 1-0 ’ 240 340 ’ 4.0

1-0173 l 1-0323 | 1-0460 1—1.10589

.

£=1.0019] 1-0037 1-0055{1-0073 1‘010711-0140 s e

-0836]1-0958‘ 1-1019

s s,

1-0713

=

|
_ 60 / 640 ) 7.0 |1 75,
i

(i) Injection with M = + 1:

The equation (2.12) with (7.9) reduces to

(10324N" - 233046N* — S761470N? + 33790680N) [(7k* - 34/ - 180)
X {318780K? -+ (9702N + 2321550) k™ +- (87318N - 5592510) 4°
+ (34925IN — §232840) k° — (265650N — 4136550) ks
+ (7095N — 82665) k° - (19539N ~ 228525) &2 + (21306
— 252780) k — (10476N — 116820)} — (k* + 9%2 . 363,
X {2550240k7 +- (67914N + 16250850) kS -i- (523008
+ 33555060) &° + (1746255N — 41164200) k% — (1062600N
— 16546200) k* - (21285N — 247995) k% -1 (39078N

— 457050) k + (21396N — 252780)}] %’%

= — (7743N? — 109098N2+ 1958385N - 16895340) (k*--9k2 - 36k)

X [318780k® 4 (9702N - 2321550) /7 -+ (87318N -+ 5592510) k¢
A4
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( 349251N — 8232840) k> — (265650\1 — 4136550) k"
~— (T095N — 82665) k® + (19539N — 228525) k2 + (21396N
— 252780) k — (10476N — 116820)] (10324N% - 233046N3
— 5T61470N2 +33790680N) (k3 - Qk’ 36k) [9702k7 4- 87318k¢
— 349251k> — 265650k* -~ 7095k% + 19539%2 - 21396/ — 10476)
637560 (12905N? - T425N — 922350) (k* + 9k* + 36k +60) |
2 (K7 - kS - 36k3) 12
for k> 1. and with k = | when N =0 as the starting value.

Table VI gives the variations of k& with N for some chosen
values of N from N =0 to N = — 6 where the chordw1se flow undergoes

separation ;
TABLE VI
=N g 02 Bl ey 0-6 g 0-8 -0 1 20 4 3.0 ' £0 | 50 , 80§
f LN L2 10036 1-0048 1. 00“9? 1-0096 | 1- 0120 1-0239 ‘ 10360 ' 1-0484 | 1-0613 ’ 1.0%4! §
8. ACCELERATING FLOW =
U=1-+x V=const. 7 7" | o i
(a) Chordwise Flow- ’ % '
Let ’ ’ , - %
= Csig” - Q
where ‘ . | | | “j
¥ T i . . .
From the boundary conditions (3.1) and (2.8) we have
(=UE"MN-120 300M_N)
D 2 Oy = D E
D ]
oS (—60 — 12N — 36M 4MN — 9Me
£y e mm]j — DAY 9 M ) ; E (8‘ 2)

¢, = 3120 — 20N 643{——31\41\ 1M

Go= (5120 - 18N — 60M — qmN — 10M2)
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where

D=M2+12M+60; Mx.’fgjiz:- N=:U'8‘”= S

’

v

Here also we consider the two cases,

one for suction ‘correspondi'ng to
M = —1 and the other for injection corresponding to M = - 1.

@) Suction with M= — | :

The equation (2.11) with the help of (8.1) reduces to

dN _ U’ 62048N3 + 2373420N% — 42135696N - 250738488
dc U TT560N? - 455742N — 0218160

o (8.3
which on integration gives B
= 0-812403 In (N + 52-617089)
+ 0-218798 In (N2 — 14-365735N + 76-800911)

N — 7-182867
— . “'1 1 bt ey sttt
0-172510 tan 5-07069 8.4)
taking N =0 when x = 0.

The range of the applicability of the profile,
Xp = 0'255-

(8.5)
(i) Injection with M= + 1 -

The equation (2.11) with (8.1) reduces to

dN _ _ U 101696N® - 3771444Nz — 133273152N +- 1015422408
dx — U [27120N® + 291906N = 21292560~~~

8.6)
which on integration gives

B U
4:465627 — In U,
= 0-798063 In (N + 61- 175531)
+ 0-225968 /n (N2—24090061N - 163-216998)

N — 12-045035 | )
e ) —L A e
0025404 tan~* = 559413 (8.7)
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under .thé condition that N = 0 when x = 0. . %
The range of applicability of the profile, \
Cga= 071273, " | | Gy |

(b) Spanwise Flow:
Let

B, <l e
=
-3
Cor
AR S

=1
where
"= 9 |
and »

2120 GORM . . 20kme
Cdy=

D > D *® %=—p ;

4 _ —45kME — 180KM — 300
gy = - b : :
5 _ 36KTM? -+ 192KM + 360 |
5 T D ;
g — = 10k°M2 — 60kM — 120
d, =

D
where

D = E™M? + 12kM + 60; k = 3¢
‘ X

() Suction with M = — 1:
The equétion (2.12) with (8.9) reduces to

(62048N* - 2373420N°® — 42135696N? - 250738488N)
# [(8k? — 84k + 360) {(18018N -+ 1297296) k5 — (216216N
- 15567552) k* +- {1081080N + 77837760) k¢ — (556842N
-+~ 69768270) & - (23985N + 15618798) k¢ — (106704N
. T 72953712) k® -+ (219093N+162514800) k2 — (118350N ;
— 119809440) k - (21420N - 30048480)} — (kS — 12k2 + 60K) |.
. % {(144144N - 10378368) &” — (1513512N - 108972864) &S
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+ (6486480N + 467026560) k° — (278410N -+ 348841350) 4
 (93940N -+ 62475192) k* — (320112N + 218861136) k*
+ (438186N + 325029600) & — (1]8350N+119809440) ]

. dk
< AN

= — (46536N"* — 730968N2 - 11849688N —- 125369244)

X [(I80I8N -+ 1297296) k® — (216216N"+ 15567552) k”
+ (1081080N -+ 77837760) k* — (556842N -+ 69768270) k*
+ (23985N + 15618798) k* — (106704N - 72953712) 3
+ (219093N -+ 162514800) k* — (118350N - 119809440) &
+ (21420N + 30048480)] (k® ~ 12k2 -+ 60K) - (62048 N
+ 2373420N® — 42135696N2 + 250738488N) [18018k*
— 216216k7 -+ 1081080k* — 556842k° -+ 23985k% — 106704k
+ 219093k* — 118350k -+ 21420] (K* — 12k* + 60K)
— 1765764 (77560N* +- 455742N — 9218160) (k* — 12k®
+ 60k — 120) (k% — 12k7 + 60KS), (8.11)

for k < 1 and the starting value is ¥ = | when N = 0.

The solution of this equation is presented in Table VII for some chosen
values of N from N = 0 to N = 5, taking into consideration the
range of applicability of the chordwise profile. :

TABLE VII
’ l T
N= 01 |02 03 | 04 | 05 | 0 20]':0 40 | 5
B = 09988 |0-9978 | 0- 9964!0 qgsof 027 | 0- 9902!0 987('[0 9727{0 9575!0 9381 | 0-9141
e ,.‘wu ]

(ii) Injection with M= -|-1 :

The equation (2. 12) with the hel p of (8.9) reduces to
(101696N* - 377144N> -~ 133273152N - -+ 1015422408 N)

X [(8k® + 84k + 360) {(23166N - 1832688) A% -1 (277992N
-+ 21992256) k7 - (1389960N - 109961280) k5 — (1078506N
-+ 199086030) £° -~ (32175N -- 23133006) k* - (114192N
-+ 76982256) k* 4 (139539N - 75008304) k2 — (130590N
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|+ 133175520) k + (28980N -+ 44644320)} — (K* -+ 124° + 60K
X {(185328N + 14661504) k7 - (1945944N + 153945792 k¢ ||
+ (11119680N - 659767680) k5 — (5392530N + 995430150) Kt |

+ (128700N + 92532024) k? + (342576N - 230946768) k®

+ (279078N -+ 150016608) k — (130590N + 133175520)]

&
dN

X

= — (T6272NS. - 1593816N* 4+ 45344016N — 507711204)

X (6 + 12k2 + 60k) [(23166N -+ 1832688) & -+ (277992N
+ 21992256) k7 + (1389960N + 109961280) &* — (1078506N

¥ 4 199086030) &5 - (32175N - 23133006) k# - (114192N
+ 76982256) k* + (139539N + 75008304) k* — (130590N

++ 133175520) & + (28980N -+ 44644320)] -+ (101696N"*
+ 3771444N° — 133273152N? -+ 1015422408N) (k° + 12k*
+ 60k) [23166K® + 277992k7 ++ 1389960kE — 1078506k
+ 32175K* + 114192k° + 139539k — 130590k -+ 28980]
+ 2630628 (127120N2 + 291906N — 21292560) (k? -+ 12k*
+ 60k + 120) (K + 1247+ 60k9) . (8.12)
for k<1, and the starting value is k = 1 when N =0.

The solution of the equation' is- presented in Table VII for
some chosen values of N fronN=0to N = 4-4, taking into considerations
the range of applicability of the chordwise profile.

TABLE VIII
i ﬂ : ;
N= 01 | o2 ‘ 03 | 04 06 | 08 | 1.0 | 2-0 f 3.0 1 40 | 4-4
= 0-9994‘%_&998& 0—998310-9978}!_0-9967 0-9956 |0-9945 | 0-9892 0-9761

| 0-9838 [ 0-9784
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(a) Retmdmg Flow
" () Suction with M = - |:
Bound‘;u'y I yer thickness:

&, N . .
Vv =AU =Sy

9.1)
Skin friction :
eI ey NS U v
Tes Vv =U 5y N Ty et A/ N 02
Displacement thickness:
oz* 17— N /N Sy* 17k N
I-)'r Vv 56 h IJL}I ] Dy i \/V o 5..6, \’ U; . (9.3)

Momentum thickness :

g o 02* _ 32760 — BI9N -
€L e wEm B—-.

e BT I VA VL

by B0 ST N
T Vv T 271656 A U

i) Injection with M = - 1:
Boundary layer thickness:
Sg N

1/1/ “[]‘-, ’ by = ko;c.

Skin friction:

o

rx‘a;:szf.\/,,m SN |“' - 30

fy g Ve VAR
Displacement thickness:

D, Y« 165 7N
MRV 460 \/ U

Momentum thickness :

g . =% 922350 — 2475N
QA

A2 7331940
- f)y 922350 N
Vv = 7331940 ¥ A/ U

- 133N /N

0.9

(9.5)

U’
N’

©.6)
Oy 33/‘ “
Dy \/ g @D

----- 258N N 2
\/ y 9.8)

poe
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The flow characteristics given above have been plotted in Figs. 1, 3, 5, 7.
(b) Accelerating Flow :

(i) Suction with M = — 1:

Boundary layer thickness:
8¢ _ [N | — 9.9
Fo=Ag s =k ©.9)
Skin friction:
Ty 1IN 4120 JU’
=LV U NN

120 . /U 9.10)
\/ = 0N N - ©.10)

, Displacement thickness:

ot 26—N N . 8y 13k

Momentum thickness:

f=* _ 9218160 — 151914N — 15512N2 /N
86522436 U’ ©9.12)

_ 9218160 «/ ' S
= 86522436 U | ‘
@) Injection with M = -+ 1:

| Boundary layer thickness:

%: %I_ Sy = kSp. (9.13)

©.11)

8

0z

!
I

>
2
* o«

by

f

<l

Skin friction :

Tp=72 =y BN+ 120 /U

n 73 N

Ty =y = _gg g | 9.14)

Dlsplacement thickness:

2 _%* 310—9N /N oy* _ 155k /N
= b\ B S S =Y = 20t [ :
§ Dz v’v 1022 '\/U Dy VA ¥ \/U" G-1)
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Momentum thickness:

5. — Oz* _ 21292560 — 97302N — 25424N? \/g’_

2= 192035844 U ©.16)
6, = fy* _ 21292560 , /N ' '
V= T 192035844 \/ U

The above flow characteristics have been plotted in Figs. 2, 4, 6, 8.
We shall now note some important conclusions:
(a) Decelerating Flow:

(1) Suction shifts the point of separation away from the leading edge
and injection shifts it towards the leading edge, as is evident from the com-
parison table given below:

M 0 -1 +1 !

Xe 0.127 0.181 0.0914 - )

(ii) Suction increases the ratio k of the two boundary layer thicknesses
and the skin friction, whereas injection decreases them.

(i) Suction decreases the displacement and momentum thicknesses,
and injection increases them.

(b) Accelerating Flow :

(i) Suction increases the range of applicability, whereas injection decreases
it as is shown by the following comparison table:

MJ 0 -1

L

e | 0.193 | 0.278 } 0.127 ’
(ii) Suction decreases the ratio 4 and the displacement and momentum
thicknesses, whereas injection increases them.

(ii) Suction increases the skin friction whereas injection decreases it.

10. ConcLusioN

In Part A we observe that a fifth degree profile predicts the point of
separation closer than that predicted by Gortler’s new series method for
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the chordwise retarding flow and a sixth degree profile gives a better range
of applicability for the spanwise accelerating ‘flow. We calculate the span-
wise flow by ‘taking a profile of the same degree for the corresponding case
and by taking 8, and 8y different. We also note that for the decelerating
flow the chordwise component of the skin friction is less than the spanwise
component at all points of thé plate and decreases more rapidly as we move
downstream, as expected due to the separation in the chordwise flow. This
. conclusion is reversed for the accelerating flow. Since no exact solutions
are available for the spanwise flow, it is hoped that the present approach
gives good results as it works successfully for the.chordwise flow.

In Part B we have studied the effect of suction or injection. We nole
that suction delays separation for the decelerating flow but increases the
applicability of the profile for the accelerating flow. Besides, suction
increases skin friction for both the accelerating and the decelerating flows,
while the injection has the opposite effect.

11. SuMmMARY

We have considered the boundary layer on a yawed semi-infinite plate
for the main velocity distributions U = 1 — X, V=const. and U'=1 +
V =tonst. We have followed the Pohlhausen technique for the study of
.. both spanwise and chordwise flows. We have compared the flow cha-

Tacteristics for the fourth, fifth and sixth degree velocity profiles in the
absence of suction or injection to study their applicability: ‘We find that
a fifth degree profile for the chordwise velocity predicts the point of sepa-
ration closer to that predicted by Gértler’s exact solution for the retarding
flow, while a sixth degree profile gives a greater range of applicability of the
- solution for an accelerating flow than the other profiles. We have used

these chordwise profiles in the study of the spanwise flow also assuming
the same degree profile for the spanwise velocity. In Part B we have applied
2 normal suction or injection and its effect is represented by the parameter
M = wz/v. We have studied cnly one case for injection (M = 1) and

one case for suction (M = — 1) using a fifth degree profile for the retarding
flow and a sixth degree profile for the accelerating flow.

In particular, we mention the following :—

(i) We have taken the boung i :
- . ary layer thicknesses 8, §, different and
solved the highly non-linear- N

ordinary differential equations for & = Sy/Sz, |
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.. (1) We have taken two boundary conditions for both the chordwise
and spanwise velocities on the plate following the suggestion of Bhatnagar
.and Jain.

Among .the conclusions the following are worth mentioning :—

(@) Suction delays the separation in the decelerating flow and iﬁéreases
the range of applicability of the profile for the accelerating ﬂow,

. () Suction increases the skin friction for both the acceleratmg and
decelerating flows considered here.

12. ACKNOWLEDGEMENT

The authors are grateful to the authorities of the Hmdustan Aircraft
Ltd., Bangalore, for kindly arranging the integration of the euhatlons (7.11),
(7.12), (8. 11) and (8. 12) on their digital Computer )

13. REFERENCES

1. Sears, W.R. .. ““The boundary layer of yawed cylinders,” J. dero Sci,, 1948,
15, 49.
2. Wild, ). M. .. “The boundary Jayer of yawed infinite wings,”’ 1bid., 1949,
16, 41,
. 3. Cooke,J.C. - .. ‘‘Pohlhausen’s method for three-dimensional laminar boundary

layers,” Adero Quart,, 1951, 3, 51.

4.  Wilkinson, J. .. ‘“Some examples of three dimensional effects in boundary
layer flow,” Ibid,, 1954, 5, 73,

5. Jain, A.C. and Bhatnagar, “On mcompxea,lble boundary layer with pressure gradient
P. L. and with or without suction,” Z.A.M. M., 1962, 42, 1;
: See also Howarth, L., “On the calculation of steady flow in
the boundary laycr near the surface of the cylinder,”
R and M British A.R.C. No. 1632:

- Paul Tarda, T.“Boundary layer control by continuous

surface suction or injection,”™ J. Math. Phys., 1952,

s 206,
6. Howarth, L. .. “*The boundary layer in Llu‘cu-dimensimwl flow. Part I,
Phil. Mag., 1951, 42.(7), 2
7. Von Karman, Th. and . “QOn the theoxy of laminar boundary layer separation,™
Millikhan, C. B. - N.A.C.A4, Report No, 504, 1934,
8. Howarth, L. .. ‘“On the solution of the laminar boundary layer equations,”

Proc. Roy. Soc., 1938, 164 A, 547.

9. Mzksyn, D, “Intcgratmn of the laminar boundary Iayer equations. Il
Retarded flow along a semi-infinite plane,” 1bid., 1950,
301 279, ‘




180

10,
11,
12,

13,

14,

G. C

H. Schlichting, A, Ulrich. .

Pohlhausen, K.
Gortler, H.
Lachmann, G. V., (Ed.)

Cooke, J. C,

AHUJA AND P. L. BHATNAGAR

“Zur Berchnung der Umschlages laminar-turbulent,** Jaks-
buch d. dr. ulft fahrtfmschzmg, 1942 18

** Zur naherungsweisen Integranon der dlfferennalglexchung der
laminaren Reibungsschicht,”” Z.A4.M. M., 1921, 1, 252,

A new series for the calculations of steady laminar boundary
iayer flows,” J. Math. and Meah., 1957, 6, 1.

Boundary Laver and Flow Control, ’Pergé.mon Press,
- 1961, 2, o

“Three-dimensional boundal y layer, ** Advances in Aeronaufical
Sciences, 1961,




