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Abstract. We considerthegeometricalpropertiesof a distribution of matterevolving undergrav-
itational clustering. Sucha distribution canbe studiedusingstandardstatisticalindicatorssuchas
thecorrelationfunctionaswell asgeometricaldescriptorssensitive to ‘connectedness’suchasper-
colationanalysisandMinkowski functionals.Applying thesemethodsto � -body simulationsand
galaxycatalogueswe find that the filling factorat the percolationthresholdis usually very small
reflectingthefactthattheUniverseconsistsof a network of filamentsandpancakes,thelatterbeing
statisticallymoreprominent.
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1. Intr oduction

Theclusteringof galaxieswaswell establishedalreadyby theearly1970’smainly dueto
the pioneeringwork of Totsuji andKihara [1] andPeebles[2] who showed that the two-
point correlationfunction for galaxieshada distinctive power law form �������
	��
����� � on
scaleslessthan10h ��� Mpc. However, thetwo point functiondoesnotprovideacomplete
descriptionof clustering. This is due to the fact that ������� and ������������� ��� � !�" form a
fourier transformpair. In the linear regime, assumingthat densityperturbationsevolve
from Gaussianinitial conditions,���#��� (andhence���$�%� ) providesa completedescription
of clusteringsincethephases& � in thefourierexpansion�('*)%'+	-,+� �/.10*2 ��34�657�98�:�� , � � �� � � � .;0*2 ��3<& � � areuniformly randomon =(>�?A@�BDC . However, asclusteringadvancesinto the
nonlinearregime,thephases& � becomecorrelatedleadingultimately to theformationof
filaments,pancakesandvoids– whicharethehallmarksof theevolvedlargescalestructure
of the Universewe seetoday. Sincethe phases&%� arethemselvesnot representedin the
statistic� , thelatterprovidesuswith anincompletethoughrobustmeasureof clustering.

It thereforebecomesimportantto complementtraditionalmeasuresof clustering,such
as � with statisticalmeasureswhicharemoresensitiveto thegeometryof adistributionand
the‘connectedness’of matteroverlargescales.Historically thefirst measureattemptingto
quantify themorphologyof largescalestructurewaspercolationanalysisadaptedto cos-
mologyin theearly1980’sby Zeldovich [3] andShandarin[4]. Thiswassoonfollowedby
thegenuscharacteristicandminimal spanningtrees(seeSahniandColes[5] for a review
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andreferences).More recentlya powerful meansof studyingthe geometricalproperties
of large scalestructurehasemergedin the form of Minkowski functionals(MF) which
includebothpercolationandgenuscurvesasa subclass.

2. Percolation analysis

Percolationanalysisattemptsto quantifytheconnectednessof adistributionby examining
its filling factorat differentdensitythresholds.For instancewhenappliedto a smoothed
densitydistribution (constructedfrom N-bodysimulationsor galaxysurveys)a goodindi-
cationof percolationis providedby examiningthevolumefractionin thelargestcluster–
equivalently its filling factor E
E/F – asa function of the total filling factor. (The filling
factorof a distribution at a given thresholdis the volumefraction in regionsabove that
threshold,E
EG� , FH ���#���48�� ). In the caseof the largestcluster, E
EDF is definedasthe
ratio of thevolumein thelargestclusterto thetotal volumeoccupiedby all clusterslying
above a specifiedthreshold.At very high valuesof the threshold‘ � ’ both E
E and E
EDF
aresmall,sinceonly a smallnumberof very denseclusterslie abovea high thresholdand
thescatterin theirsizesis usuallysmall.Howeveras � is reducedthetotal E
E increasesas
doesE
E F indicatingthatmany moreclusterslie above thenew thresholdandthatsome
of themhave mergedleadingto anincreasein thesizeof the largestcluster. On reducing
thevalueof � furtherwe find thata critical value E
EDI is reachedat which E
E F increases
dramatically, indicatingthe onsetof percolationin the largestclusterwhich at this point,
spansthe entiresurvey region. The valueof E
E I aswell as the full percolationcurve
shown in [6] provide uswith very usefulinformationaboutthegeometricalpropertiesof
thedistributionsuchasits largescale‘connectedness’etc.

Examiningpercolationin gravitationalN-bodysimulationswefind that E
E I usuallyde-
creaseswith time,asthedistributionevolvesundergravitationalinstability. For CDM-type
modelsevolving from Gausianinitial conditions,thevalueof E
E I todaycanbeassmall
as0.05,which is muchsmallerthanthevalue E
E/JLKM>�NPO�Q for theoriginal Gaussianran-
domfield. This resultindicatesthat theevolveddistribution is significantlynon-Gaussian
andthatat the thresholdof percolation,its mostdensefeaturesoccupy a relatively small
volume,suggestingthatthelargestelementsin thedistributionaremorelikely to beoblate
or prolate. A distribution whoseoverdenseregions percolatemore easily than random
(i.e. E
E ISR E
E J ) is called network like, in order to emphasiseits ‘stringy’ features.
(Occasionallyonefinds that E
E IUT E
E J , in which caseoverdenseregionspercolateat
significantlylower densitythresholdsthangaussian.This difficulty in percolationis asso-
ciatedwith aclumpy massdistributiongastronomicallyreferredto asa‘meatball’ topology
or perhapsmoreappropriately, a ‘vada-sambar’topology, in which an isolatedoverdense
region is a ‘vada’submergedin a percolatingunderdenseregion– ‘sambar’.)

Distributionsevolving undergravitationalinstabilityalsoshow anotherinterestingprop-
erty: whena similar analysisis carriedout for underdenseregions(voids)onefinds that
insteadof beingsmall,thecritical filling factoris now largesothat E
EWV T E
E/J for voids.
Voidsthereforepossessa ‘bubble-like’ topologyin which isolatedvoids(bubbles,because
they areunderdense)aresurroundedby apercolatingoverdensephase.For moderateden-
sity thresholdsbothoverdenseandunderdenseregionspercolateandthis phaseis referred
to asbeing‘sponge-like’. In figure 1 we show the evolution of the percolationcurve forX

-bodysimulationswith power law initial spectra.We find thatpercolationtransitionis
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Figure1. Percolationcurvesareshown for an � -bodysimulationevolving undergrav-
itational instability from Gaussianinitial conditionswith a scalefree initial spectrumY[Z�\^]`_a\cb

, d _fehg�ijelk�iAenmoi9p
. Thecosmologicalepochincreasesfrom topto bottom

andtheprimordialspectrumincreasesfrom left to right. Thedottedline correspondstoqsr
, themassfractionin thelargestcluster;

q�t
u#vxw
correspondsto themassfractionin

all clusterswith theexceptionof thelargest;
q�yoz<w|{~}

is themassfractionin all clusters
above a givendensitythreshold,

q�yoz<w�{~}`_�q r�� q t
u$vPw
. Thepercolationtransition

is characterisedby a sharpincreasein
q r

. Thevalueof
q t
u#vxw

is sharplypeakedjust
beforetheonsetof percolationindicatingthatthenumberof clustersis maximumatthis
threshold.For moredetailsseeSathyaprakash,SahniandShandarin[12].

markedby a sharpincreasein ��F , themassfraction in the largestclusterabove a given
threshold. Justbeforepercolationthe valueof �a���~��� peaks,indicatingthat mostof the
matteris in clustersotherthanthelargest.Sinceclustersareverynumerousatthisthreshold
thelatterprovidesanaturalchoiceof � atwhichto studyclusterproperties,apointto which
we shallreturnin a latersectionwhenwediscussshapes.
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3. Genuscurve

The above analysisof the percolationcurve is both supportedandcomplementedby the
analysisof anothergeometricalindicatorwhich is sensitive to theconnectednessof a dis-
tribution – the genuscurve. The genuscurve is constructedby studyingthe topology of
isodensitysurfacesabove/below agivendensitythreshold.Thetopologyof acompacttwo
dimensionalsurfacecanbecharacterisedby its ‘genus’(equivalently, theEulercharacter-
istic) definedas �cB����#� �h� ,(���D� 8�� where� is theGaussiancurvatureand �����c)%� H the
threshold[7]. At veryhighdensitythresholdsclustersaretopologicallysimplyconnected,
whereasat lower thresholdsneighboringclustersbegin to mergeleadingto a complicated
‘sponge-like’ topologywith a largegenus.(Visually, the genusis simply proportionalto
the numberof handleson a surface.) Again at very low thresholdsvoids will be simply
connectedwith a low genus.The symmetrybetweenoverdenseandunderdenseregions
characteristicof a Gaussianrandomfield is reflectedin theremarkablysimple(andsym-
metric)expressionfor its genus

���#���l�����9O��a� ! � .10*2 �4��� ! )�@^��N (1)

Distributionsevolving undergravitationalclusteringhave a genuscurve which gradually
evolvesaway from thesymmetricform (1) [6].

4. Shapefinderstatistics

A small filling factorat percolationdoesnot differentiatewhetheroverdenseregionsare
likely to be filamentaryor pancake-like. Nor is the answerto this questionprovided by
currentcataloguesof the redshift distribution of galaxiesmost of which are quasi-two-
dimensional.Until recentlytheshapesof overdenseandunderdenseregionswereprobed
by fitting theseregionsby ellipsoidsandthendiagonalisingthemomentof inertia tensor.
Althoughthis methoddoesyield someinsight into themorphologyof structuresforming
undergravitational instability, it cannotbe said to provide a definitive characteristicof
‘shape’. Considerfor instancethe simpleexampleof a thin torus: clearly this object is
filamentaryin nature,in the sensethat it is quasi-one-dimensional.Yet sinceit lies in
two dimensionsalplanefitting it by an ellipsoid will make it seem‘oblate’ ratherthan
prolate!Similarly thecurvedsurfaceof acupis locally acurvedpancakewhichcaneasily
be mistaken to be sphericalif one were to fit the whole object by an ellipsoid. In all
thesecasesthefilling factorof theobjectis small (thin torus,emptycup),yet thestatistic
(ellipsoid)artificially fills theemptyregions(transformingthetorusinto adiscandthecup
into a sphere)giving theobjectgreatervolumeandtherebyignoringits truemorphology.

In anattemptto definea ‘shapequantifier’which did not suffer from thesedrawbacks,
Sahni,SathyaprakashandShandarin[8] introducedthe Shapefinderstatisticwhich was
constructedfrom theMinkowski functionalsandhencedid not rely onfitting by ellipsoids
to determineshape.The four Minkwoski functionalscharacteringa compactobjectare
[9]: (i) its volume( � ), (ii) surfacearea � , (iii) its integratedmeancurvature � and(iv)
its genus� . Out of thesefour quantitiesthe Shapefindertrio =(��?j��?9�
C is constructed:������)%�cB , � �¡�W)�� , �¡�£¢
�l)c� . ( ��?A��?�� , canbethoughtto characterisethe length,
width andthicknessof a body.) Onecanalsodefinea dimensionlesspair of Shapefinders

998 Pramana– J. Phys.,Vol. 53,No. 6, December1999



Pancakesandfilamentsin cosmological gravitationalclustering

=o�¤?AE+C where �¥�¦�§�a��)���¨©� and Eª�¦�a�«��)��S¨L� , >­¬��¤?�E®¬£O . =o�¤?AE+C ==o> ?�>�C for a sphere,=(>�?�O�C for a filament, =^O^?�>�C for apancakeand =
Oc?1OcC for a ribbon.
In two dimensionsthe two Minkowski functionalsare the area � of a connectedre-

gion, its perimeter� andits genus� (or numberof holes). Whencombinedthesetwo
dimensionfulnumberscangivea singledimensionlessnumbercharacterisingshape

¯ � �l!¤�°�^B`�
� ! ¨a�^B`� (2)

where >+¬ ¯ ¬�O ; ¯ �-> for a discand
¯ �£O for a filament.

Both two andthreedimensionalshape-statisticshave beenappliedto N-body simula-
tionsof structureformationandto galaxycatalogues[10–12].Theresultsappearto favour
filamentsover pancakes,with the latter alsobeingstatisticallysignificant. N-body sim-
ulationsof structureformationindicatethat asgravitational instability advancesthe fill-
ing factordecreasesasmoremattergetsconcentratedin filamentsandpancakes[13,10].
Analysisof threedimensionalcatalogues,althoughverypreliminary, appearsto suportthis
viewpointasshown in figure2 [14]. Thetwo dimensionalshapefinderstatisticcanalsobe
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Figure2. Theshapeof clustersatthepercolationthresholdisshown for theIRAS
mo± k

Jy
catalogue(left) andtherandomizedIRAS catalogue(right). ²´³ representsfilamentarity
and ² µ planarity. For moredetailsseeSathyaprakashet al [14].
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usedto studythe shapesof hot andcold spotsin the cosmicmicrowave backgroundand
theshapesof gravitationally lensedquasarsandgalaxies.

5. Conclusions

We have analysedthe connectednessof largescalestructureusingpercolationandgenus
curves, as well as statisticswhich are sensitive to shape. Our resultsunambiguously
demonstratethat asgravitational clusteringadvances,the departurefrom gaussianinitial
conditionsbecomesmore pronounced.This is reflectedin a significantly lower/higher
filling factor at percolationfor overdense/underdenseregionsso that the former have a
network-like topologywhereasthe latter aremore‘bubble-like’. Applying shapestatis-
tics to probeoverdenseregionsin N-bodysimulationswe find thatthey aremoreproneto
beingfilamentaryandplanar, andthat the extent of filamentarityprogressively increases
asthesystemevolvesundergravitationalclustering.Preliminaryanalysisof threedimen-
sional(IRAS) andquasi-two dimensionalgalaxycatalogues(LCRS)confirmsthisanalysis
supportingthehypothesisthatthelargescalestructureof theUniverseevolvedfrom grav-
itationalinstability.
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