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Tunneling of trapped-atom Bose condensates
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Abstract. We obtain the dynamics in number and phase difference, for Bose condensates that tun-
nel between two wells of a double-well atomic trap, using the (nonlinear) Gross–Pitaevskii equation.
The dynamical equations are of the canonical form for the two conjugate variables, and the Hamil-
tonian corresponds to that of amomentum-shortenedpendulum, supporting a richer set of tunneling
oscillation modes than for a superconductor Josephson junction, that has a fixed-length pendulum
as a mechanical model. Novel modes include ‘inverted pendulum’ oscillations with an average an-
gle of π; and oscillations about a self-maintained population imbalance that we term ‘macroscopic
quantum self-trapping’. Other systems with this phase-number nonlinear dynamics include two-
component (interconverting) condensates in a single harmonic trap, and He3B superfluids in two
containers connected by micropores.
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1. Introduction

In 1995 alkali atoms in magnetic traps, cooled to a tenth of a microkelvin by laser and
evaporative methods, were shown to undergo Bose–Einstein condensation to produce a
common condensate wave function [1]. This collective quantum state has a collective
quantum phase, as indicated by atom interference fringes formed when two falling Bose–
Einstein condensates (BEC) begin to overlap [2]. In a theoretical and experimental search
for BEC analogues of superfluid coherence, quantized vortex lines [3] or quantized rota-
tional superflow in toroidal-geometry traps [4–6] have been investigated. The Josephson
tunneling of Cooper pairs through superconductor junctions is another analogue to explore,
in trapped atom systems [7–17]. This coherence phenomenon is especially interesting be-
cause it would involve tunneling through energy barriers of whole atoms, and not just
paired electrons. Reviews of the rich physics exhibited by trapped atoms are available
[18], and we will not discuss all the Josephson tunneling literature but will focus on work
done at Trieste.

We will summarize the essential ideas of a series of theoretical papers [10–14] on
tunneling of one-component Bose condensates between double-well traps; between two-
component condensates in a single harmonic trap; and between He3B superfluids con-
nected by narrow pores. We predict that boson Josephson junctions (BJJ) of neutral
atoms exhibit not only the standard tunneling modes of superconductor Josephson junc-
tions (SJJ), but also novel modes that have no superconductor analogue. While the SJJ has
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a well-known mechanical model of a rigid pendulum [19], the BJJ maps onto amomentum-
shortenedpendulum that gives an intuitive understanding of this richer set of modes.

This meeting is (mostly) on the physics of metallic mesoscopic systems, with electrons
as carriers, that have large impurity scattering and thermal dephasing lengths, compara-
ble to sub-micron-scale system sizes. This regime allows an investigation of interacting-
electron coherent transport at low temperatures, and quantum effects of multiply connected
wire and junction geometries on propagation and tunneling [20]. A normal-state elliptical-
trap atom system of around a hundred thousand bosons, or even of degenerate fermions
[21], is of course, not quite a metallic wire. However, such a system is on a scale of tens
of microns, and at sub-microkelvin temperatures. It has no quenched disorder, but has the
possibility of added ‘impurity’-atom annealed disorder. The magnetic or optical trap po-
tentials of the system directly control coherent wave functions, with trap geometries that
can be quasi-1D cigars [22], or nested circular rings [4], or multiwell arrays [16]. Further-
more, rotating flows can mimic magnetic fields; tilted traps with micron height differences
can induce gravitational potential energies of tens of nanokelvin that are like voltages; trap
potentials and barriers can have added random components fluctuating in space and time;
quantum fluctuations can occur for small numbers of trapped atoms; and the interatomic in-
teraction can be tunable in magnitude and sign [23]. These interesting results suggest that
although the detailed physics will be different, ideas from electronic mesoscopics might
be usefully examined in the context of multiply connected atom traps and junctions, for
developing anatomicmesoscopics of both bosons and fermions, and in both normal and
superfluid states.

However, here we will focus on the simpler problem of the two-state BEC tunneling. In
x2 we outline the derivation of the double-well BJJ tunneling equations, and compare them
to the SJJ dynamics. Inx3 we present the momentum-shortened pendulum model. Section
4 outlines other systems, andx5 is a conclusion.

2. Dynamics of a boson Josephson junction

Bose–Einstein condensates in a trapV(~r) [1] are well-described by the Gross–Pitaevskii
equation (GPE) [18] for the condensate wave functionΨ(~r; t)

i~Ψ̇ =�[~2∇2=2M]Ψ+VΨ+gjΨj2Ψ; (1)

whereg= 4π~2a=M, anda is the (positive)s-wave atom–atom scattering length whileM
is the atomic mass. We assumeV(~r) is an effective double-well trap, with wells 1;2 on
either side, forx< 0, x> 0, of a narrow barrier along they-axis. (This can be done e.g.
with an off-resonant laser beam bisecting a harmonic magnetic trap.) The trap contains
a fixed total number of atomsN1(t)+N2(t) = NT. We use the stationary solutions of the
nonlinear GPE,Φ1;2(~r), that depend on the particle number, withNT=2 particles in each
well [10,11]. (One can think ofΦ1;2 as combinations of even and odd states in the full
double well.) The solutions are taken to be unit-normalized, and have negligible overlap:

Z
d3rjΦ1;2(~r)j2 = 1; (2)

Z
d3rΦ1(~r)Φ

�

2(~r)� 1: (3)
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The time-dependent condensate wave function is then assumed to be a linear combina-
tion of these rigid-profile wave functions peaked at potential minima, but now scaled up or
down in the number of particles by time-dependent amplitudesψ 1;2(t) [10,11]. Thus

Ψ(~r; t) = ψ1(t)Φ1(~r)+ψ2(t)Φ2(~r); (4)

where the amplitudes are

ψ1;2(t) =
p

N1;2(t)e
iφ1;2(t): (5)

It is convenient to define the relative phaseφ(t) and the fractional number imbalance
η(t) by

φ(t) = φ2(t)�φ1(t); (6)

η(t) = [N1(t)�N2(t)]=NT: (7)

Substituting the ansatz of (4) into (1) and integrating over space gives the amplitude
equations [12]

i~ψ̇1;2 = E1;2ψ1;2+U1;2jψ1;2j2ψ1;2�Kψ2;1; (8)

whereE1;2;U1;2 andK are respectively the chemical potentials in the wells, the interaction
energies∝ a, and the interwell coupling. Note that these parameters are matrix-element
integrals overΦ1;2, and so depend onNT.

The dynamic equations for the conjugate variables (relative phase and relative number)
then follow immediately, giving a two-state description of the BJJ [10,11]:

τη̇ =�
p

1�η2sinφ =�∂H=∂φ ; (9)

τφ̇ = Λη +∆E+η cosφ=
p

1�η2 = ∂H=∂η : (10)

The BJJ tunneling current isI = τ�1NT

p
1�η2sinφ . The intrinsic inverse time scale

τ�1 = 2K=~ is typically of the order of kilohertz for the BJJ, in contrast to the SJJ where
the basic frequency scale is gigahertz. The (dimensionless) Hamiltonian is

H = Λη2=2+∆Eη�
p

1�η2cosφ ; (11)

where∆E =(E1�E2)=2K+(U1�U2)=4K, and the interaction parameter isΛ=UNT=2K,
with U = (U1+U2)=2.

The time-dependent nonlinear equations can be solved exactly in terms of the elliptic
functions [11]. The small-amplitude oscillations aroundφ = η = 0 have frequency

ω0 =
p

1+Λ=τ : (12)

The BJJ equations differ from the usual dynamics for the superconductor Josephson
junction, that in this notation can be written as [24]
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τη̇ =�sinφ =�∂H=∂φ ; (13)

τφ̇ = ∆µ = ∂H=∂η ; (14)

where the chemical potential difference is∆µ =∆E+Λη andΛ ∝ Ec, the junction charging
energy per Cooper pair. The first (eq. (13)) is the familiar expression for the Josephson
currentI ∝ sinφ , and the second (eq. (14)) is the Josephson phase relation. The SJJ
Hamiltonian is

H = Λη2=2+∆Eη�cosφ : (15)

Equations (13) and (14) support small-amplitude Josephson ‘plasma’ oscillations of fre-
quency

ωJ =
p

Λ=τ (16)

proportional to
p

EJEc, the geometric mean of the Josephson coupling and the charging
energy.

Feynman has given a simple two-state phenomenological model [24] for Cooper-pair
amplitudesψ1;2 =

p
N1;2eiφ1;2 to describe Josephson tunneling in superconductors through

linear, Schr¨odinger-like equations

i~ψ̇1;2(t) = E1;2ψ1;2�Kψ2;1; (17)

which are like two-level atom amplitudes, withK the transition matrix element. They are
also the noninteractingΛ = 0 limit of the GPE-derived equations (8). The (phenomeno-
logical) Feynman tunneling current isI ∝ K

p
N1N2sin(φ2�φ1), which is like the (micro-

scopically derived) BJJ form. However, because the external circuit rapidly removes excess
charges, the number of charged Cooper pairsN1;2 in the superconductors on either side of
the junction is essentially fixed. Even if we consider isolated superconductors separated
by a junction, the requirement that developed capacitive voltages be less than twice the
superconducting gap (to avoid boiling off pairs into quasiparticles) implies, with typical
Josephson coupling and Coulombic charging energies, that the imbalance is completely
negligible,jη j < 10�9. ThusN1;2 are essentially locked to their average values and the
familiar Josephson relationI ∝ K sin(φ2� φ1) for the SJJ emerges. The SJJ charged-pair
current is then seen to be a special limiting case of the more general, and generic, BJJ form,
whereη is allowed to be appreciable for the neutral-atom case. Whereas the Josephson
plasma frequencyωJ vanishes for uncharged Cooper pairs, the ‘zero-state’ BJJ frequency
ω0 interpolates between an ideal Bose gasnonzerovalue of 1=τ for Λ = 0, and the SJJ
form of

p
Λ=τ for Λ� 1. Quantum effects can be ignored in the SJJ forEc=EJ� 1 [24],

and sinceEc;EJ correspond toU , KNT in the BJJ case, a similar argument yields the wide
regime of validity of the semiclassical BJJ dynamics, asΛ(NT)< NT

2.
We note that if we linearize (9) and (10) inη only, then the resulting (∆E = 0) equa-

tion for the phase isτ 2φ̈ =�∂V=∂φ , whereV =�Λcosφ � (1=4)cos2φ . This effective
potentialV plotted versusφ=π for variousΛ [11] has, in addition to the familiar even-
integer minima, a new series of metastable minima at odd-integers, implying possible new
oscillation modes.
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3. Tunneling modes and pendulum models

The superconducting Josephson junction is well-known [19] to have a mechanical model:
eq. (15) is the Hamiltonian of a pendulum of fixed (unit) length, tilt angleφ , (dimen-
sionless) angular momentumpφ = η , inverse massΛ, and applied torque∆E. The har-
monic frequency (16) is that of a pendulum oscillating about its only stable fixed point
p�φ = φ� = 0, a downward oriented pendulum at rest. The pendulum can also rotate, with
a nonzero average angular momentum and a freely running phase.

The BJJ has, in addition to such modes, a more complex oscillation behavior [10,11].
The Hamiltonian of (11) corresponds to a momentum-shortened pendulum of lengthq

1� p2
φ : ‘faster equals shorter’, so for small oscillations about equilibrium, the length

is least at the bottom of the swing [12]. Note that the length depends on the canonicalmo-
mentum, and the angle is still the single canonicalcoordinate. (This is unlike the pendulum
with an elastic string that has both the angle and the string extension as two canonical co-
ordinates. However, see later discussion of BEC profile collective modes.)

The BJJ dynamical equations have several fixed pointsη �;φ� and linearizing in the
deviations yields the harmonic frequencies. Five possible modes can occur, which are il-
lustrated in figures 1a–d, through numerical solutions of the BJJ dynamics, with initial
conditionsη(0) = 0:25;φ(0) = 0 for figures 1a,b; and withη(0) = 0:75;φ(0) = π for
figures 1c,d. TheΛ parameters used to illustrate the various modes for figures 1a–d are
chosen to be 5.0, 75.0, 0.35 and 2.0, respectively. Here, the pendulum cartesian coordi-
nates arex=

p
1�η2sinφ , y=�

p
1�η2cosφ : The figures 1a–d pendulum trajectories

correspond to:
(a) ‘zero-state oscillations’ of angular frequencyω 0 =

p
1+Λ=τ aroundφ � = 0= η�,

(b) ‘running-states’ with small oscillations about a mean phase that increases with time,
hφi∝ t. This state has nonzero (positive or negative) mean angular momentumhpφ i= hηi,
with the pendulum executing closed-loop rotations enclosing its point of support,

(c) ‘π-state oscillations’ of angular frequencyωπ =
p

1�Λ=τ aboutφ � = π ;η� = 0.
Here, since the pendulum moves fastest at the middle of its swing, it has the least length
there, and so ‘digs a hole for itself’ in a dynamically stable ‘inverted pendulum’ state.

(d) ‘π-state rotations’ of angular frequencyω rot
π =

p
Λ2�1=τ linearized aroundφ � = π

and a nonzero momentumη � = �
p

1�Λ�2. In this state the length-varying pendulum
executes closed-loop rotations above its point of support (slowest at the top of the closed
locus, and fastest at its bottom). There are two varieties of suchπ-state rotations, with
average momentum magnitudesjhηij which are respectively less or greater than the fixed
point value,jη �j, as seen below.

As the amplitude of the zero-state increases either through higher initial values of
tilts/momenta or by increasing the inverse massΛ, there is a transition as the pendulum
reaches the vertical. At this critical energy, or criticalΛ [11], the oscillation frequency of
the zero-state dips to zero. Symmetry breaking occurs, and figure 1a goes over to figure
1b, with an onset of pendulum rotations or running states with nonzerohp φ i, that are either
clockwise or anticlockwise. Similarly, for the pendulum doing aπ-state oscillation, asΛ
increases the amplitude increases till a criticalΛ is reached [11], where the oscillation fre-
quency of theπ-state goes to zero. Symmetry breaking occurs, and figure 1c goes over to
figure 1d, with an onset ofπ-state rotations with nonzerohpφ i, that are either clockwise or
anticlockwise. There can be a further transition to a second type ofπ-state rotation [11].
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Figure 1. Trajectories of a ‘momentum-shortened pendulum’ from numerical so-
lution of BJJ dynamic equations, with pendulum cartesian coordinates(x;y) =

(
p

1�η2 sinφ ;�
p

1�η2 cosφ). (a) Zero-state oscillation; (b) running state rotation;
(c) π-state oscillation; (d) π-state rotation of the first kind. A similar state of the second
kind (see discussion of figure 2 in text) is qualitatively the same, and is not shown.

Note that for figures 1b and 1d, the nonzero average momentumhp φ i of the rotating
states in the pendulum model corresponds in the physical BEC system to a nonzero av-
erage population imbalancehηi, with more condensate atoms in one well than the other.
An incremental number of atoms tunnel back and forth, causing small oscillations around
this self-maintained number imbalance. We have termed this trapping phenomenon, aris-
ing from the nonlinear GPE equation for the macroscopic condensate wave function, as
‘macroscopic quantum self-trapping’ (MQST) [10,11]. Furthermore, theπ-states here oc-
cur at the same orderK cosφ as the zero-states; with ans-wave condensate order parameter;
and without any extraneous material to dope the barrier region. Ourπ-states therefore dif-
fer from those in SJJ, which can occur as second-orderK 2cos2 φ tunneling effects; or as
d-wave order-parameter effects in high-temperature superconductor junctions [25]; or with
ferromagnetic impurities in the oxide barrier [26].
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Figure 2. Phase space plot for the momentum-shortened pendulum. Vertical axis is
the momentumpφ = η versus scaled tilt angleφ=π, showing the constant-energy tra-

jectories labelled (a), (b), (c), (d) and (d0), which are discussed in the text. See also
figures 1, 3.

Figure 2 shows a phase-space plot of the momentum-shortened pendulum, where the
lines are the trajectories in momentum and angle for various types of modes, with zero
torque, with a more detailed plot elsewhere [11]. Three of the distinctφ �;η� fixed points
are indicated by arrows. We show a closed zero-state trajectory, labelled as (a), enclosing
one of thex-axis fixed pointsη � = 0;φ� =�2nπ , n= 0;1;2:::, with equal portions on the
positive and negative momentum sides. As the energy increases (from greater initial tilt
angle/momentum, or from increasedΛ, which is like the inverse-mass) the trajectories will
expand horizontally and eventually develop a cusp at odd values ofφ=π . This corresponds
to the well-known ‘separatrix’, with the pendulum just reaching the inverted position [19].
Beyond that are two running states (b), with the horizontal rippling trajectories seen to
cover all phase values. Again, in terms of the physical BEC system, the onset of nonzero
rotational momentum of the pendulum corresponds to the onset of a self-trapped number
imbalance. These trajectories of the momentum-shortened BJJ pendulum are just modified
versions of the fixed-length SJJ pendulum [19].

However, there are also novel BJJ modes. Figure 2 also shows (c): vertically oriented
long ellipses enclosing the fixed-pointsφ � =�(2n+1)π , for η � = 0 and equally positive
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and negative in momentum. These are theπ-state oscillations, which can be accessed
with suitableφ(0);η(0) initial values/energies and forΛ < 1. As Λ increases, the phase-
space trajectories develop a ‘waist’, that then has a pinch-off at the fixed point valuesφ � =
�(2n+1)π ;η� = 0. This limiting trajectory is another novel ‘separatrix’. The frequency
ωπ dips to zero, and there is a symmetry-breaking onset ofπ-state rotations, with nonzero
average momentum of either sign. These are shown in figure 2 as (d): small elliptical
trajectories in phase space, withjhηij lying below the nonzerojη �j fixed point values
marked by an arrow (in fact four such loops appear in the figure). In terms of the physical
BEC system, this is an MQST state with a self-maintained number imbalancehηi, and an
average phase difference ofπ .

As Λ is increased further, the excursions aboutφ � = π reduce in amplitude and there is
a flattening of oscillations inη . There is an onset of (d0): a second type ofπ-state rotation,
of average momentum magnitudeabovethe fixed point value, as seen in figure 2. (There
can also exist, high-pφ running states going over all phase values, and moving through
such fixed points at odd values ofφ=π [11].) In the physical BEC system, the fixed point
separating the two types of MQSTπ-state is a frozen critical population imbalanceη � with
phase difference ofπ . In the pendulum picture, it is peculiar – an upside-down pendulum
with a π-state rotation loop as in figure 1d shrunk to zero, like a hovering bee tethered by
a string.

Figures 3a–d show the time variation of the fractional number imbalance (solid line)
and the phase difference (dashed line). The three MQST states and threeπ-states all have
nonzero average values ofη andφ , respectively. As MQST sets in, the average imbalance
hηi rises smoothly from zero asΛ moves through a critical value, in a second-order type
transition [11]. The inverse period for all (anharmonic) BJJ oscillations can be written in
terms of elliptic functions, and in terms of scaled variables. This results in a universal curve
for the dips to zero at an MQST onset [11]. Note that not allπ-states are self-trapped, and
not all MQST states have a nonzero average phase ofπ . These locally stable MQST and
π states do not occur for ideal Bose gas tunnel junctions [7]: they arise from the nonlinear
interaction in the GPE.

4. Other systems

We now comment on extensions, and other models. First we consider relaxing theΦ 1;2(~r)
rigid profile constraint. For broad double wells, the condensate profiles could conduct
rocking and breathing collective oscillations in each well of low enough frequency to mix
with the tunneling modes, but these effects would be weak as interwell overlaps are small.

This mixing can also occur in another system, namely atwo-component condensate of
atoms in different hyperfine states, in asingleharmonic trap, with a near-resonant laser
kept switched on to populate the excited level [13,17]. The two-state ‘tunneling’ now
corresponds to condensate atoms transiting between the two atomic levels 1;2.

The use of Gaussian variational wave functions forΦ1;2(r; t) (with time-varying center-
ing and width parameters to describe rocking and breathing collective modes) results in a
richer set of dynamical equations. Each of the two atomic states sees a slightly shifted har-
monic potential, and their large and oscillating wave function overlap, making the parame-
ters effectively time-dependent. The pendulum is now not only momentum-shortened, but
acquires new canonical coordinates that affect its length, and corresponding new canon-
ical momenta. (With these extra degrees of freedom, the collective modes correspond
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Figure 3. Plots versus scaled timet=τ, of the BJJ number imbalanceη (solid line) and
phase differenceφ=π (dashed line) for: (a) zero-state oscillations with time average
hηi = 0 = hφi; (b) running-state rotations withhηi nonzero andhφi ∝ t, in inset; (c)
π-state oscillations withhηi = 0 andhφi = π; (d) π-state rotations of the first kind,
with hηi nonzero andhφi= π. Similar states of the second kind (see discussion in text
of figure 2), are qualitatively the same, and are not shown.

to e.g. the pendulum at zero tilt angle, but oscillating up and down in length.) However,
the previous fixed-point classification of modes remain useful. The tunneling modes found
previously remain valid for small amplitudes, but are shifted in frequency, and induce
characteristic collective oscillations in the condensate profiles, with quantum phases thus
affecting the classical variables like BEC cloud centerings [13].

The dynamics is of a BJJ-like form as in (9) and (10), rather than the form (17) for
noninteracting two-level atoms. Thus the phase-coherent transit rate of two-state atoms
interacting with each other in a harmonic trap is not merely aΛ-shifted version of a single
(Λ = 0) Rabi frequency. The BJJ modes are multiple, and dependent onΛ: they show a
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frequency splitting between the zero-state andπ-state, and dips of frequencies to zero at
onsets to MQST states, all signatures of qualitatively newinteraction-induced behaviour
[11].

Finally, another system where these ideas and concepts are useful is the He3 B superfluid
[27] in two containers closed by flexible membranes that drive pairs through 4225= 65�
65 identical parallel micropores connecting the baths [28]. The pore diameter is smaller
than the BCS coherence lengthξ = 650Å. Tunneling occurs with an ac Josephson effect at
a frequency proportional to the pressure. This is the long-sought-after superfluid analogue
of the superconductor Josephson junction [29], but ins-wave order parameter He3 B, rather
than in He4 (where the healing length isξ = 1 Å).

Oscillations with a phase difference ofπ have been reported, with positive slopes in
current-phase plots aroundφ = π [28]. However to explain this, one cannot just carry over
the BEC ideas naively by takingN1;2 as the entire number of Cooper pairs in the baths 1;2:
they are of the order of Avogadro’s number. A fractional imbalance of just a few per cent
corresponds to a tunneling current many orders of magnitude above what is observed. If
the variableη enters, it must be a fraction of some much smaller number of helium atoms;
furthermore, one needs to understand why a submicron pore of cross-sectionA p < ξ 2 can
act as a tunneling barrier for a superfluid [14].

Both these issues are resolved in the Ginzburg–Landau approach by remembering that
the helium wave function has to vanish at the container walls. (For a superconductor, the
gradient of the wave function vanishes at surfaces.) This boundary condition means that the
enforced spatial variations across the pore cross-sectionAp force the transverse squared-
gradient terms in a GL free energy to be large and positive [14]. Averaging over transverse
directions yields an effective 1D GL model, with these transverse ‘kinetic energy’ terms
yielding an energy barrier in a region in and around the pore. This naturally generates,
from overlapping wave functions, a Josephson-like phase-dependent coupling in the GL
free energy.

The barrier reduces the superfluid density inside the pore, and continuity demands a de-
pressed wave function even outside. The weakened superfluidity extends in ‘overhangs’
just outside the two pore openings in the two baths, that are of equal volumeA pξ in equi-
librium. The wave functions in these regions decay towards the pore on one side, and must
match smoothly on the other side onto flat and rigid bulk wave functions. The displace-
ment of far-off membrane walls [28] shifts the whole wave function, and Cooper pairs are
transmitted to/from the overhang regions. The entire region of depressed-superfluid den-
sity forms a weak link for phase-controlled oscillatory transport between the baths. The
pair-number increments arriving and leaving on the two sides cause fractional volume in-
crements (negative and positive) in the overhang volumes. This can be visualized as the
motion of a ‘Josephson piston’ of a fractional displacementη relative to its equilibrium
position. The Josephson piston motion transports atoms back and forth, and the permitted
piston velocityη̇ is governed by the sine of the relative phase. Thus the fractionη entering
the model [14] is not a fraction of the total number of bath atoms, but of themuchsmaller
number in a volumeApξ of the ‘overhangs’ on either side of the pore.

The dynamics of the system is obtained by using the Josephson phase relation to link
the phase rate of change to the chemical potential difference, that is a number derivative
of the GL free energy. The continuity equation for matter conservation, with the GL ex-
pression for the current density, generates the second equation. Spatially integrating these
dynamical equations over each bath yields equations for the fraction of atoms that tunnel,
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and for the phase difference across the junction. Remarkably, theseη̇ andφ̇ equations [14]
are essentially those of (9) and (10). (The only complication is that the phase difference
across the Josephson region is related to, but not the same as, the phase difference across
the bulk bath wave functions [30].) With a single chosen parameter, the frequency magni-
tudes, current-phase relation, andωπ(T) temperature dependences (that come from ther-
mal phase fluctuations near the BCS transition) [14] are similiar to the experiment [28].
Thus He3 B tunneling through micropores, although governed by its own characteristic
physics, is also finally described by a BJJ-like dynamics.

In our model, we have assumed that the wide separation between the (submicron) pore
size/coherence length and the (submillimeter) textural scale [27] justified an averaging over
tensorial factors, to get a GL free energy for an effective scalar order parameter. Other
approaches [31] have taken a texture-focussed view point, minimizing static free energies,
and accounting for the zero-state andπ-state in terms of relative orientations of the two
rotation axes ˆn1;2 in the two baths: parallel, or antiparallel. The two approaches emphasize
different length scales, and their possibly complementary role could be explored further.

Throughout we have considered the Hamiltonian models, without damping. For double-
well systems, quasiparticle damping [9] related to the chemical potential difference is prob-
ably appropriate, and a damping term∝� φ̇ can be added to the r.h.s. of (9) and effects on
modes studied [12]. For two-component condensates, the two-level decays will be related
to the population difference, and a damping term∝�η could be added to (9). Such a term
can surprisingly have a stabilizing effect onπ-states as will be examined elsewhere.

5. Conclusion

We have outlined the work on the tunneling of Bose condensate atoms between double
wells of an atom trap. This two-state description in terms of the relative quantum phase
and the relative number difference can be mapped onto the Hamiltonian for a momentum-
shortened pendulum. There is a rich set of tunneling modes, that differ from the oscillation
modes for a superconductor Josephson junction. The model dynamics has several physical
realizations, including single-component condensates in a double well, double-component
condensates in a single well, and liquid He3B tunneling through micropores.

Acknowledgements

I am grateful to A Trombettoni for help with the figures. The work summarized and cited
here resulted from a fruitful collaboration with several faculty and postdoctoral colleagues,
who are gratefully acknowledged and thanked: U Al-Khawaja, M Benakli, S Fantoni, S
Giovanazzi, I Marino, S Raghavan, A Smerzi and A Trombettoni. Thanks for general
inspiration over the years are also due to Prof. Narendra Kumar, who, in his infectious
enthusiasm to communicate the joy of physics, is absolutely unique. (In fact, there is a
paradoxical Uniqueness Theorem, that says there can exist only one Kumar, and so there
cannot be N Kumars...) It is a great pleasure to join colleagues in expressing through this
Pramanaspecial issue, our special respect and affection for the Indian physics commu-
nity’s most youthful stalwart.

Pramana – J. Phys.,Vol. 58, No. 2, February 2002 395



Subodh R Shenoy

References

[1] M H Anderson, J R Ensher, M R Mathews, C E Wieman and E A Cornell,Science269, 198
(1995)
K B Davis, M O Mewes, N J VanDruten, D S Durfee, D M Durn and W Ketterle,Phys. Rev.
Lett.75, 3969 (1995)

[2] C G Townsend, H-J Meisner, D S Durfee, D M Kes and W Ketterle,Science275, 637 (1995)
[3] K W Madison, F Chevy, W Wohlleben and J Dalibard,Phys. Rev. Lett.84,806 (2000)

M R Mathews, B P Andersen, P C Haljan, D S Hall, C E Wieman and E A Cornell,Phys. Rev.
Lett.83, 2498 (1999)

[4] E M Wright, J Arit and K Dholakia,Phys. Rev.A63, 013608 (2000)
[5] M Benakli, S Raghavan, A Smerzi, S Fantoni and S R Shenoy,Europhys. Lett.46, 275 (1999)
[6] J Tempere, J T Devreese and E R I Abraham,Phys. Rev.A64, 023603 (2001)
[7] J Javanien,Phys. Rev. Lett.57, 3164 (1986)
[8] G J Milburn, J Corney, E M Wright and D F Walls,Phys. Rev.A55, 4318 (1997)
[9] I Zapata, F Sols and A J Leggett,Phys. Rev.A57, R28 (1998)

[10] A Smerzi, S Fantoni, S Giovanazzi and S R Shenoy,Phys. Rev. Lett.79, 4950 (1997)
[11] S Raghavan, A Smerzi, S Fantoni and S R Shenoy,Phys. Rev.A59, 620 (1999);Int. J. Mod.

Phys.B13, 633 (1999)
[12] I Marino, S Raghavan, S Fantoni, S R Shenoy and A Smerzi,Phys. Rev.A60, 487 (1999)
[13] A Trombettoni, U Al-Khawaja, S Raghavan, A Smerzi, S Fantoni and S R Shenoy,Phys. Rev.

(to be submitted)
[14] A Smerzi, S Raghavan, S Fantoni and S R Shenoy, cond-mat/0011298;European Physical

JournalB24, 431 (2001)
[15] L-M Kuang and Z-W Ouyang,Phys. Rev.A61, 023604 (2000)
[16] B P Anderson and M A Kasevich,Science282, 1686 (1998)
[17] J Williams, R Walser, J Cooper, E Cornell and M Holland,Phys. Rev.A59, R31 (1999)
[18] K Burnett, M Edwards and C W Clark,Phys. Today, December 1999, p. 30

W Ketterle,Physics Today, December 1999, p. 37
C Wieman,Am. J. Phys.4, 847 (1998)
A Griffin, D Snoke and S Stringari, (ed.)Bose–Einstein condensation(Cambridge U.P., Cam-
bridge, 1995)
F S Dalfovo, S Giorgini, L P Pitaevskii and S Stringari,Rev. Mod. Phys.71, 463 (1999)
A J Leggett,Rev. Mod. Phys.73, 307 (2001)

[19] T A Fulton, in Superconductor applicationsedited by B Schwarz and S Foner (Plenum, New
York, 1976)

[20] B Altshuler, P A Lee and R A Webb (eds),Mesoscopic phenomena in solidsvol. 30 Modern
problems in condensed matter science(Elsevier, Amsterdam, 1991)
F W J Hekking, G Schoen and D V Averin (eds),Mesoscopic superconductivity(Elsevier,
Amsterdam, 1994)

[21] Search and DiscoveryPhys. Today, October 1999, p.17
B DeMarco and D S Jin,Science285, 1703 (1999)
A G Truscott, K E Strecker, W I McAlexander, G B Partridge and R G Hulet,Science291, 2570
(2001)

[22] M Olshanni,Phys. Rev. Lett.81, 938 (1998)
M Girardeau and E M Wright,Phys. Rev. Lett.84, 5691 (2000)
V Dunjko, V Lorent and M Olshanni, cond-mat/0103085, March 2001

[23] S Inouye, M R Andrews, J Stenger, H-J Miesner and W Ketterle,Nature392, 151 (1998)
K Burnett,Nature392, 125 (1998)

396 Pramana – J. Phys.,Vol. 58, No. 2, February 2002



Tunneling of trapped-atom Bose condensates

M Holland, S J J M F Kokkelmans, M L Chiofalo and R A Walser, Resonance superfluidity in
a quantum degenerate fermi gas,Phys. Rev. Lett.87, 120406 (2001)

[24] R P Feynman, R B Leighton and M Sands,The Feynman lectures on physics(Addison-Wesley,
Reading, MA, 1963)
A Barone and B Paterno,Physics and applications of the Josephson effect(Wiley, New York,
1982)

[25] D J van Harlingen,Rev. Mod. Phys.67, 515 (1995)
[26] V V Ryazanov, V A Oboznov, A Yu Rusanov, A V Veretennikov, A A Golubov and J Aarts,

Phys. Rev. Lett.86, 2427 (2001)
[27] D Vollhardt and P Wolfle,The superfluid phases of helium-3(Taylor and Francis, London, 1990)
[28] O Avenel and E Varoquaux,Phys. Rev. Lett.60, 416 (1988)

S V Pereverzev, S Backhaus, A Loshak, J C Davis and R E Packard,Nature388, 449 (1997)
S Backhaus, S V Pereverzev, A Loshak, J C Davis and R E Packard,Science278, 1435 (1998)
S Backhaus, S V Pereverzev, A Loshak, J C Davis and R E Packard,Nature392, 687 (1998)

[29] P W Anderson,Rev. Mod. Phys.38, 298 (1966)
[30] E Varoquaux, O Avenel, G Ihas and R Salmelin,PhysicaB178, 309 (1990)
[31] J K Vilj and E Thuneberg,Phys. Rev. Lett.83, 3868 (1999) and to appear in,Phys. Rev.;

S K Yip, Phys. Rev. Lett.83, 3868 (1999)

Pramana – J. Phys.,Vol. 58, No. 2, February 2002 397


