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We obtain the conditions that ensure the stability of spatially and temporally periodic orbits of
coupled-map lattices. The stability matrices can be put in a circulant and block circulant form. This al-
lows us to reduce the problem to smaller matrices corresponding to the building blocks of spatial period-
icity. We find that additional conditions are imposed as we expand the size of the lattice. For the
traveling-wave solution the analysis is considerably simplified. We have analyzed both the one-

dimensional and higher-dimensional lattices.
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I. INTRODUCTION

Observation of routes to chaos in hydrodynamic exper-
iments has been one of the achievements of nonlinear
physics. However, not much is known about the spatially
extended systems with higher degrees of freedom. Some
attempts have been made recently to enhance our under-
standing in spatially extended systems. Considerable at-
tention that these systems have received during recent
times is due to their wide range of applications such as
turbulence, pattern formation in natural systems, soli-
tons, etc. [1-4]. They also exhibit a very rich phenome-
nology including a wide variety of both spatial as well as
temporal periodic structures, intermittency, chaos,
domain walls, kink dynamics, etc. Spatially extended sys-
tems have been modeled using various types of models
like cellular automata, coupled oscillator arrays, and
coupled-map lattices.

Among the above-mentioned models the model of the
coupled-map lattice has been quite popular recently and
various studies have been carried out on it. The reason
for its popularity are simplicity in analysis and simula-
tion. This model is tractable, easy to handle numerically
as well as analytically, and is sometimes able to capture
the essential qualitative features of physical systems. De-
tailed numerical studies show that this model gives rise to
a variety of rich spatial and temporal structures [1]. It
has been successful in modeling some of the phenomena
in spatially extended systems. For example, it has been
used to model the real-life phenomenon like spatio-
temporal intermittency and spiral waves [5,6]. There has
also been a recent proposal of a coupled-map lattice mod-
el for crystal growth [7]. This model has been used in
contexts other than pattern formation and has been suc-
cessful in modeling the dynamics in a computationally
more efficient manner. As an example it has been
developed as an efficient scheme of simulating the kinet-
ics of important equations in phase-ordering processes
such as Cahn-Hilliard-Cook (CHC) and time-dependent
Ginzburg-Landau (TDGL) equations [8,9].

The problem that we will be dealing with here is of the
type where the spatial correlation is maintained
throughout the lattice [10]. The easiest example is the
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wave kind of patterns on lattices which are basically spa-
tially periodic patterns. Such patterns are seen in various
physical systems and it is not necessary that a spatial
periodicity can exist only in temporally periodic systems
(e.g., [11]). The model explored for studying these is that
of a coupled-map lattice. We note that Waller and
Kapral [12] and Oppo and Kapral [13] have considered a
similar problem for some very specific maps and cou-
plings and for simple homogeneous and small period
solutions. Here we analyze the problem in a very general
way and obtain the conditions for the stability of the spa-
tially extended solutions. Periodic-orbit analysis for
coupled-map lattices is also recently given by Politi and
Torcini [14].

In Sec. IT we develop the formalism for analyzing the
stability properties of spatially and temporally periodic
structures in one-dimensional coupled-map lattices. We
are able to reduce the problem to that of the analysis of
the building blocks of spatial periodicity. In Sec. III we
consider some illustrative examples. Some further
simplifications are possible for the traveling-wave solu-
tion. This is discussed in Sec. IV. In Sec. V we extend
the analysis to the coupled-map lattices in higher dimen-
sions. We conclude with a discussion in the last section.

II. SPATIALLY AND TEMPORALLY
PERIODIC ORBITS

In this section we address the problem of stability of
spatial and temporal periodic structures. We specifically
consider coupled-map lattices with nearest-neighbor cou-
plings. Consider following the general model,

x,+1(i):h0fo(x,(i))+hlfl(x,(i +1))
+h_ f o (x,(i—1)), (1)

where x,(i) is the variable associated with the ith lattice
point at time ¢ taking values in a suitably bounded phase
space. The maps f,, f,, f—; are some maps, such as
logistic map, which describe the evolution of an other-
wise isolated system. The parameters kg, h, and h_,
represent the coupling strengths and are chosen so that
x, +1(i) lies in the same phase space (e.g., [0,1] for the
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logistic map f(x)=pux(1—x), 0=u=4). Henceforth we
assume that hy, h;, h_; are positive. However, almost
all our results are valid even otherwise.

Let @y denote a closed chain of N lattice points in
which the right-hand neighbor of the Nth point is the
first lattice point. We note that for N =1 the chain @,
consists of a single point which is to be understood as a
neighbor of itself. Let R, =(x,(1),...,x,(N)) denote the

S (N,2)={{RR )5, {R3R;,),,..

state of the system for the chain @, at time t. Let
S.(N,1) denote a solution of Eq. (1) with temporal
periodicity 7 for the chain €y, i.e.,

S.N,)={R,R,,...,R,R,R,,...} .

Now consider a closed chain of twice the length, i.e.,
@,Ny =0, n. Obviously, the spatially periodic sequence

{R,R_)5,,{R R )y ...}

of wavelength N built from the states {R,} as the building blocks, is a solution of Eq. (1) for the closed chain @,y with

temporal periodicity 7. Here the ordered pair {R,R, ), represents the state [x,(1),...,x,(N),x, (N +1),..

L%, (2N)],

with x,(N +i)=x,(i), i =1,2, . . . N, which is made up of two replicas of the state R,.
Thus from the above discussion it is clear that, in general, the sequence

SANK)={{Ry,...,R s, ..

represents a solution of Eq. (1) for the closed chain @, 5
with temporal periodicity 7 and wavelength N. Here the
ordered pair (R,,...,R,), represents a state made up
of k replicas of the state R,. We call S_(N, k) the k repli-
ca solution of S.(N,1). We address the problem of what
can be stated about the stability properties of such spa-
tially and temporally periodic solutions S_(N,k), from
the analysis of the stability matrices for S_(N,1) of the
building blocks [10]. In other words the question is,
What is the effect of enlargement of phase space and the
couplings on the stability of the replica solutions?

A. Homogeneous case

We begin with the simplest case of N =1 so that R,
consists of a single lattice point x,(1)=x, and conse-
quently we suppress the lattice index. The replica solu-
tion S (1,k) for the chain €, =€, is a homogeneous

H{R_,...,R_),{Ry,..

R D)

solution with {x,} as building blocks [15]. Now the solu-
tion S (1,1)={x,,x5,...,%,X,X,, ...} for the build-
ing block is a stable solution provided

£/ )f " (xy) - - frix ) <1, )
where
S X)=hofoX)th f1(x)th_f_1(x)
and
oy Af (x)
f'(x) ix

For the homogeneous solution S (1,k), the stability con-
dition is that modulus of all eigenvalues of the k Xk sta-
bility matrix J=J_--+J,J; have magnitude less than
one. Here J, is a k Xk Jacobian matrix given by

hofo(x,)  hyfi(x,) 0 0 B f ) (x,)
h o f(x) hofolx,)  hifilx,) 0
0 h o f1(x) hofolx,) 0
J,= : ; (3)
0 0 hoofii(x)  hofb(x)  hyfi(x,)
hofi(x,) 0 0 By f'(x) hofh(x,)

The matrix J, is a circulant matrix [16] and may be writ-
ten as

J,=circlhof}(x,),h f1(x,),0, ..., 0,k _ 1 f'(x,)) . @

The eigenvalues of J, are given by [16]

A =[hofo(x)Fa,h fi(x)+or " Thoy f1(x)],
r=12,...,k (5

where w, is a kth root of unity given by

wr:ei[27r(r—1)/k] ) (6)
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Thus the eigenvalues of the stability matrix J are

=ILhofo(x) o, filx)+wf " tho fy(x)] .

t=1
(7)

Now |A,| <1, for all r, ensures the stability of the homo-
geneous solution S (1, k).

Consider the special case when all the maps are the
same, i.e.,

fox)=f(x)=f_;(x)=f(x) . (8)

For the stability of a single-point solution, i.e., for
S.(1,1) for the chain @, we should have

(ho+hy+h_ ) T f'(x (1) <1 . )

t=1

The homogeneous solution S (1,k) for the chain @, is
stable if

-
[(ho+w,hi+of " Th )T f(x,(IN]=1
=1

where r =1,2,...,k . (10)

Using triangle inequality and the fact that couplings
are positive, it can be proved that condition (10) can be
satisfied provided condition (9) is satisfied. Thus the sta-
bility of the homogeneous solution S, (1,k) is guaranteed
by the stability of the single-point solution S_(1,1) for the

same parameters of the map exhibiting no effect of en-
largement of phase space and the couplings.

B. Case of higher spatial periods

Now we turn to the case of higher values of N for the
one-dimensional model given by Eq. (1). Consider the
solution S_(N, 1) for the closed chain @,. Stability of the
solution is determined by the eigenvalue with largest
magnitude of N X N matrix,

J=Jrdr=1 " Jr s (11)
where j, is the Jacobian matrix given by
Jji=A,+B,+C, . (12)
Here A, is a tridiagonal matrix given by
hofolx, (1)) A f1(x,(2)) 0

B f (1) hofo(x,(2) hyfi(x,(3))
A,=

(13)

and the matrices B, and C, have only a single nonzero
element and are given by

(B,)ij=hf1(x,(1))8;y8;; , (14)

(Cyy=h_1f" 1 (x,(N)8; 8,y - (15)

Let us now consider the solution S_(N, k) of the closed
chain @,y which is obtained by k replicas of the solu-
tion S_(N,1) for @y. The stability of S.(N,k) is deter-
mined by the eigenvalues of kN XkN stability matrix
J=JJ,_,--J; where J, is a kN XkN Jacobian matrix
given by

A, B, O 0 C,
, A, B, 0O O
0 C, 4, 0O O
J,=1. (16)
0O 0 O A, B,
B, 0 O p ‘
for k >2. For k =2,J, is
A, B,+C,
L= 1B +c, 4, |’ 17

and for k =1, J,= A4, +B,+C,=j,. We note that Jacobi-
an matrix J, [Egs. (16) and (17)] is a block circulant ma-
trix where each block is a N X N matrix [16] and may be
written as

J,=bcirc(4,,B,,0,...,0,C,) . (18)

This observation is crucial for our analysis of stability
properties. A block circulant matrix can be put into a
block-diagonal form by a unitary transformation. The
block-diagonal form is [16]

M! 0 --- 0
0 M,2 e 0
D= . cee ot | (19)
0 0 Mk
where the matrices, M/, r =1, ..., k, are N XN matrices
given by
M/=A4,+0,B,+o*7IC, . (20)

Note that this form is a generalization of Eq. (5). The
matrix M/ is the same as the matrix j, of Eq. (11) since
®,=1. The unitary matrix which affects the above block
diagonalization is a direct product of Fourier matrices of
sizes kK Xk and N XN [16]. The elements of Fourier ma-
trices are only roots of unity and thus are independent of
the matrix being diagonalized. Consequently, the same
unitary matrix block diagonalizes the product of J,’s.
Thus the block-diagonal form of the product matrix
J=J_--+J,J, is given by

I_I;‘rletl 0 0
0 H:=1Mt2 0

k

0 0 !rlet

(21)
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The first block [[7_,M; is the same as the matrix
J=Jjsjr—1 " J1 of Eq. (11). The stability properties of
the solution S_(N, k) are determined by the eigenvalues of
the matrix given by Eq. (21) of which j is only one con-
stituent block. In addition to the eigenvalues of j, we
now must look at the eigenvalues of the remaining k —1
blocks of Eq. (21). Thus the effects on the stability due to
the enlargement of the phase space and couplings mani-
fest themselves through the eigenvalues of the additional
blocks. A general block, M (8) (size N XN) has the fol-
lowing structure:
T
M(@)=T](4,+e"°B,+e °C,),

t=1

(22)

where we have set o, =e' and w* "'=e "~

We note that the elements of M (0) are just combina-

i6

J

Rofo(x (1)—A R fi(x,(2)) 0
Boyf i (xi (1) hofo(x(2)—A  h fi(x(3))
hofb(x,(3))—A

0 h_f"1x,(2)

hofi(x(1))e " 0 0

Let the characteristic polynomial for the above equa-

tion be
ayMV+ay AV 71+ - +a A +a,=0. 25)

From Eq. (24), it can be seen that the only 6-dependent
term in the characteristic polynomial is

a0=G+ei9+G_e7"9+R ,

where
N
G, =— hlfl val(x(i))H
i=1
and
I P . ‘
G_=— [h{ |II f1(x () ,
i=1

and R is some real constant. One can see that if deriva-
tives of the coupling functions are symmetric

hfi=h_fy,

then this term a, is real. One more case in which the
term a, is real is when any of the eigenvalues A is real for
some OE(0,7) (0 and 7 are excluded since polynomial is
any way real in these cases). In both the cases a theorem
in analysis by Pdélya and Szegd [18] is useful. The
theorem implies that if all the roots lie in the complex
unit circle for extremum values of a, i.e., for 6=0 and 7
then they lie in the complex unit circle for the values in
between. Thus in these two cases, the stability for kK =1
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tions of entries of j [Egs. (11)—(15)]. Thus the problem of
stability analysis of larger orbits is reduced to that of the
entries of j. This corresponds to the reduction of the
analysis of kN X kN matrices to that of N X N matrices.

Returning to Eq. (22), it is clear that if we check the ei-
genvalues of M (0) for 6 between 0 and 2, it ensures the
stability for all values of k. Actually, it is sufficient to
check for 0=6=m. Of course, for a given value of k it is
sufficient to check for a maximum of [(k/2)+1] values
of 6 [17].

One can get further simplifications for 7=1, i.e., for a
fixed-point solution. In this case what is important is the
characteristic polynomial 7 of M (6), given by the deter-
minant of the matrix M (0)—Al,

P=Det[(A4,+e°B,+e °C,)—AI], (23)
where i =0,1, ...,k —1, i.e., the determinant of
h o f 1 (x(N))e'®
0

0 . (24)

hofo(x (N)—A

and k =2 implies the stability for any value of %, i.e., only
two values of 0, 0 and , need to be studied.

III. EXAMPLES

Here we illustrate the above formalism using a few ex-
amples.

A. Homogeneous case

As a specific example, for the special case when all the
maps are the same [Eq. (8)], we take the logistic map,

fxX)=pux(1—x), (26)

where 0<u=<4 and x€[0,1]. This map has several
stable periodic orbits depending on the value of u [19].
In particular, it shows a period-doubling structure lead-
ing to a period-doubling attractor [19]. The analysis of
the preceding section shows that for the coupled logistic
map the entire period-doubling structure and the struc-
ture of other periodic windows will be lifted to the chain
@, for the same values of u together with the same stabil-
ity properties for all k.

The second example is that considered by Waller and
Kapral [12]. They consider the maps

hofo(x)=px(1—x)—2yx ,
hlfl(x):h_lf_l(x):')/x .

(27)

Using Eq. (7) for the fixed point and the condition
A==1, i.e., the condition for marginal stability, we ob-
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tain the boundaries of the stability region of the fixed
point and the periodic solution in the u-y plane. Our re-
sults coincide with those of Ref. [12]. For example, for
the fixed-point homogeneous solution x * =0, the stability
criterion using Eq. (7) is given by

u(1—2x*)—2y+y(e®+e 19)==+1,
which means
u==11+4y sin*(6/2) (28)

where 6=2mj/k,j=1,2,...,k. This coincides with Eq.
(2.6) of Ref. [12].

B. Stability of higher spatial periods

Now we will illustrate the procedure for higher N with
coupled logistic maps with u=4, ie., f(x)=pux(1—x)
and

x, (D= (1—¢€)f(x,(i))
+§[f(x,(i+1))+f(x,<i—1))], 9)

where 0 <e=1. We discuss the stability of the following
solutions.

(a) First, consider a fixed-point solution
S1(2,1)=(x,,x_) of Eq. (29) for the chain €, with
x . 7x _. The solution is

_ [8e—3£(3262—36€+9)'"?]
* 8(2e—1)

The stability of the k replica solution S,(2,k) can be
studied using Eq. (22). The criterion for the stability of a
k-replica solution is that any of the eigenvalues of the
Jacobian should not have modulus grater than unity. Us-
ing Eq. (22), one can say that the solution S,(2,k) is
stable if none of the k matrices M (8) have an eigenvalue
with modulus greater than unity. These matrices M (8)
are given by

(30)

(1—e)f'(x,) —§-<1+ef")f'(x_)
M©)= | , , 31
E(l+e"9)f’(x+) (1—e)f'(x_)

where 6=0,27/k,...,(k —1)2w/k. For the stability of
original solution S,(2,1) we have to consider the eigen-
values of M (0). The eigenvalue equation for M (0) is
given by

(26— 1)A*+2(1—€)A+(32e2—36e+8)=0 . (32)
This equation has solution A=—1 when
€=(4+Vv'6)/8=0.8061. .. or €=0.1939. . . and similarly

A=1 when €=0.75. The eigenvalue is complex if

[2(1—e€)]*—4(2e—1)(326*—36€+8) <0,
and has modulus unity when
2e—1=+32e>—36e+8 ,

i.e.,

€=(19+£v73)/32=0.8608. . . and 0.3268. . . .

Thus the solution given by Eq. (30) is stable for the values

of € _in the range (4+V6)/8=0.806... to
(19+Vv'73)/32=0.860. .. . At €=0.806.. ., eigenvalue
crosses —1, and at €=0.860. . ., the eigenvalue crosses

the unit circle at complex conjugate values. As expected,
one gets period doubling in the first case for € <0.806. . .,
and in the second case for €>0.860... a Hopf bifurca-
tion is observed.

Since this is a fixed-point solution with symmetric cou-
pling, we use the criterion noted in the preceding section.
To check the stability of the solution S(2,k) for the
chain €., obtained by k replicas of the solution
S§,(2,1), it is sufficient to consider only two values of 6,
namely 6=0 and 7 in Eq. (19). The condition for stabili-
ty for 6=0 is the same as that for the solution S,(2,1)
and one needs to check only for 6= additionally. The
eigenvalues for the matrix M (7) are (1—e)f'(x) and
(1—e)f'(x_). Calculations on the lines of M (0) show
that no further condition is imposed for the stability in
the range in which §,(2,1) solution is stable. Thus the
solution S,(2,k) remains stable for the same range of €
values for all k.

(b) We consider a period two solution of Eq. (29) for
the closed chain @,, namely S,(2,1)={R|,R,,R,,...}
where R;=(x(1),x,(2)) and R,=(x,(1)=x,(2),x,(2)
=x,(1)) with x,(1)7x,(2). With some algebra it can be
seen that the solution is analytically given by

x,(1)=[8e—5+(32e?—28e+5)""%]/[8(2e—1)] ,
(33)
x,(2)=[8e—5—(32—28¢+5)!"2]/[8(2e—1)] .
These solutions exist when
32¢?—28¢+5>0, (34)

i.e., if €>2=0.625 or e < +=0.25.

As in the previous case, using Eq. (22), we can say that
the solution S,(2,k), is stable if none of the k matrices
M (0) have an eigenvalue with modulus greater than uni-
ty. In the present case matrices M (0) are given by

(1—€)f'(x,(1)) —§—<1+e"9)f'(x,<z>)

M©)=1] |, ‘ ,
t=1 E(I—Fe"e)f'(x,(l)) (1—e€)f'(x,(2))

(35)
where 6=0,27/k,...,(k —1)27w/k. For the stability of
original solution S,(2,1) we have to consider the eigen-

values of M (0). The eigenvalue equation for M (0) is
given by

A4€>—4e+1)+A(— 128+ 172€*—T72¢+8)

+1024€*— 179263+ 1040€> — 224+ 16=0 . (36)

Let us rewrite this equation as
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A2(26—1)2—A[(2€)*—2(2e—1)(—32€*+28e—4)]
+(—32e*+28¢—4)*>=0. (37

Let us introduce a variable Z given by Z = —V/ A. With
some algebra it can be seen that Z satisfies the equation

(2e—1)Z*—2€Z —32€*+28¢—4=0 . (38)

This equation in Z is just like Eq. (32) in A which has
been considered in detail in the previous example, except
that one has replaced € by 1—e. Thus this solution is
stable for the values of € in the range
(4—v6)/8=0.1938... to (13—V/73)/32=0.1392... .

1.0

Xy (i)

0.6

0.4

1 L 1 1 1 1 1 1 1 1 1
5 0 5 10 15 20 25 30 35 40 45 50
i

o

0.8

X1 (D)

| IR WSS SN NN S SN S S
0 7 14 21 28 35 42 49 56 63 70

1.00

—
(@]
~
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0253 § 8 16 24 32 40 48 56 84 72 80
i
FIG. 1. (a) Kink-type solution for N =5 [S,(5,1)] on the
left-hand side and its replica solutions for k =10 [S,(5,10)] on
the right-hand side. (b) and (c) show similar kink-type solutions
for N =7 and N =S8, respectively.

At (4—V'6)/8 the eigenvalue in the previous case was
—1 which is +1 now, since the actual eigenvalues [Eq.
(36)] are squares of the solutions of Eq. (38).

The stability of the k replica solution S,(2,k) has been
verified numerically using Eq. (22). For even k, the lower
bound shifts to 0.14037. .. . For odd k, the lower bound
approaches this value according to the sequence
0.140009. .. for k =3; 0.14026. . . for k =5; 0.14031. ..
for k =7, etc.

(c) Our next example is the kink-type solutions [4] to
Eq. (29). We have considered several kink-type solutions.
Here we discuss the following solutions for u=3.41.

(i) N=5. Consider the basic unit S,(5,1) shown in
Fig. 1(a). Figure 1(a) also shows the replica solution with
k =10. The basic unit S,(5,1) is stable in the € range
from O to 0.0967... . We use Eq. (22) to determine the
stability of the replica solutions. The higher-order solu-
tions are stable in the same limits within computational
accuracy. This has been confirmed by actual numerical
simulations for replica solutions with many k values.

(i) N =7. Consider the basic unit S,(7,1) shown in
Fig. 1(b). Figure 1(b) also shows the replica solution with
k =10. The basic unit S,(7,1) is stable in the € range
from O to 0.33772. .. . We analyze the stability of repli-
ca solutions using Eq. (22). We find that for even k, the
stability range reduces to €e=0 to €=0.33762... . For
odd k the lower limit remains the same, i.e., €=0 and the
upper limit approaches 0.33762... by the sequence
0.33766. .. for k =3, 0.33764. .. for k =5, etc. Again,
this result has been confirmed by actual numerical simu-
lations.

(iii) N =6 and 8. We consider the kink solutions with
an equal number of consecutive points in the upper and
lower branches, i.e., 3 and 4 points for N =6 and 8, re-
spectively. The basic unit S,(8,1) for N =8 and its repli-
ca solution with k =10 are shown in Fig. 1(c). In this
case using Eq. (22) and also by actual numerical simula-
tions we find that the stability of the replica solutions
remains unchanged by enlargement of the phase space.

IV. TRAVELING-WAVE SOLUTION

Traveling-wave solutions have always been of interest
to the pattern formation community. For example, they
can be seen in convection patterns in annular cells [20].
The stability criterion undergoes one more simplification
in this case. Let us consider a solution of wavelength N
repeated k times traveling to the right with velocity 1,
i.e., moving on sites to the right at each time step. Obvi-
ously, it is temporally periodic with period N. Note
that time period and space period are the same in
this  case. Let the solution for k=1 be
R =(x(1),x,(2),...,x,;(N)) at time 1. Obviously,
R2=(x2(1):xl(Z),xz(Z):xl(:’)), N ,XZ(N)ZXI(I)) at
time 2 and R, =(x,(1)=x,(2),x,(2)=x (¢
+1),...,x,(N) =x,(t —1)) at time ¢. Thus Sy(N,1)
={R,R,,...,Ry,R,,...}. Now we consider the sta-
bility of the k replica solution
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Sy(NK)={{(R{,...,R)is{Ry, .. ., Ry .. ARp, ..., Ry} -
The stability will be determined by the Jacobian
J:JN"'Jle. (39)

Now looking at the fact that the traveling-wave solution will look like a fixed point in a frame of reference moving with
the same velocity, one can infer that the different Jacobian matrices should be related by a unitary transformation. The
relevant transformation 7 which is a kN X kN matrix is obvious. It should take the value of the variable at site i to the

site i + 1 cyclically. We have
m=circ(0, 1,0, ...,0)
and the Jacobian matrix at time ¢ is given by
J,=uJ, 7!
=" (),
where J, is a kKN X kN matrix given by
hofolx,(8))  h filx,(t+1))

B_f(x(8) hofolx,(t+1))
J, = .

hyfi(x,(8) 0

Using Eq. (41) and the property 7V ~1=7"1

JkN tet J2J1=[7TA1J1 ]kN .
We also have [Eq. (39)]
Jinv I 1= -

we get

R A LE LN

where we have used the time periodicity J,y ; =J;,r=0,1,2, ...

J=[="U, V.

(40)
41)
h_f_(x,(t—1))
0
: (42)
h_ f1(x,(t—=2)) hofolx,(t—1))
(43)
,andi=1,2,...,N. Hence
(44)

Thus eigenvalues of 7~ !J, are enough to infer about the stability of the traveling-wave solution. In fact, they are Nth
roots of the eigenvalues of J. The matrix 7 is unitary and real and hence 7~ '=n". Also, the fact to be noted is that

1

7~ ' can be block diagonalized by the same transformation as for J,; and so one can block diagonalize both, take the

product, and find the eigenvalues. Thus for a pattern R =(x(1),x,(2), ...

,x1(N)) repeated k times, we need to con-

sider the eigenvalues of N X N matrices M (0) which are given by

eif hofo(x,(1))

00 0
1 0 0
M(0)=
00 1 0 hifi(x,(1))e %

where 6=0,27/k,...,(k —1)27/k.

For the traveling-wave moving with velocity greater
than 1 (say p), m will have to be replaced by #*, which can
again be block diagonalized in a similar manner.

Let us illustrate this procedure with the help of oscil-
lating period-two solution considered in Eq. (33) [exam-
ple (b) of the preceding section]. The stability of this
solution can be studied using the matrix 7 'J, and the
corresponding eigenvalue equation is

A2(2e—1)—2re—326*+28¢—4=0 . (46)

We note that this equation is the same as Eq. (38) and the
conditions for stability are as discussed before. The sta-

hlfll(xl(z))
0 h_f(x (1)) hofolx,(2)) -+ 0

h_ f" (x,(N))e®

: ) (45)
hofo(x(N))

[
bility of the k replica solution S,(2,k) can be obtained by

considering the eigenvalues of the k matrices M () given
by [Eq. (45)]

(1—€)f'(x,(1)) —;—(1+ei9)f’(x,(2))

0 ei9
1 0

§<1+e—"9>f'(x,<1>) (1—e)f'(x,(2))

47)

The results that we get using this matrix match with the
one obtained while discussing this example in the preced-
ing section.
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V. HIGHER-DIMENSIONAL CASE

Let us consider a two-dimensional coupled-map lattice
model with periodic boundary conditions. This is an evo-
lution on the two-dimensional lattice Ly N, which is a

o

N, XN, lattice. Let the evolution be given by the map

Xp 1B =hofo(x, (5N Fhy 4 fr 4 (x, (i +1,7))
thy fro(x,i =1L, +h,  f, ((x,0,j+1))
+hy,_f, (x,(i,j—1)), (48)

J

R,=[(x,(1,1),x,(2,1), ..., x,(N,,1)),(x,(1,2),

denote the state of the lattice at time ¢ Let
SN, 1;N,,1) denote solution of Eq. (48) with temporal
periodicity T, i.e.,

SN, ;N,,1)={R\,R,,...,R,Ry,...} .

Now arguing on the lines of arguments in the one-
dimensional case, one can see that this solution repeated
p times in the direction of the first index and g times in
the direction of second index, i.e.,

SANpiN,,@)={{[Ry,...,R 1,0, »

([Ry, ..., R,1,), ,

([R'r}""RT]p)q} 4

is a solution for the two-dimensional lattice LPNX, an, with
temporal periodicity 7. Here ([R,,... R,1,),
represents a state R, [Eq. (49)] repeated p times in the x
direction and g times in the y direction.

We again pose the same question as in the one-
dimensional case. We address the problem of what can
be stated about the stability properties of S.(N,,p;N,,q)
from the analysis of stability matrix of S (N,,;N,,1).

A. Homogeneous case

We begin with the case N, =1, Ny=1, i.e., a homo-
geneous solution. We will suppress the indices N,, N,
i, S(N,,p;N,,q)=S,(p,q). We will also suppress the
indices i/ and j, i.e., x,(i,j)=x,. Let us consider the sta-
bility of the periodic solution with period 7,

SALD={R,...,R,Ry, ...}
={Xy, . X X5} (50)

for the lattice L, ;. This is a stable solution provided
/e f"(x) - frix )l <1, (51)

where

where 1</ <N, and 1<j=<N,. The functions f,, f, 4,
Sfx—» fy+> f,— are some functions which describe evolu-
tion in an otherwise isolated space. The parameters h,,
hyyshyi, hy s by represent coupling strength and are
chosen so that x, (i) lies in the same phase space and
are assumed to be positive. We have associated variable
x at time ¢ to each point of the two-dimensional lattice
Ly x . Asin the one-dimensional case we impose cyclic
x7y
boundary conditions. In the one-dimensional case the

lattice points form a ring of maps whereas here they form
a torus. Let

X (Nu2)), o (x (LN, . ., x,(N,,N,))] (49)

[

FOO)=hofo(xX)Fhy i fri(x)th, _fr(x)
Fhy i fy () Fhy, _f, (x) .

For the homogeneous solution S (p,q), the stability con-
dition is that modulus of all eigenvalues of the pg Xpgq
stability matrix J =J_ - - - J,J, have magnitude less than
one. Now we define Jacobian matrix J, as

7). = ax,(k,1) (52)
t’m,n ax,fl(i,j) ’

where
m=(—1)p+k
and
n=(—1)p+i.
One can see that J, is a pg X pg Jacobian matrix given

by

J,=bcirc(Ay, 4,.,0,,...,0 , 4, ) (53)
y p p y

where 4y, 4,4, A, are p Xp matrices given by

Ag=circlhofo(x,),hye o frt (x,),0,...,0,h, _fr_(x,)),
Ay+=circ(hy+f)ﬁ+(x, ),0,0,...,0),
A, _=circ(h,_f,_(x,),0,0,...,0),

and O, is a square matrix of order p with all elements
equal to 0. Note that 4,, and 4, _ are diagonal ma-
trices and can also be written as

Ay =h, [y (x)I,
Ay—=hy*f}:-(xt)lp ’

where I, is an unit matrix of order p.

Note that J, is a block circulant matrix with circulant
blocks. We can block diagonalize J, in matrices y,(s),
s=1,2,...,q where
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Y (s)=Adotw A,y o 4,

=circ(hofo(x,)+h,  f)+ (x)o,+h, _f,_(x)o;

where
wS:ei(Z‘rr(s—l)/q) . (55)

7.(s) can be further diagonalized to give the eigenvalues
Adr,s),r=1,2,...,p where

7»,(}',S)=hoff)(x,)+hy+fy'+(x,)a)s+hy¥ij,(xA,)w;1
+h  fl o (x)e,+h, _fr_(x)0; ', (56)
where
w, =e!2mr=1/p) (57)
Let us define the following vectors:
F, = frs(x)hy 1 fy+(x))
F,_=(h,_fr(x)h,_f, (x)),

Q. (rs)=(w,,0),

(58)

Q_(r,s)=(0; Lo, ") .
Thus Eq. (56) can be written as
Ars)=hofo(x,)+F, Q. (r,s)+F,_-Q_(r,s). (59

Equation (59) suggests that it is possible to extend the
result to higher dimensions. For example, in three di-
mensions, the same formulas hold except that each of the
vectors will have three components.

The pq eigenvalues of the total Jacobian matrix are
given by

Mr) =TT Mrs) , (60)

r=1
wherer=1,...,pand s =0,1,...,q.

AMky,ky)) =11 [f’(xt)—4y+y(a)kl+wk—ll+wk2+wk_21)]
t=1

= ITI {f'(x,)+4y(cos[m(k,+k,)/k]cos[2m(k,
r=1

The condition for marginal stability is that at least one of
these eigenvalues is of magnitude unity and no eigenvalue
is having magnitude greater than unity. The criterion
coincides with Egs. (2.6) and (2.7) of Ref. [13].

B. Case of higher spatial period

Now let us consider the case of higher spatial periodi-
city. As one would guess from the previous discussions,

Vhe o fl o (x),0,...,0,h, _fl_(x,)) (54)

r

Let us consider the special case
f():fx—~:fx+:fy—:fy+=f' (61)

Now the eigenvalues of the Jacobian for this case are
given by

Ar,s)=T1(ho+h, 0, +h,_o ' +h, o,

t=1
+h, o, N)f'(x,) .
(62)

By triangle inequality and the fact that couplings are pos-
itive we get

[A(r,s)] S A1, 1)] . (63)

However, A(1,1) is the eigenvalue for S.(1,1). The con-
dition for its stability is given in Eq. (51). Thus in this
case, stability of the homogeneous solution S.(p,q) is
guaranteed by the stability of the single-point solution
S.(1,1) for the same parameters of the map. We have
seen that a similar result holds good in one dimension.
Thus the above statement appears to hold irrespective of
the dimensionality of the lattice.

The second example is that considered by Oppo and
Kapral [13]. They consider the maps

hofolx)=f (x)—dyx , o
by frs(X)=hy_fro (X)=h, ([, (X)=h,_f, (x)=px .

Let p =g =k. Using Eq. (62) for the fixed point and
periodic point, we obtain the condition for A==1, i,
the condition for marginal stability. Our results coincide
with those of Ref. [13]. For the spatially homogeneous
periodic point, using Eq. (62), N? eigenvalues A(k,,k;),
(k;=1,2,...,k; k,=1,2,...,k) are given by

—k,)7k]1—1)} . (65)

r

the Jacobian in this case should turn out to be the block
circulant matrix with block circulant blocks and one
should be able to block diagonalize them. This expecta-
tion is true indeed. We will discuss this case in detail
now.

The problem is what can be stated about stability prop-
erties of S_(N,,p;N,,q) from the analysis of stability
analysis of stability matrices of S (N,, LNy, 1). To make
the analysis easy we number the sites in a particular way.
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Let us associate a function g(i,j) with the site (i,j)
defined by

g(i))= | 3= | (NN, )+
y

N.

X

L }(NxNy)

+[(j modN, ) —1]N, +(i modN,) , (66)

where [ ] denotes the integer part. One can see that this
function associates a unique number between 1 and
N, N,pq with each point on the lattice. Now we define
Jacobian matrix J, as

)=t 67
m™rdx, (i, ))
where
m =g (k,l)
and
n=g(i,j) .

Using Eq. (67) the Jacobian matrix looks like the fol-
lowing:
J,=b circ( 4, Ay+’0NxNyP’ e ’ONXNyP’ A4,.) (68)

is a block circulant matrix of order g with blocks being
N,N,p XN, N,p matrices, where

A0:b CirC(BO7Bx+’ONXNy’ e ’ONxNy’Bx") ’
Ay+:b CirC(By+7ONXNy’ ce ’ONxNy) ,
Ay#:b CirC(By—’ONXNy’ e ,ONxNy) .

Here 4, Ay+, Ay_ are block circulant matrices of or-
der p with blocks being matrices of order N, XN,. Ma-
trices A ps AyA are themselves block-diagonal matrices
and can be written in form of direct product with identity
matrix,

Ay-+-:By +®Ip ’

A, =B, ®I, .

While indexing the site (i,j) by using the function
g (i,j), we have effectively divided the lattice in pq identi-
cal blocks. If one scans the lattice sites corresponding to
the ascending order defined by the function g, the value

T (s)=Ay+ A4, 0.+ A4, o'

=b circ(By+B, o, +B, @, B, 1,0y N p>--

. ’ONXN}'P’BX_) ’

of the variable x associated with the site is periodic with
period N, N,. Any ith element in this order is equivalent
to k (N, N,)+ith element. Thus one can view the lattice
as comprising of pg identical blocks. The nonzero ele-
ments in the matrix B, describe connections between the
sites within a block while the nonzero elements in the ma-
trices B, 1, B, _, B, ;, B, _ represent the connections be-
tween different blocks.

The only nonzero matrix elements of B, ., B, _, B, 4,
B, are

(By ) n =X (x,(1,/)), m=jN,, n=(j —1)N,+1;
(By Ippn=X_(x,(N,,j)), m=(—1)N,+1, n=jN, ;
(By 4 ) n =Y 1 (x,(i,1)), m=(N,—1)N,+i, n=i;
(B, Vpn=Y (x,(i,N,)), m=i, n=(N,—1)N,+i .

where j=1,...,N, and i=1,...,N,. The remaining
elements are zero. We have also used the following sim-
plifying notation:

W(z)=hyfy(z),

X, (2)=h, fry(2),
X _(2D)=h,_f,_(2),
Y, (2)=h,, f)4(2),
Y_(2)=h,_f, ().

Matrix B, is a bit more complicated. It is almost like the
Jacobian for the case p =g =1 except for the fact that the
elements coming in due to periodic boundary conditions
are absent. The nonzero elements of B are given by

(Bo)ym = W(x,(i,)))
(BO)m,m+1:X+(xt(i+1’j))y i<Nx ’
(Bo)pm 1=X_(x,(i —1,j)), i>1,

(.Bo)m,m_{_NX:Y_}.(xr(l',j+1)), ]<Ny y

(Bolpm -y, =Y_(x,(i,j —1)), j>1,

where m =(j —L)N,+i,i=1,...,N,,j=1,...,N,.
Matrix J, can be block diagonalized into blocks of or-
der N, N,p and the blocks are given by

(69)



47 SPATIALLY PERIODIC ORBITS IN COUPLED-MAP LATTICES 153

where s =1,2,...,q9. The matrices I',(s) can be further
block diagonalized as [see Egs. (55) and (57)]

M,(r,s)=By+B, 0, +B, o, '+B,  0,+B, _o,".
(70)

Let us define the following vectors. The components of
these vectors are N, N, X N, N, matrices

Ft+:(Bx+:By+) »
F,_=(B, ,B, ),

(71)
Q+(r,5):(erNxNy’wsINxNy) ’
Q_(r,s)=(w:11NXNy,w;IINXNy) .
This allows us to write M,(r,s) in a vector form,
M,(r,s)=By,+F, . -Q (r,s)+F,_-Q_(rs). (72)

Thus the final matrices appear in the form
T
M(r,s)=]][Bo+F,+ Q. (r,s)+F,_-Q_(rs)]. (73)

t=1

Thus the job of diagonalizing N,N,pg XN, N,pq ma-
trix is reduced to diagonalization of pg matrices of order
N.N,.

VI. DISCUSSION

We have discussed the conditions that ensure the sta-
bility of spatially and temporally periodic orbits. In addi-
tion, our analysis also leads to the following important
conclusion about unstable periodic orbits. As noted in a
comment after Eq. (21), the matrix j appears as a block of
the matrix D. Hence, a solution built out of the replicas
of unstable periodic orbits will also be unstable. Enlarge-
ment of phase space and the effect of couplings cannot
stabilize an unstable replica solution. The unstable
periodic orbits are dense on the chaotic attractor. They
are supposed to form the backbone of the dynamics on
the attractor. One can calculate properties like invariant
density, Lyapunov exponent knowing the periodic orbits

[21,22]. One can even predict the time series using them
[23]. Our formalism will be useful if one tries to use un-
stable periodic orbits to analyze the spatially extended
systems. It is clear that the replica solutions can be used
to construct a hierarchy of unstable periodic orbits based
on the orbits for building blocks. This may help in the
organization of spatio-temporal chaos on the lines of ar-
guments in Ref. [21].

So far as spatially and temporally periodic orbits are
concerned, we have shown that the stability of spatially
and temporally periodic orbits can be analyzed in terms
of smaller ones made up of building blocks of spatial
periodicity. We find that for the homogeneous solution
no further conditions are imposed if fo=/f,=f_; and
the stable solution for a single point remains stable on the
enlargement of phase space and the introduction of cou-
plings. However, solutions with larger wavelengths re-
quire additional conditions for stability. These condi-
tions depend on the stability matrices for the building
block of spatial periodicity and the roots of unity. The
stability conditions undergo an additional simplification
in the case of a traveling wave solution. We have dis-
cussed this briefly.

We have also discussed the two-dimensional extension
of our formalism. From the convenient form in which
the equations can be set, it is obvious that the generaliza-
tion to higher dimensions is also possible.

If one tries to analyze the problems similar to the ones
analyzed here, in oscillator arrays this procedure can be
easily used to simplify the computation. Even if the mod-
el involves more than nearest-neighbor interactions, such
as next-nearest-neighbor interaction or global coupling,
the procedure still remains useful with minor
modifications. Thus the scope of our formalism is fairly
general and can be used to analyze a variety of physical
problems.
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