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Abstract

We study the relation between the Majorana neutrino mass matri-

ces and the neutrinoless double beta decay when CP is not conserved.

We give an explicit form of the decay rate in terms of a rephasing

invariant quantity and demonstrate that in the presence of CP viola-

tion it is impossible to have vanishing neutrinoless double beta decay

in the case of two neutrino generations (or when the third generation

leptons do not mix with other leptons and hence decouple).
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In the literature the relation between the Majorana neutrino mass ma-

trices and the neutrinoless double beta decay has been studied extensively

[1]. If the electron neutrino is a Majorana particle or a pseudo-Dirac particle

(i.e., the symmetry of the mass matrix is not the symmetry of the weak in-

teraction), then they can contribute to neutrinoless double beta decay, while

if it is a Dirac particle then there is no neutrinoless double beta decay. A

Dirac particle can be viewed as a combination of two Majorana particles

with equal mass and opposite CP properties and their contribution to the

neutrinoless double beta decay cancel [2]. In this article we shall study this

relation between the Majorana mass matrix and the neutrinoless double beta

decay when CP is not conserved (i.e., the mass eigenstates are no longer CP

eigenstates).

We shall first discuss the question of CP violation [3, 4] in the leptonic

sector and then study neutrinoless double beta decay in theories with CP

violation. We consider n left-handed Majorana neutrinos (νiL, i = 1, ..., n)

and n charged leptons (lα, α = 1, ..., n). For any CP violation to take place we

require n ≥ 2. For n = 2 there is exactly one CP violating phase; the number

of phases increases with increasing n. The charged current interaction and

the mass terms of the lagrangian are [4],

L =
g√
2
l′αLγµν ′

iLW−
µ − l′αLM ′

lαβl′βR − ν ′c
iRM ′

νijν
′
jL + h.c. (1)

We can now diagonalize the mass matrices and in the diagonal basis

2



(denoted by letters without any prime) we have,

L =
g√
2
lαLγµνiLVαiW

−
µ − lαLMlαδαβlβR − νc

iRK2

i MνiδijνjL + h.c. (2)

The bi-unitary transformation, E†
αβRM ′

lβηEηρL = Mlαδαρ, diagonalises the

charged lepton mass matrix, while the symmetric neutrino mass matrix is

diagonalized as,

UT
ijM

′
νjkUkl = K2

i Mνiδil (3)

where Mν has real positive mass eigenvalues and K is a diagonal phase

matrix. The mixing matrix V , given by V = E†
LU , is analogous to the

Kobayashi-Maskawa matrix of the quark sector.

Under CP the Weyl fields transform as, νL → νc
R = νL

c and νR → νc
L =

νR
c. CPT invariance implies that the CP conjugate fields are always present

in the theory. Thus considering any Weyl field νL is equivalent to reducing the

number of degrees of freedom by half and in the above the mass eigenstate

Majorana fields νi = U †
ijν

′
jL + K∗2

i UT
ijν

′c
jR satisfy the Majorana condition

ν = K∗2νc so as to match the number of degrees of freedom. Under CP

transformations all terms in the lagrangian go to their hermitian conjugates

except for the coefficients. As a result if there is any complex coefficient, then

the imaginary part gives rise to CP violation. However, many of the phases

can be rotated away by the rephasing of the fermion fields, since physical

processes are independent of the rephasing of these fields.

In principle, both the matrices V and K can have CP violating phases

and can have observable consequences [3, 4]. Under the rephasing of the
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neutrino fields, νi → eiδiνi, the invariance of the charged current interactions

and the Majorana mass terms dictates that V and K should transform as

{Vαi, Ki} → e−iδi{Vαi, Ki}.

In general the n − 1 phases of K (the overall phase is not significant) can

be absorbed in the rephasing of the n fields νiL. This will introduce new

phases in V . If there is no CP violation in the lagrangian then these phases

can be put to zero. With CP violation in the lagrangian this rephasing will

leave nonvanishing phases in V . This is in contrast to what happens in the

quark sector, where the absence of a Majorana mass term implies the phase

rotation of the right handed fields can be exploited to make K2 real.

Although V and K both transform under the rephasing of the fermion

fields and are not invariant, in physical processes they enter in certain com-

binations which are rephasing invariant. Some of these invariant forms has

been studied in the literature [4]. In neutrinoless double beta decay processes

only one of the rephasing invariant combinations enters

sαij = VαiV
∗
αjK

∗
i Kj , (4)

which has the following properties:

sαijsαjk = |Vαj|2sαik; sαij = s∗αji. (5)

If any of the sαij are complex then that will imply CP violation in pro-

cesses in which they enter. For a given flavour α, sα is hermitian. Thus for
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n generations sα can have n(n − 1)/2 phases. For two neutrino generations

(for α = e and µ) there is one independent phase in sα12.

The amplitude for the neutrinoless double beta decay arises from the

term,
∑

i

[WµlαLγµνiLV ∗
αi] [K2

i WννiLγνec
αLV ∗

αi] (6)

with α = e and the decay width is proportional to,

Γ ∝ |
∑

i

V ∗
eiV

∗
eiK

2

i Mνi|2 =
∑

i,j

s2

eijMνiMνj . (7)

The advantage of writing the decay rate in the rephasing invariant form is

that now we do not have to worry about the CP properties of the neutrinos

or the phases and the sign convention. Any result given in this approach

will automatically take care of the phase convention. Thus, if there is CP

violation in the theory then some of the seij can be complex and the decay

rate will depend on the amount of CP violation in the theory. This means

that the CP violating phase may not allow cancellation of different terms in

the amplitude [2]. In other words, if CP is conserved then two Majorana

neutrinos of equal mass and opposite CP eigenvalue can combine to form a

Dirac neutrino [5]; however, if there is CP violation then the neutrinos no

longer form CP eigenstates.

We consider a two generation example to demonstrate how CP violation

changes the decay rate. For the charged lepton mass matrix we take the
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mixing matrix to be of the form,

EL =





ce −se

se ce



 ,

where, cα = cos θα and sα = sin θα. We shall consider the neutrino mass

matrix to be the most general one. Instead of considering any particular

form for the mass matrix M ′
ν , we start with the diagonal form of the mass

matrix to be Mν =





m1 0

0 m2



, the mixing matrix to be of the general

form, U =





cν sν

−sν cν



 and K =





1 0

0 eiδ



. This will correspond to the

most general form for the mass matrix M ′
ν except for some possible phase

rotations. But since we are dealing with the phase invariant quantities any

other phase choice will not change our result. We then get,

Γ ∝ A2 + B2 + 2AB cos 2δ, (8)

where, A = (cecν − sesν)
2m1 and B = (cesν + secν)

2m2. Obviously the

decay rate depends explicitly on the CP violating phase δ. This decay rate

vanishes only for A = B and δ = π/2, which corresponds to there being no

CP violation. This also implies that the two mass eigenstates have opposite

CP properties and their contributions to the decay rate cancels each other

[2]. If there is CP violation then this cancellation is incomplete and there is

no other solution for which the decay rate vanishes. Thus for two generations

in the presence of CP violation it is impossible to have vanishing neutrinoless

double beta decay.

However, if we work in the basis where the charged lepton mass matrix
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is diagonal, i.e., the weak eigenstate basis, (to be precise, we require only

EL =





1 0

0 1



) then equation (7) reduces to,

Γ ∝ |M ′
ν11

|2. (9)

Although this apparently contradicts our previous remarks, in practice it

does not. When M ′
ν11

or any one of the three elements of M ′
ν vanishes, there

is no CP violation.

To see this consider the basis where EL is diagonal; EL can then be made

real as well. All the CP violating phases in the lagrangian are then contained

in the neutrino mass matrix M ′
ν . Since M ′

ν is symmetric only [n2−n(n−1)/2]

independent phases can be present, of which we can absorb n phases by

rephasing the n neutrino fields, leaving only n(n− 1)/2 independent phases.

In the case of two generations this means that only one of the three elements

of M ′
ν can be complex and if any one of them is zero we can always make M ′

ν

real.

This conclusion may not be valid for the case of three generations, where

the total number of phases in M ′
ν is three. Thus if M ′

ν11
= 0, implying

vanishing of the neutrinoless double beta decay, the matrix M ′
ν can still have

two more complex phases and hence even in the presence of CP violation the

contribution to the neutrinoless double beta decay can vanish. However, in

the three generation case if the third generation decouples from the other two

generations, i.e., the third generation leptons do not mix with others both in

the neutrino as well as in the charged lepton sector, then our discussion with
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the two neutrino generations is still valid and again it will be impossible to

have vanishing neutrinoless double beta decay with CP violation.

To summarize, we have studied the relation between the neutrinoless dou-

ble beta decay rate and the neutrino mass matrix when CP is not conserved.

In the two family scenario (or where the third family decouples from the other

two), it is not possible to have non-zero neutrinoless double beta decay.
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