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Gravitational orretion to SU(5) gauge oupling uni�ation
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AbstratThe gravitational orretions to the gauge oupling onstants of abelian and non-abelian gauge theories has been shown to diverge quadratially. Sine this result willhave interesting onsequenes, this has been analyzed by several authors from di�er-ent approahes. We propose to disuss this issue from a phenomenologial approah.We analyze the SU(5) gauge oupling uni�ation and argue that the gravitational or-retions to gauge oupling onstants may not vanish when higher dimensional non-renormalizable terms are inluded in the problem.
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1 IntrodutionThe question of gravitational orretions to the evolution of the gauge oupling on-stant has attrated some attention in reent times, following the seminal paper of Robinsonand Wilzek [1℄. They studied the one-loop quantum orretions to the running of the gaugeouplings in an e�etive quantum theory of gravity, whih is valid at energies below thePlank sale and found a quadrati divergent behavior. The harater of the orretion hasbeen arrived at from a general onsideration, whih has been shown to have important phe-nomenologial onsequenes in theories with low sale gravity [2℄. However, this result hasbeen questioned by some authors and the result has been studied from di�erent approahes.This gravitational orretion has been shown to depend on the hoie of gauge in an expliitalulation [3℄. They studied the abelian theory and used a parameter dependent gauge toarrive at their result. Subsequently a more general result has been obtained using a gaugeinvariant bakground �eld method that the gravitational orretions to the gauge ouplingsvanishes [4℄. Following the doubts raised by these two referenes on the result of ref. [1℄,a one-loop diagrammatial alulation has been performed in the full Einstein-Yang-Millssystem, whih had also on�rmed the vanishing of the one-loop ontributions of quantumgravity to the gauge oupling evolution [5℄.The quantum gravity orretions to the running of gauge ouplings were alulated forpure Einstein-Yang-Mills system. Although our preliminary results show that even afterinluding salar �elds, the diagramati tehniques would give vanishing gravitational orre-tion, it is not lear if the general results of ref. [1℄ will be valid in some ases. Reentlythe gravitational orretions to the gauge oupling evolution has been studied inluding aosmologial onstant and quantum gravity e�et has been found to a�et the running of thegauge ouplings [6℄. However, the one-loop ontributions in the presene of a osmologialonstant di�ers from that of ref. [1℄, whih was obtained from a general onsideration. Thisraises the question: what are the other fators that would make the quantum gravity e�etssigni�ant?In this artile we argue from a phenomenologial approah that the quantum gravity ef-fets should be signi�ant when higher dimensional non-renormalizable interations are takeninto onsideration. Sine quantizing the general theory of relativity for small �utuationsaround �at spae gives us a non-renormalizable �eld theory, we need to inlude an in�niteset of higher dimensional ounterterms. Sine these terms are suppressed by appropriatepowers of the Plank mass Mp ∼ 1019 GeV, at energies well below the Plank sale thesehigher dimensional terms may be onsidered as small perturbations in the e�etive theory of2



quantum gravity [7℄. However, at the sale of grand uni�ation these terms may not be ig-nored, and hene, in some version of the grand uni�ed theories dimension-5 and dimension-6gauge invariant terms have been inluded on phenomenologial ground to see if these termsan hange any of the onlusions for some reasonable values of the oupling onstants [8℄.It was found that although the minimal SU(5) grand uni�ed theory fails to satisfy the gaugeoupling uni�ation, inlusion of the higher dimensional terms hange the boundary ondi-tions and allow gauge oupling uni�ation at a higher sale [8, 9℄. Here we point out thatif the gravitational ontributions to the gauge oupling evolution vanish, then the boundaryonditions appearing due to the higher dimensional terms beome inonsistent. We thenshow how the gauge oupling onstants evolve from low energy to the GUT sale and satisfythe non-renormalizable operator indued mathing ondition at the new GUT sale, if weinlude gravitational orretions to the gauge ouplings, whih diverge quadratially nearthe Plank sale.2 E�et of higher dimensional operators in SU(5) uni�-ationMost of the grand uni�ed theories (GUTs) with intermediate symmetry breaking sales ansatisfy the experimentally observed onstraints on proton lifetime (τp) for the p → e+π0mode and the eletroweak mixing angle sin2 θw

τp ≥ 3 × 1032 yr, sin2 θw = 0.230 ± 0.005 .The minimal SU(5) and other GUTs with no intermediate symmetry breaking sale and nonew partiles beyond the minimal representations are ruled out as they predit signi�antlylower values. In other words, with the present range for the sin2 θw, if we evolve the threegauge oupling onstants from the eletroweak sale to the grand uni�ation sale, they donot meet at a point, and hene, there is no uni�ation. In an interesting proposal it waspointed out that sine the grand uni�ation ours at a sale MU ≥ 1015 GeV), whih is loseto the Plank sale, it is natural to expet that there ould be signi�ant modi�ation tothe GUT preditions by gravity-indued orretions [8℄. These orretions may allow gaugeoupling uni�ation, make proton stable, give orret neutrino masses and proper hargedfermion mass relations at the GUT sale, even for the minimal SU(5) GUT. In this artilewe inlude the higher dimensional terms to study the gauge oupling uni�ation and infer3



that the evolution of the gauge oupling onstants should be modi�ed by the gravitationalorretions.We start with the SU(5) Lagrangian and then the breaking of SU(5) group into theStandard Model group SU(3)C × SU(2)L × U(1)Y via the Higgs �eld φ, whih transformsunder the 24-dimensional adjoint representation of SU(5). We write down the Lagrangianas a ombination of the usual four dimensional terms plus the new higher dimensional termswhih has been indued by the non-renormalizable interations of perturbative quantumgravity. Sine the ouplings of these terms are not known, we annot make any preditionsat this stage, so we look for onsistent solutions for a reasonable range of the unknownparameters. The SU(5) gauge invariant Lagrangian, inluding higher dimensional terms anbe written as
L = L0 + Σn=1L

(n) (1)where
L0 = −1

2
Tr(FµνF

µν) (2)Where the sum is over the higher dimensional operators. For the present we shall restritourselves to only �ve- and six-dimensional operators, whih are:
L(1) = −1

2

η(1)

MP l

Tr(FµνφF µν) (3)
L(2) = −1

2

1

M2
P l

[
η(2)

a Tr(Fµνφ
2F µν) + Tr(FµνφF µνφ)

+η
(2)
b Tr(φ2)Tr(FµνF

µν) + η(3)
c Tr(Fµνφ)Tr(F µνφ)

] (4)where
F µν = ∂µAν − ∂νAµ − ig [Aµ, Aν ] (5)

(Aµ)
a
b = Ai

µ

[
λi

2

]a

b

(6)and
Tr (λiλj) =

1

2
δij . (7)Here Ai is the ith omponent of the gauge �eld, λi is the orresponding generator and ηn,n=1,2,... are the unknown parameters, indued by gravitational orretions.4



When the salar φ aquires a vauum expetation value (vev) and breaks the SU(5)symmetry at the GUT sale, we may replae these �elds in the above expressions by its vev.This will give us the e�etive low energy theory with only dimension-4 interations, but thee�etive gauge �elds will be modi�ed below the GUT sale. We may de�ne the new physialgauge �elds below the uni�ation sale to be
A′

i = Ai(1 + εi)
1/2 (8)and the modi�ed oupling onstants inluding the higher dimensional operators as

g̃2
3(MU ) = g3

2(MU )(1 + εC)−1 (9)
g̃2
3(MU) = g2

2(MU)(1 + εL)−1 (10)
g̃2
1(MU ) = g1

2(MU)(1 + εY )−1 (11)The gi are the ouplings in the absene of higher dimensional operators, whereas g̃i are thephysial ouplings whih evolve down to the lower sales. The value of the εn assoiatedwith the given operator of dimension n+4 may be expressed in the following way
εn =

[
1√
15

φ0

MP l

]n

η(n) (12)The vev φ0 is related to MU

φ0 =

[
6

5παG

]1/2

MU (13)The hange in the oupling onstants are then related to the εns through the followingequations
εC = ε(1) + εa

(2) +
15

2
εb

(2) + .... (14)
εL = −3

2
ε(1) +

9

4
εa

(2) +
15

2
εb

(2) + .... (15)
εY = −1

2
ε(1) +

7

4
εa

(2) +
15

4
εb

(2) +
7

8
εc

(2) + .... (16)This shows how the e�et of higher dimensional operator modify the gauge oupling on-stants. The Uni�ation sale, MU , is now de�ned through the new boundary ondition
g3

2(1 + εC) = g2
2(1 + εL) = g1

2(1 + εY ) = g0
2 . (17)5



With this in mind, one may use the standard one loop renormalization group (RG) equations
αi

−1(Mz) = αi
−1(MU) +

bi

2π
log

(
MU

Mz

) (18)with the beta funtions b1 = 41
10
,b2 = −19

6
,b3 = −7. We have taken Nf=3 and NHiggs=1.Solving the RG equations without any higher dimensional ontributions yield

log

(
MU

Mz

)
=

6

67α

1

D

[
1 − 8

3

α

αs

+ εC − 5εY + 3εL

3

α

αs

] (19)
sin2 θw =

1

D

[
sin2 θw

(5) − 19

134
εC +

1

67

(
21 +

41

2

α

αs

)
εL +

95

402

α

αs
εY

] (20)
1

αG

=
3

67

1

D

[
11

3αs

+
7

α

] (21)
D = 1 +

1

67
(11εC + 21εL + 35εY ) (22)Where the sin2 θw

(5) is the usual minimal SU(5) predition
sin2 θw

(5)
=

23

134
+

109

201

α

αs
(23)In this ase of minimal SU(5), the gauge oupling onstants do not meet at a point, andhene, uni�ation is not possible. We now show how this result gets modi�ed by inludinghigher dimensional terms.We �rst onsider only the following SU(5) invariant non-renormalizable (NR) (dimension�ve) interation term

LNR = −1

2

(
η

MP l

)
Tr(FµνφF µν) , (24)where φ24 is the Higgs 24-plet, η is a dimensionless parameter and MP l is the Plank mass.Suppose the Higgs �eld aquires a vauum expetation value(vev)

〈φ〉 =
1√
15

φ0diag[1, 1, 1,−3

2
,−3

2
] (25)The SU(5) gauge symmetry breaks to SU(3)C×SU(2)L×U(1)Y at this sale beause of non-invariane of the Higgs �eld under the SU(5) symmetry. The presene of non-renormalizable6



ouplings modi�es the usual kineti energy terms of the SU(3)c, SU(2)L and U(1)Y gaugeboson part of the low-energy Lagrangian. The modi�ed Lagrangian beomes
− 1

2
(1 + ε)Tr(Fµν

(3)F µν (3))− 1

2
(1− 3

2
ε)Tr(Fµν

(2)F µν (2))− 1

2
(1− 1

2
ε)Tr(Fµν

(1)F µν (1)) , (26)where the supersripts 3,2 and 1 refer to gauge �eld strengths of SU(3), SU(2) and U(1)respetively and ε is de�ned as
ε =

[
1√
15

φ0

MP l

]
η . (27)We used ε(2) = ε(3) = 0 and ε(1) = ε = ηφ0/(

√
15MU), so that εC = ε, εL = −3

2
ε, εY = −1

2
ε.Now, using these expressions, we get

1

αG

=
11αs

−1 + 21α−1

67 − 38ε
, (28)

log

(
MU

Mz

)
=

6π

67 − 38ε

[
α−1 − 8

3
αs

−1 +

(
7

3
αs

−1 + α−1

)
ε

] (29)
sin2 θw =

1

67 − 38ε

[
23

2
+

109

3

α

αs

−
(

41 +
116

3

α

αs

)
ε

] (30)Taking the experimental values of αs = 0.1088, α = 1/127.54, it is possible to obtain aonsistent hoie of the parameters εC , εL, εY whih satisfy the onstraints on sin2 θw and
MU . But the uni�ation sale remains low and the proton lifetime beomes less than thepresent experimental bound. For entral value of sin2 θw(= 0.2333), we obtain ε(1) = −0.0441and MU = 3.8×1013 GeV and the orresponding value of αG = 0.0245. The lifetime of proton(mp is the mass of the proton)

τp =
1

αG
2

MU
4

mp
5

(31)then beomes too low to be onsistent with experimental limits on τp for the given valueof MU . Hene, it is not possible to obtain a onsistent solution with the �ve Dimensionaloperator. Table 1: Uni�ation in SU(5) using gravity orretions
ǫC ǫL ǫY MU0.04 0.0675 0.24 1017 GeV0.3894 0.44 0.98 1018 GeV1.3894 1.445 1.98 1018.6 GeV7



If we now inlude both �ve and six dimensional terms, then there are whole range ofparameters that are onsistent with the values of sin2 θw, MU and proton lifetime. Wepresent a few representative set of values that are onsistent with proton lifetime in table 1.So, from now on we shall onsider both dimension �ve and dimension six non-renormalizableterms for our disussion.3 Evolution of gauge ouplings inluding gravitationalontributionsIn the last setion we disussed the e�et of higher dimensional non-renormalizable inter-ation on the boundary ondition, satis�ed by the gauge ouplings. In fat, the e�etivegauge ouplings get modi�ed at the time of GUT phase transition, whih allows the gaugeoupling uni�ation for some parameter range. If we now start evolving the gauge ouplingonstants from low energy, when the e�ets due to the higher dimensional terms are neg-ligible, we should be able to reah the new modi�ed boundary ondition ontinuously. Inother words, the modi�ed e�etive gauge ouplings should evolve with energy in suh a waythat at low energy they beome the usual gauge ouplings. If we now assume that the grav-itational orretions to the evolution of the gauge ouplings vanishes, then this transition isnot possible. On the other hand, if we onsider that the gravitational orretions are of thequadrati nature, as reommended in ref. [1℄, then it is possible to ontinuously evolve thegauge oupling onstant from the modi�ed e�etive oupling near the GUT phase transitionsale to the low energy experimentally observed ouplings.In this setion we shall �rst argue how the non-renormalizable interations ould hangethe gravitational orretions to the gauge ouplings. Then we shall demonstrate how thegauge oupling onstants evolve from low energy to the uni�ation sale in the presene ofthe higher dimensional ontributions. Although the modi�ed boundary ondition and itse�et was studied by many authors, the running of the gauge ouplings from low energy tothe uni�ation sale ould not be studied. This is beause the running of the gauge ouplingsin the presene of gravitational orretions were not onsidered.As the gauge boson vertex has strength g and gravity ouple to energy momentum witha dimensional oupling ∝ 1
MPl

, dimensional analysis implies that the running of ouplings infour dimensions will be governed by a Callan-Symanzik β funtion of the form
β(g, E) =

dg

dlnE
= − b0

4π2g3 + a0
E2

MP l
2g (32)8



where the �rst term is the non-gravitational ontribution and the 2nd term is the gravi-tational ontribution, as suggested in ref. [1℄. This quadrati gravitational orretion wasthen revisited in ref. [3, 4, 5℄ and it was shown that this ontribution vanishes. We shallnow argue that in the presene of non-renormalizable interations, this ontribution may notvanish.Following equations 8-11, we write down the e�etive oupling onstant at the GUT saleas
g̃−2 = g−2 + C, (33)where C is the ontribution oming from the non-renormalizable interations. We shallnow argue that although the gauge oupling evolution may not be a�eted by gravitationalorretions (as stated in refs. [3, 4, 5℄), the evolution of C is dominated by gravitationalorretion, and hene, it should evolve as suggested in ref. [1℄.In the absene of non-renormalizable interations and gravitational orretions, the threegauge ouplings for a partiular model evolve as inverse logarithm of E at one loop or-der. Although uni�ation may not be ahieved in ase of minimal SU(5), inluding non-renormalizable terms (i.e., inluding C) they may get uni�ed at a sale ≈ 1017−18 GeV. Inref. [1℄, it was shown that in absene of C, the ouplings are uni�ed near the Plank saleand the value of the ouplings are zero, as shown in �gure 1. The negative value of a0 in thebeta funtion signi�es that the gravitational orretion works in the diretion of asymptotifreedom, i.e. it auses oupling onstants to derease at high energy (above 1016 GeV).
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Figure 1: Evolution of the gauge oupling onstants without higher dimensional terms, butinluding gravitational orretions [1℄.The modi�ations to the gauge ouplings arising due to non-renormalizable terms are9



symbolially denoted by C in equation 33. To omply with the uni�ation ondition desribedby equation 17, the orretion of eah of the three oupling onstants will have di�erentweights. This would give nonzero ontribution to the oupling onstants unlike in ref. [3, 4,5℄. One an justify this point as follows: For the purpose of a demonstration onsider thediagramati method of ref. [5℄. Here one starts with the Einstein-Yang-Mills Lagrangian
L4 =

2

κ2

√−gR − 1

2

√−ggµρgνσTr[FµνFρσ] , (34)with the Rii salar R. We then expand the metri in terms of the �at metri ηµν and thegraviton �eld hµν to write
gµν = ηµν − κhµν + κ2hµβhβ

ν√−g = 1 +
κ

2
h +

κ

8

(
h2 − 2hαβhαβ

)
. (35)It is then possible to write down the propagators for this theory and expliitly alulatethe one-loop diagrams to show that the gravitational orretions to the β-funtions vanish[3, 4, 5℄. It should be noted that the term of type √−ggµρgνσTr[FµνFρσ] (in equation 34)give ontribution to the oupling onstant that is quadrati in the energy [1℄.If we now inlude the salar �elds Φ in the theory, there will be interations of the salar�elds with the graviton �eld, whih omes from the Lagrangian

LS =
√
−g[DµΦDνΦ]gµν . (36)In this ase also there seem to be anellation of the quadrati divergenes (we onsideredthe diagrams to order κ2 for the abelian ase only) and there may not be any gravitationalorretions to the gauge oupling evolution.However, the inlusion of higher dimemsional non-renormalizable terms would ompletelyhange the senario. Suh non-renormalizable terms are expeted in a theory that inorpo-rates the e�et of quantum gravity. In any grand uni�ed theory, where the uni�ation saleis only 2-3 orders of magnitude lower than the Plank sale (the proliferation of partilesnear the GUT sale ould also lower the Plank sale [10℄), suh non-renormalizable termsmay ontribute signi�antly. Consider, for example, the dimension-5 term in presene of the24-plet salar φ of SU(5)

L5 = − 1

2MP l

√
−ggµρgνσTr[FµνFρσφ] . (37)For the ase when E ≤ MU , the salar φ aquires a vev (〈φ〉 ≡ M diag[1, 1, 1,−3/2,−3/2]),10



this term would give ontribution to the C term in equation 33 that vary quadratiallywith the energy. However, to be onsistent with the modi�ed boundary ondition givenby equation 17, the di�erent gauge �elds with di�erent weight fators will give nonzeroontribution. It ought to be noted that the oupling onstants now meet at E ≈ MU whihis lower than the Plank sale This supports our earlier inferene that the gravitationalorretions to the gauge ouplings may not vanish when the higher dimensional interationsare inluded. Above the uni�ation sale MU , the salar �eld has not aquired vev and SU(5)symmetery is exat. In this regime there will be only one gauge oupling onstant for entireSU(5) and it will evolve without any gravitational orretions as if the higher dimensionalterms were absent.Figure (2) shows how the oupling onstants vary with energy in the presene of C termsin the regime E ≤ MU . For the regime E ≥ MU , there is only one oupling onstant as theexat SU(5) symmetry is restored. In this ase there will be no gravitational orretions inthis ase as pointed out in ref. [3, 4, 5℄.
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Figure 2: Evolution of the gauge oupling onstants in the presene of higher dimensionalterms and gravitational orretions.4 ConlusionThe higher dimensional e�etive ontributions has been studied in the literature, whereby thegauge oupling onstants get modi�ed near the grand uni�ation sale. These modi�ationsof the boundary onditions allow gauge oupling uni�ation even for the minimal SU(5)GUT. However, the running of the modi�ed gauge ouplings have not been studied. We11



show that this modi�ed gauge ouplings should evolve inluding the gravitational orretions,otherwise the low energy gauge ouplings may not be onsistent with the modi�ed boundaryonditions. From this we infer that the gravitational orretions to the gauge ouplingsmay not vanish when higher dimensional non-renormalizable interations are inluded in theEinstein-Yang-Mills system.Referenes[1℄ S. P. Robinson and F. Wilzek, Phys. Rev. Lett. 96 231601 (2006).[2℄ I. Gogoladze, C.N. Leung, Phys. Lett. B 645, 451 (2007).[3℄ A.R. Pietrykowski, Phys. Rev. Lett. 98, 061801 (2007).[4℄ D.J. Toms, Phys. Rev. D 76, 045015 (2007).[5℄ D. Ebert, J. Plefka, and A. Rodigast, Phys. Lett. B 660, 579 (2008);[6℄ D.J. Toms, Phys. Rev. Lett. 101, 131301 (2008).[7℄ F. Donoghue, Phys. Rev. Lett. 72, 2996 (1994); Phys. Rev. D 50, 3874 (1994).[8℄ C.T. Hill, Phys. Lett. B 135, 47 (1984); Q. Sha�, and C. Wetterih, Phys. Rev. Lett.52, 875 (1984).[9℄ M.K.Parida, P.K. Patra and A.K. Mohanty, Phys. Rev. D 39, 316 (1989); B. Brah-mahari, P.K. Patra, U. Sarkar and K. Sridhar, Mod. Phys. Lett. A 8, 1487 (1993); A.Datta and S. Pakvasa and U. Sarkar, Phys. Lett. B 313, 83 (1993); A. Vayonakis, Phys.Lett. B 307, 318 (1993); T. Dasgupta, P. Mamales and P. Nath, Phys. Rev. D 52, 5366(1995).[10℄ X. Calmet, S.D.H. Hsu and D. Reeb, Phys. Rev. Lett. 101, 171802 (2008).
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