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EXISTENCE OF UNIVERSAL CONNECTIONS IL*

By M. S. NArASIMHAN and S. RAMANAN,

1. Introduction. In an earlier paper [3] we proved the existence of
universal connections for connections in bundles with a compact Lie group
as structure group. In this paper we extend this result to the case of an
arbitrary connected Lie group (Theorem 1). The proof of this theorem does
not depend on [3]. However, this result does not include Theorem 1 of [3]
which is more precise in that it asserts that the canonical connections in
the Stiefel bundles themselves are universal for connections in unitary or
orthogonal bundles. The latter is useful in some applications.

Since any two connections on a principal bundle differ by a 1-form of
the adjoint type, one can reduce the problem of finding a universal connection
to one of finding a universal 1-form of the adjoint type (§3). Regarding
the latter problem we prove the following more general result (Theorem 2):
if p is a finite dimensional representation of a connected Lie group G and n
and p are non-negative integers, then there exists a nm-universal p-form of
type p. (For the definition of forms of type p see §2.) This problem is
essentially one for compact Lie groups (§6) since the structure group of a
G-bundle P can be reduced to a maximal compact subgroup K of @, and
forms of type p on P are precisely forms on P obtained by extending forms
of type p|K (restriction of p to K) on the reduced bundle (§2). It should
be remarked, however, that the existence of universal connections for a con-
nected Lie group does not follow immediately from that for compact Lie
groups, since not every connection on a G-bundle is the extension of a con-
nection on a reduced K-bundle. (For instance, the holonomy group of a
connection got by extension will have to be contained in K). In the case
of connections, Theorem 2 seems to be necessary for passing from the compact
to the general case. In our procedure, however, Theorem 2 implies at once
Theorem 1 without passing through the compact case.

In the case when @ is the orthogonal group O(k) and p is the natural
representation, an n-universal p-form is constructed explicitly (§4). If @
is compact we may suppose that p is a representation of G by orthogonal
matrices. This enables one to reduce the compact to the orthogonal case (§5).

* Received May 7, 1962.
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224 M. S. NARASIMHAN AND S. RAMANAN.

For the notions relating to connections in principal bundles we refer

to [1], [2], [5].

2. Preliminaries. In this section, we first fix our notation and termi-
nology, and then give a canonical way of extending p-forms of a certain type
to bundles obtained by extension of structure group.

By ¢differentiable’ we always mean ‘indefinitely differentiable.” All
manifolds, groups, bundles, maps and forms are assumed differentiable. We
assume all our manifolds are paracompact. By a p-form on a manifold we
mean a covariant tensor of degree p. If f: M — M’ is a map and « a p-form
on M’, f*(a) will denote the inverse image of a by f.

By a G-bundle we always mean a principal bundle with structure group
G. If f: H—> @ is a homomorphism of groups, P; a H-bundle, and P, a
G-bundle, a map h: P, — P, will be called a f-morphism if & (&) =h(&)f(s)
for every ¢ € Py, s€ H. When H = @ and f is the identity map, a f-morphism
will be called a G-morphism. If p is a representation of G in a finite dimen-
sional vector space V, a p-form on a G-bundle with values in V is said to be
of type p if i) it is equivariant for the action of @ and ii) it annihilates any
p-tuple of tangent vectors one of which is vertical [2]. If h: P,—>P, is a
f-morphism and « a p-form of type p on P,, then h*a is clearly a p-form on
P, of type (pof).

Let G4, G- be two Lie groups and f: G;— G, a homomorphism. Let 7T}
be the functor which associates to every G,-bundle P the G,-bundle T,(P)
over the same base obtained by extension of the structure group by f. We
recall that the total space of T;(P) is the orbit space of P X G, under the
action of Gy given by (£ g.)g:1= (£91,1(9:)7%g:) for €€ P, g, € G4, g2 € Go.
The action of G, on P X G, defined by (&,92)92" = (& ¢2977) for €€ P,
g, 92’ € G, commutes with the above action of @, and hence @, operates on
T;(P) and makes of it a G,-bundle. Moreover, if ®: P— P’ is a G+-morphism,
the G-morphism T;(®): T;(P) — Ty(P’) is induced by the map (& g.)
= (®(£),9:) of P X G, into P’ X G,.

Let g be the projection P X G;— T;(P) and i; the map £— q(& ¢) of P
into Ty(P). We then have i;(&s) =—1i;(£)f(s), £€ P, s€ Gy; ie, if is a
f-morphism.

Let p be a finite dimensional representation of G,. If 8 is a p-form of
type p on T4(P), i/*B is a p-form on P of type pof. Conversely, to every
p-form « on P of type pof we can associate in a natural way a p-form T («)
of type p on T;(P) with i/*T;(a) =« in the following way. It is easy to
check that the form o« on P X G, defined by & &gy = p(92) T (P1*2) (£.60)
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(p. being the projection P X G,— P) is invariant under the action of G
and annihilates any p-tuple of tangent vectors one of which is vertical. Hence
there exists a p-form T(«) of type p on Ty (P) such that ¢*T;(a) =« and
we have 4,*T;(¢) = a. Moreover, if 8 is a p-form of type p on T;(P), we
have Ty (4*B) = .

Finally, the correspondence «—> Ts(a) is ‘functorial’ in the following
sense: if ®: P— P’ is a G;-morphism and if o is a p-form on P’ of type pof,
then we have

Ty (@%a) — (T8)* (Tsa).

3. Statement of the theorems. Proof of Theorem 1.

THEOREM 1. Let G be a connected Lie group and n a positive integer.
Then there exist a principal G-bundle B and a connection form y, on B such
that any connection form on a principal G-bundle P with base of dimension
=n 1§ the inverse image of vy, by a G-morphism of P in B.

We deduce Theorem 1 from the following theorem which seems to be
of independent interest.

THEOREM R. Let G be a connected Lie group and p a finite dimensional
representation of G. Let n and p be two non-negative integers. Then there
exist a principal G-bundle E and a p-form a, of type p on E such that any
p-form of type p on a principal G-bundle P with base of dimension =n is
the inverse image of a, by a G-morphism of P into E. Moreover, the bundle E
can be chosen to be classifying for dimension = n.

Remarks. 1. A p-form (resp. a connection) which possesses the property
stated in Theorem 2 (resp. Th. 1) will be called n-universal.

R. Theorem 2 is also valid with “ p-form ” replaced by  exterior p-form.”
A universal exterior p-form is obtained by alternating a universal p-form.

Proof of Theorem 1. We now prove Theorem 1 assuming Theorem 2.
Let F be a differentiable G-bundle which is n-universal, and y, any connection
on F. On the other hand, let ¥ be a G-bundle and «, a 1-form on E of the
adjoint type which is n-universal for such forms. Consider the G-bundle
B=F X E, the action of G on B being given by (f,e)g— (fg,eq), f€F,
¢€l, ge€@ Let ¢;: B> F, g.: B—> E be the canonical projections, which
are clearly G-morphisms. The differential form Yo ==q:"y: + ¢-*®, is a con-
nection form on B since ¢;*y, is a connection form and ¢.*a, is a 1-form of
the adjoint type. We assert that v, is n-universal for connections in G-bundles.
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In fact let P be any G-bundle with base of dimension =n and y any con-
nection on P. Since F is a n-universal bundle, there exists a G-morphism
¥,: P->F. Then y—¥,*(y,) is a 1-form of the adjoint type since y and
¥,*(y,) are connection forms on P. Let ¥,: P— F be a (*-morphism such
that ¥,*(a,) =y—¥,*(y:). Consider the G-morphism ®: P— B defined
by ¢10®=1¥,; g,0®=1",. Then we have

*(y0) = 2*(q1*y1 + ¢=*%)
= (q2°2) %1+ (g0 @) *%
=¥%(y1) + ¥2* ()
=¥ * (1) + (y—¥*(1))
—7.

Remark. In the above construction, it is clear that the bundle B is
n-classifying if the G-bundles ¥ and F are n-classifying, so that the maps
induced on the bases by two G-morphisms P— B are homotopic. Thus the
theorem of A. Weil on connections [1] is an immediate consequence of
Theorem 1. However, Weil’s theorem can be proved in a simpler way; for,
all one requires for the proof is that any fwo given connections y; and y, on
a bundle P can be obtained as the inverse images of the same connection vy,
on a bundle B by morphisms whose projections on the base are homotopic.
This problem is considerably simpler as can be seen by taking B= P X I and
(v0) &ty =1tp*(y2) + (1 —1)p*ys, €€ P, t€I where p is the projection
PXI—P (I is the open interval [—2,2]). The inclusions P— P X I
given by £— (40) and é— (4 1) induce y,, y, respectively and their pro-
jections to the base are clearly homotopic, the homotopy being induced by
the identity mapping of P X I into itself [3,§6].

4. The orthogonal case. In this section, we prove Theorem 2 in the
case where G is the real orthogonal group O (%) and p is the natural represen-
tation in R%, We identify O (k) with the group of (%, %) real matrices A such
that 4’4 — I, (A’ being the transpose of A) and R* with (%, 1) real matrices.
p then corresponds to left multiplication of (k,1) matrices by (k, k)
orthogonal matrices.

Let W(N,k), N =¥, be the Stiefel bundle of (N,%)-real matrices A-
such that 4’4 —=1I;, ([3,§2]). O(%) acts on W(IV,%) by multiplication on
4,

.

the right. If 4 € W(N,k) is of the form | A; | where each 4; is a (1,%)

Ay
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matrix, the function ; on W (X, k) which assigns to each 4 the (k,1) matrix
A{ is of type p. For
A,
oi(ds) —a; | | = (Ais) =54 —=5;(4)
ANS
for A€ W(N, k), s€ O(k).

We now construct a n-universal p-form of type p. For the rest of this
section, N will denote the integer (n 4+ 1)n?+ (n+k). Let Vi,: + Vo
be (n+ 1) copies of R* and V,=R. Consider the O (k)-bundle

E=WWN,E)X Vo X ViX" X Vau
where the action of O (k) on F is given by
(w00, * * 5 Vi) g = (WG, Vo,* * *,Vnsa), WE W(N, k), v, € Vi, g€ O (k).

Let = (resp. m;) denote the projection of E onto W(N,k) (resp. Vi). Let
further (a4, - -,2*) be the coordinate functions in V; 7> 0. For each
multi-index == (13,* * *, 0" * %), 1=0=nand 1=j7=n-}+1, we shall
denote by of the p-form =*(dz;2®- - -®da,;ir) on E. For convenience of
notation, let us choose a bijection A of the set of indices (I,§) with
I=(iy," 1) 1=4,=n and 1=j=n-+1, onto the set of integers
[1, (n +1)n?]. Obviously 7/ =o0r4 ©= is a function on E with values in
(%, 1)-matrices of type p. m, being a real-valued function on E, the form
(mo- 1) w is a (k,1)-matrix valued form which is the product of the vector
valued function yr and the real-valued form of. The form
g =2 (morif) o]

Lj
is of type p. For, clearly a, annihilates any p-tuple of vectors one of which
is vertical since each o,/ has this property. Moreover if X, - -, X, are
vectors at £€ P and s€ O (k) we have

Ao (X18,+ « +, Xps) = D mo(és) 77 (&8) o (X8, - -, Xps)
=5 (&) Dl (&) of (X1, - -, Xp))
=sta, (X4, - -, Xp)

where the X;s are the vectors at & which are images of X; by the differential
of the map {—&s of P into itself.
We now proceed to prove that «, is n-universal for p-forms of type p.

Proof. Let P be a O(k)-bundle over a base M of dimension =n and
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g: P—> M be the projection. Let (U;) be a covering of M by relatively
compact open sets such that

i) each U; is contained in a coordinate cell

ii) the Uy’s can be divided into (n 4 1) classes @; in such a way that
no two U;’s of the same class intersect [4, p. 61].

Let W; be a shrinking of this covering, i.e., an open covering W; such
that W; C U;. Let Dj{j=1, - -, (n+ 1)} be the union of the open sets
g *(W;) for those +’s for which U; belongs to @; Let ¢ be a partition of
unity with respect to this covering, consisting of non-negative differentiable
functions ¢; invariant under the action of G with support of ¢ C D; and
2¢=1. ‘

Let « be a p-form of type p on P. Tt is clear that there exist functions
(fi*,- * *,f) on M whose restrictions to each W;, for those s for which U;
belongs to #;, form a coordinate system on W, Since « is of type p, « can
be expressed in D; in the form X ajq*(df{), where a7 are functions of
type p on D; and dff =df#»®- - -@dfji». Then it is easy to see that
o =2 Bfq*(dff), where B! = ¢a;! are now differentiable functions on P of
type p. Let h be a strictly positive invariant differentiable function on P
such that A (£)2>2 || B (£)B7(£)’| for every £é€ P, where | | denotes the
norm as a linear operator. (The existence of such an % follows for instance
from the fact that || B/(£)B7(£)”|| is an invariant function on P). We have

o =3 oy g* (df )
where 7,/ —-_—}17 Bi#. Obviously

I (&)t (€) | = | h—(IETEﬂf’(é)Bj’(f)' I=3

Therefore R(¢) =I,— Jnf(£)n7(€)” is a function on P with values in
positive definite matrices. Moreover, for s€ O (k) and &€ P,

R (&) =sR(¢)s.
For,

R (&) = Ly— Xnf (&) (&)’
=Le— X7 ()0 (§)" ()
= (Le— X0 (6)n (£))s
=sR(§)s.

Let S(&) be the differentiable positive matrix-valued function on P such that
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8(£)2=R(&). It is clear from the uniqueness of the positive square root
of a positive definite matrix that S(&) =s1S(&)s for £€ P, s€ O(k).

Let y: P> W(n—+%, k) be a G-morphism, the existence of which is
assured by the universal bundle theorem [6,§19]. Consider the matrix

r nl(é)’ 3

\bl(é) — 775(:5),

N(n+1)nP ('S) !

LY (E)8(§) |

where ;= with A(L,J) =1. Each v/ is a (1,%) matrix and ¢ (£)S (&)
is a (n-+k k) matrix so that y,(¢) is a ((n4+1)n? 4+ n+k, k) matrix.
The map ¢— y, (£) is a map of P into W(N, k). For,

W OREO =3 WO +IOVEOVEOIE)
= 0/() (1 ()" + 8(8)°

=I,—R(¢) +8(5)=
Hence y," (&) y, () =1I;.
Moreover y;: P— W (N, k) is a G-morphism. In fact,

- "lll(‘f‘g), N
: (e (8)) (&)
| ey : ]
palés) = : (@) | = |rwamt@]
pond@Y | 9@ s19(8)s V(OS5
()8 (89)
=‘/’1($)s

Finally, we construct a G-morphism & of P into F such that ®*¢,— «
(& and «, are the bundle and p-form constructed in the beginning of this
section). ®: P— I is defined by m0®="h, m0®= (fitog, - -,foq)’,
(/=1,- - -,n+1) and ro®=y,. & is a G-morphism since y, is so and
h, fitox are invariant functions. We then have

P* () = &* (X morilwl)
=2 (m 0 @) (v 0 @) ®* ()
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=S h(onay om0 ®)@*(of)
= hr])\g,j)q?*vrj* (d:l?jh@ e ® da:jip)

where I — (44, * *, %) with 1=14,=n. Hence

D* (ato) "———(E)hwld(fﬁw Q) ®: - -Qd(fjiroq) =a.

5. The case of a compact group. In this section we prove Theorem 2
with G compact and p any k-dimensional representation of G. Since every
representation of G is equivalent to an orthogonal representation, we may
assume that p=jof where f is a homomorphism G— O(k) and j is the
natural representation of O (k) in R*. Let E, be a O (k)-bundle together with
an n-universal p-form of type j (§4). Let F be a n-universal G-bundle.
We let G act on F X B, by (v,e.)g— (vg,ef(9)), vEF, e,€ B, g€ G.
This makes of F X E, a G-bundle E. Let g, and ¢, be the projections of
F X E, onto F and E, respectively. The p-form a, = g,*a; is of type p since
g E— E, is a f-morphism and «, of type j. We now prove that «, is a
n-universal p-form of type p. In fact, let P be a G-bundle over a base of
dimension =n and « a p-form of type p on P. Then there exists a O (k)-
morphism ®, of T;(P) into F, such that ®,*(a;) =Ts(«). (For the
definition of T see §2). On the other hand, P admits a G-morphism &,
into F, since F is n-universal. Let ®: P — E be the map defined by ¢; 0 ® = &,
g2 0P =P, 04 (i is the canonical map P—> T4(P), see §2). @ is a G-
morphism. For, if ¢€ P, s€ (¢, we have

®(£s) = (®1(€s), ®y01(£s))
= (2:(£)5, 2= (17 (£)f(s)))
=& (§)s.
Now

D (ap) = P*(qo* ) = (g0 P) ¥y

= (@2 o @f) *051 = if*<1>2*a1 = 'l:f*Tf(Z =d.

This completes the proof in the compact case.

6. Proof of Theorem 2. The general case. ILet G be a connected
Lie group and K a maximal compact subgroup of G. We denote by f the
inclusion map K — G. We seek to construct a n-universal p-form of type p,
where p is any finite dimensional representation of . From § 5, there exists
a n-universal p-form «; of type (pof) on a K-bundle E,. Then the p-form
ap=T7(a;) on the G-bundle F =1T%(F,) is n-universal for p-forms of
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type p. In fact, let P be a G-bundle over a base of dimension =n and a a
p-form of type p on P. It is well known that there exists a K-bundle P,
such that T;(P,) is G-isomorphic to P (reduction of structure group to K,
see [6.§12]). We identify P and T;(P,) by such an isomorphism. Consider
the form 4¢*(a) on P; which is of type pof. Now let ®,: P,— E; be a K-
morphism such that ®,*(a,) = *(«). Consider the G-morphism ® = T;(®,)
of P into . Then we have

¥ (@) = (Tr(®1) ) *ao = (Ts(®1))*Ts (o)
=T1(®:%ar) = Ty (i)

= Q.

It is clear, referring to §§4, 5, 6, that the bundle £ can be chosen to be
n-classifying. This completes the proof of Theorem 2.

Remark. Theorems 1 and 2 hold even when G is a Lie group with a

finite number of connected components; our proofs continue to be valid in
this case.

TATA INSTITUTE OF FUNDAMENTAL RESEARCH, BOMBAY:
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