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Abstract

We use the entropy function formalism to study the effect of the Gauss-Bonnet term
on the entropy of spherically symmetric extremal black holes in heterotic string theory in
four dimensions. Surprisingly the resulting entropy and the near horizon metric, gauge
field strengths and the axion-dilaton field are identical to those obtained by Cardoso et.
al. for a supersymmetric version of the theory that contains Weyl tensor squared term
instead of the Gauss-Bonnet term. We also study the effect of holomorphic anomaly on
the entropy using our formalism. Again the resulting attractor equations for the axion-
dilaton field and the black hole entropy agree with the corresponding equations for the
supersymmetric version of the theory. These results suggest that there might be a simpler
description of supergravity with curvature squared terms in which we supersymmetrize
the Gauss-Bonnet term instead of the Weyl tensor squared term.
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1 Introduction and Summary

In a previous paper[1] we developed a simple method for computing the entropy of a

spherically symmetric extremal black hole in a theory of gravity coupled to abelian gauge

fields, neutral scalar fields (and possibly other anti-symmetric tensor fields in dimension

> 4) with arbitary higher derivative interactions. In particular we gave an algorithm for

constructing an ‘entropy function’, – a function of the parameters labelling the near hori-

zon background, – such that extremization of this function with respect to the parameters

determines the correct values of these parameters for a given set of charges carried by the

black hole. Furthermore the value of this function at the extremum gives the entropy of

the black hole. Related (but complementary) results have been obtained in [2, 3].

In this paper we apply this method to study the effect of higher derivative terms on the

entropy of various extremal black holes in four dimensional heterotic string theory. More

specifically we add to the usual supergravity action a Gauss-Bonnet term that is known

to arise in tree level heterotic string theory[4, 5], and analyze the black hole entropy in

the resulting theory. This problem was studied earlier in [6] in an approximation where

the modification of the near horizon geometry due to the Gauss-Bonnet term was ignored,

and only the additional contribution of the Gauss-Bonnet term to the expression for the

entropy was taken into account. A somewhat different scheme, where again we do not

explicitly take into account the effect of backreaction of the Gauss-bonnet term on the

near horizon geometry, has been suggested in [7]. The entropy function formalism allows

us to go beyond these approximations.

During this study we find some surprises. Refs.[8, 9, 10, 11, 12, 13, 14, 15] studied a
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closely related theory, where instead of the Gauss-Bonnet term we add to the action a term

proportional to the square of the Weyl tensor and infinite number of other terms required

for supersymmetric completion of the action. The coefficient function of the Weyl tensor

squared term is adjusted so that the term involving the square of the Riemann tensor has

the same coefficient in both theories. Black hole entropy in these supersymmetric theories

was computed using a completely different method. In the appropriate approximation

the results of these computations turned out to agree with those of [6, 7]. We find that

after taking into account the effect of backreaction our results for not only the black hole

entropy, but also the near horizon metric, gauge field strengths and the axion-dilaton field,

agree with those of [8, 9, 10, 11, 12, 13, 14, 15]. This exact agreement between the two

sets of results is surprising considering that we do not even have a fully supersymmetric

action. This perhaps suggests that there is a simpler way to supersymmetrize curvature

squared terms in the action based on the Gauss-Bonnet combination rather than the Weyl

tensor squared term. It will be interesting to explore this possibility.

Heterotic string theory on T 6 and more general CHL compactifications discussed in

[16, 17, 18, 19, 20, 21] have S-duality symmetry group SL(2, ZZ) (as in the case of toroidal

compactification[22]) or a subgroup of SL(2, ZZ) (as in the case of CHL models[19]).

The tree level curvature squared terms are not invariant under this S-duality group,

and additional terms are needed to restore the S-duality invariance of the action. This

amounts to changing the coefficient of the curvature squared term to an S-duality invari-

ant function of the axion-dilaton field. If this function can be regarded as the imaginary

part of a holomorphic function, then the action based on the Weyl tensor squared term

can be supersymmetrized and the resulting correction to the black hole entropy can be

computed[8, 9, 10, 11, 12, 13, 14, 15]. Generically however this holomorphicity requirement

is not compatible with the requirement of S-duality and the coefficient of the curvature

squared term contains a part that cannot be regarded as the imaginary part of a holomor-

phic function[23, 24, 25]. In such cases it is not known how to supersymmetrize this term,

and hence the method of [8, 9, 10, 11, 12, 13, 14, 15] is not directly applicable. Never-

theless a form of the modified entropy and attractor equations was guessed in [11, 13] by

requiring S-duality invariance of the final result. On the other hand since in our analysis

we do not supersymmetrize the action and just work with the Gauss-Bonnet term, we do

not have any difficulty in extending our analysis to include the non-holomorphic terms,

and find an expression for the modified entropy and the attractor equation. Surprisingly,
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the results again match with the equations guessed in [11, 13]. Thus in a sense our anal-

ysis gives a derivation of the equations conjectured in [11, 13], although in the context of

a different (but related) theory.

The rest of the paper is organized as follows. In section 2 we review the construction

of the black hole entropy function for an extremal black hole in four dimensions with near

horizon geometry AdS2 × S2 and use this formalism to demonstrate that the black hole

entropy is independent of the asymptotic values of the moduli scalar fields. We also show

that the entropy computed using this formalism is unchanged under a field redefinition of

the metric and scalar fields and also under an electric-magnetic duality transformation. In

section 3 we analyze extremal black hole solutions in heterotic string theory compactified

on M × T 2 where M stands for a suitable compact manifold (e.g. T 4 or K3 or some

orbifolds of these.) We analyze black hole solutions carrying momentum and winding

charges, as well as Kaluza-Klein monopole and H-monopole charges associated with the

two circles of T 2, – first in the supergravity approximation and then including the Gauss-

Bonnet term that arises at the heterotic string tree level. We find that the final result for

the entropy as well as the near horizon values of the metric, gauge field strengths and the

axion-dilaton field are identical to the ones found in [8, 9, 10, 11, 12, 13, 14, 15] based on

supersymmetrized Weyl tensor squared terms. In section 4 we focus on the special case

of N = 4 supersymmetric heterotic string compactification, – either by taking heterotic

string theory on T 6 or by considering more general class of CHL compactifications[16,

17, 18, 19, 20, 21], – but go beyond the tree approximation and include higher order

corrections so as to restore S-duality of the effective theory. We analyze the black hole

entropy in the modified effective field theory using the entropy function, and find an S-

duality covariant expression for the black hole entropy and the near horizon value of the

axion-dilaton field. These equations agree with the form of the answer guessed in [11, 13]

using the requirement of S-duality invariance.

Appendix A is devoted to fixing the normalization of various electric and magnetic

charges which arise in this theory.

2 Black Hole Entropy Function

Since we shall be analyzing extremal black hole solutions in four dimensional string theory,

we begin by briefly reviewing the results of [1] in four dimensions. Let us consider a theory
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of gravity coupled to a set of abelian gauge fields A(i)
µ and a set of neutral scalar fields

{φs}, described by a gauge and general coordinate invariant Lagrangian density L. In this

theory we consider an extremal black hole solution with near horizon geometry AdS2×S2.

The most general near horizon field configuration consistent with the SO(2, 1) × SO(3)

symmetry of AdS2 × S2 is of the form:

ds2 = v1

(
−r2dt2 +

dr2

r2

)
+ v2

(
dθ2 + sin2 θdφ2

)

φs = us

F
(i)
rt = ei, F

(i)
θφ =

pi

4π
sin θ , (2.1)

where F (i)
µν = ∂µA

(i)
ν − ∂νA

(i)
µ and v1, v2, {us}, {ei} and {pi} are constants labelling the

background. We now define:

f(~u,~v, ~e, ~p) ≡
∫
dθ dφ

√
− det gL (2.2)

evaluated for the background (2.1). Furthermore we define

qi ≡
∂f

∂ei
, F (~u,~v, ~q, ~p) ≡ 2 π(ei qi − f(~u,~v, ~e, ~p)) (2.3)

so that F/2π is the Legendre transform of the function f with respect to the variables

{ei}. Then it follows as a consequence of the equations of motion that for a black hole

carrying electric charge ~q and magnetic charge ~p, the constants ~v, ~u and ~e are given by:

∂F

∂us
= 0,

∂F

∂v1
= 0 ,

∂F

∂v2
= 0 . (2.4)

ei =
1

2π

∂F (~u,~v, ~q, ~p)

∂qi
. (2.5)

Furthermore, using the results of [26, 27, 28, 29] one can prove that the entropy associated

with the black hole is given by:

SBH = F (~u,~v, ~q, ~p) (2.6)

evaluated at the extremum (2.4).

An alternative but equivalent formulation is to treat ~e and ~q as independent variables,

and define:

F (~u,~v, ~e, ~q, ~p) ≡ 2 π(ei qi − f(~u,~v, ~e, ~p)) (2.7)
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The equations determining ~u, ~v and ~e are then given by:

∂F

∂us

= 0,
∂F

∂v1

= 0 ,
∂F

∂v2

= 0 ,
∂F

∂ei

= 0 . (2.8)

The entropy associated with the black hole is given by:

SBH = F (~u,~v, ~e, ~q, ~p) , (2.9)

at the extremum (2.8).

It is worth emphasizing again that these results follow as a consequence of the equa-

tions of motion and Wald’s formula for entropy[26, 27, 28, 29] in the presence of higher

derivative terms[1]. Supersymmetry was not used in this analysis. However in the special

case of N = 2 supersymmetric theories, these results reproduce the observation of [30]

that the Legendre transform of the entropy with respect to the electric charges gives the

prepotential of the theory[1].

Before concluding this section we shall discuss some important consequences of this

result:

1. Since the construction of the function F involves knowledge of only the Lagrangian

density, the functional form of F is independent of asymptotic values of the moduli

scalar fields. Thus if the extremization equations (2.4) determine all the parameters

~u, ~v, then the value of F at the extremum and hence the entropy SBH is completely

independent of the asymptotic values of the moduli fields. If on the other hand

the function F has flat directions then only some combinations of the parameters

~u, ~v are determined by extremizing F , and the rest may depend on the asymptotic

values of the moduli fields. However since F is independent of the flat directions, it

depends only on the combination of parameters which are fixed by the extremization

equations. As a result the value of F at the extremum is still independent of the

asymptotic moduli. Thus the entropy of the black hole is independent of the asymp-

totic values of the moduli fields irrespective of whether or not F has flat directions.

This is a generalization of the usual attractor mechanism for supersymmetric black

holes in supergravity theories[31, 32, 33].

2. An arbitrary field redefinition of the metric and the scalar fields will induce a re-

definition of the parameters ~u, ~v, and hence the functional form of F will change.

However, since the value of F at the extremum is invariant under non-singular field
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redefinition, the entropy is unchanged under a redefinition of the metric and other

scalar fields. To see this more explicitly, let us consider a reparametrization of ~u

and ~v of the form:

ûs = gs(~u,~v, ~e, ~p), v̂i = hi(~u,~v, ~e, ~p) , (2.10)

for some functions {gs}, {hi}. Then it follows from eqs.(2.2), (2.7) that the new

entropy function F̂ (~̂u, ~̂v, ~e, ~q, ~p) is given by:

F̂ (~̂u, ~̂v, ~e, ~q, ~p) = F (~u,~v, ~e, ~q, ~p) . (2.11)

It is easy to see that eqs.(2.8) are equivalent to:

∂F̂

∂ûs

= 0,
∂F̂

∂v̂1

= 0 ,
∂F̂

∂v̂2

= 0 ,
∂F̂

∂ei

= 0 . (2.12)

Thus the value of F̂ evaluated at this extremum is equal to the value of F evaluated

at the extremum (2.8). This result of course is a consequence of the field redefinition

invariance of Wald’s entropy formula as discussed in [27].

3. As is well known, Lagrangian density is not invariant under an electric-magnetic

duality transformation. However, the function F , being Legendre transformation

of the Lagrangian density with respect to the electric field variables, is invariant

under an electric-magnetic duality transformation. In other words, if instead of

the original Lagrangian density L, we use an equivalent dual Lagrangian density

L̃ where some of the gauge fields have been dualized, and construct a new entropy

function F̃ (~u,~v, ~q, ~p) from this new Lagrangian density, then F and F̃ are related

to each other by exchange of the appropriate qi’s and pi’s. In the context of two

derivative theories this point has been noted in [34].

3 Dyonic Black Holes in Heterotic String Theory

We shall now apply the results described in section 2 to heterotic string theory on M×
S1×S̃1, where M is some four manifold (possibly accompanied by background gauge fields

and anti-symmetric tensor fields) suitable for heterotic string compactification. Examples

of M are K3 or T 4, but more general orbifold compactifications are also possible. We use

α′ = 16 unit and denote by x8 and x9 the coordinates along S̃1 and S1 respectively. We
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also normalize the coordinates x8 and x9 such that they have periodicity 2π
√
α′ = 8π.

We denote by n and w the number of units of momentum and winding along S1, by ñ

and w̃ the number of units of momentum and winding along S̃1, by N and W the number

of units of Kaluza-Klein monopole charge[35, 36] and H-monopole charge[37] associated

with S1 and by Ñ and W̃ the number of units of Kaluza-Klein monopole charge and

H-monopole charge associated with S̃1.1

Although eventually we shall be interested in studying a general black hole solution

carrying all the eight charges, we shall first consider black hole solution with non-zero n,

w and Ñ , W̃ , setting ñ = w̃ = N = W = 0. In the supergravity approximation the four

dimensional fields relevant for the construction of this black hole solution are related to

the ten dimensional string metric G
(10)
MN , anti-symmetric tensor field B

(10)
MN and the dilaton

Φ(10) via the relations:2

Φ = Φ(10) − 1

4
ln(G

(10)
99 ) − 1

4
ln(G

(10)
88 ) − 1

2
lnVM ,

S = e−2Φ , R =
√
G

(10)
99 , R̃ =

√
G

(10)
88 ,

Gµν = G(10)
µν − (G

(10)
99 )−1G

(10)
9µ G

(10)
9ν − (G

(10)
88 )−1G

(10)
8µ G

(10)
8ν ,

A(1)
µ =

1

2
(G

(10)
99 )−1G

(10)
9µ , A(2)

µ =
1

2
(G

(10)
88 )−1G

(10)
8µ ,

A(3)
µ =

1

2
B

(10)
9µ , A(4)

µ =
1

2
B

(10)
8µ , (3.1)

where VM denotes the volume of M measured in the string metric. The effective action

involving these fields is given by

S =
1

32π

∫
d4x

√
− detGS

[
RG + S−2Gµν ∂µS∂νS

−R−2 Gµν ∂µR∂νR− R̃−2Gµν ∂µR̃∂νR̃

−R2 Gµν Gµ′ν′

F
(1)
µµ′F

(1)
νν′ − R̃2Gµν Gµ′ν′

F
(2)
µµ′F

(2)
νν′

−R−2 Gµν Gµ′ν′

F
(3)
µµ′F

(3)
νν′ − R̃−2Gµν Gµ′ν′

F
(4)
µµ′F

(4)
νν′

]

+ higher derivative terms + string loop corrections (3.2)

1A Kaluza-Klein monopole associated with S1 represents a background where the circle S1 is non-
trivially fibered over the two sphere labelled by θ, φ. An H-monopole associated with S1 represents a
five-brane wrapped on M× S̃1.

2We use the symmetry x8 → −x8 together with a parity transformation of the non-compact directions
to set G89 = 0, B89 = 0 and Bµν = 0.
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From the definition of A(i)
µ given in (3.1) it follows that the fields A(1)

µ and A(3)
µ couple

to the momentum and winding numbers along the x9 direction, whereas the fields A(2)
µ

and A(4)
µ couple to the momentum and winding numbers along the x8 direction. Thus the

electric charges q1 and q3 associated with the fields A(1)
µ and A(3)

µ are proportional to n

and w respectively, while the magnetic charges p2 and p4 associated with the fields A(2)
µ

and A(4)
µ are proportional to the quantum numbers Ñ and W̃ respectively. The constants

of proportionality have been determined in appendix A and the result is as follows:

q1 =
1

2
n, q3 =

1

2
w, p2 = 4πÑ, p4 = 4πW̃ . (3.3)

We now consider an extremal black hole solution in this theory with near horizon

geometry:

ds2 = v1

(
−r2dt2 +

dr2

r2

)
+ v2(dθ

2 + sin2 θdφ2) ,

S = uS, R = uR, R̃ = u
R̃

F
(1)
rt = e1, F

(3)
rt = e3, F

(2)
θφ =

p2

4π
, F

(4)
θφ =

p4

4π
(3.4)

For this background geometry, we shall first compute the function f defined in (2.2) by

ignoring the higher derivative terms and string loop corrections in the action (3.2). A

straightforward calculation gives:

f(uS, uR, ũR, v1, v2, e1, e3, p2, p4)≡
∫
dθdφ

√
− detGL

=
1

8
v1 v2 uS

[
− 2

v1
+

2

v2
+

2 u2
R e

2
1

v2
1

+
2 e23
u2

R v
2
1

− 2 u2
R̃

p2
2

16π2v2
2

− 2 u−2

R̃

p2
4

16π2v2
2

]

(3.5)

Eqs.(2.3) now give:

q1 =
1

2
uS

v2

v1

u2
R e1, q3 =

1

2
uS

v2

v1

u−2
R e3 , (3.6)

and

F (uS, uR, ũR, v1, v2, q1, q3, p2, p4)

=
π

4
v1 v2 uS

[
2

v1
− 2

v2
+

8 q2
1

u2
R v

2
2 u

2
S

+
8 u2

R q
2
3

v2
2 u

2
S

+2 u2
R̃

p2
2

16π2v2
2

+ 2 u−2

R̃

p2
4

16π2v2
2

]

(3.7)
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It is now straightforward to solve eqs.(2.4). The result is:3

v1 = v2 =
1

4π2
p2p4 = 4Ñ W̃

uS = 8π

√
q1q3
p2p4

=

√
nw

Ñ W̃
, uR =

√
q1
q3

=

√
n

w
, u

R̃
=

√
p4

p2

=

√√√√W̃

Ñ
.

(3.8)

Eq.(2.6) now gives

SBH =
√
q1q3p2p4 = 2π

√
nwÑW̃ . (3.9)

This agrees with the standard result for the entropy of four charge black holes in (3+1)

dimensions.

By examining the background (3.8) we see that the effective string coupling square at

the horizon is given by u−1
S ∼

√
ÑW̃/nw, whereas the sizes of AdS2 and S2, measured in

string metric, are of order
√
v1,

√
v2 ∼

√
ÑW̃ . Finally the squares of various field strengths

appearing in the action are of order 1/ÑW̃ . This shows that in this background the

string loop expansion is controlled by the combination
√
ÑW̃ /nw and the α′ expansion is

controlled by the parameter 1/ÑW̃ . From now on we shall work in the limit nw >> ÑW̃

so that higher loop correction terms are negligible, and work with the tree level heterotic

string theory. In this case we expect that the α′ corrections to the solution and the entropy

will generate a power series expansion in 1/ÑW̃ .

We shall now consider a specific higher derivative correction to the action, namely

the Gauss-Bonnet term.4 At tree level in heterotic string theory this corresponds to an

additional term in the Lagrangian density of the form[4]5,6

∆L =
S

16π

{
RGµνρσR

µνρσ
G − 4RGµνR

µν
G +R2

G

}
, (3.10)

3We are implicitly assuming that qi and pi are all positive. Otherwise qi, pi must be replaced by |qi|,
|pi| in the final formulæ.

4There is no a priori reason to believe that this calculation would reproduce the correct entropy for
heterotic black holes even for large nw/ÑW̃ , since the full tree level effective action contains other terms.
However we shall see that the final result for the entropy agrees with that of Cardoso et.al., which in turn
is known to reproduce correctly the microscopic entropy of the black hole.

5The Lagrangian density also contains a term involving the product of the axion field a and the
Pontryagin density[5], but this term vanishes identically in AdS2 × S2 background, and we do not need
to include this term in our analysis.

6Some recent discussion on the effect of Gauss-Bonnet and other higher derivative terms on black hole
solutions can be found in [38, 39, 40, 41, 42].
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where RGµνρσ denotes the Riemann tensor computed using the string metric Gµν . This

induces the following change in the functions f and F

∆f = −2 uS → ∆F = 4 π uS (3.11)

and does not change the relation (3.6) between qi and ei, since the correction term is

independent of ei. Eqs.(2.4), (2.6) with the new function F + ∆F now give:

v1 = v2 = 4 Ñ W̃ + 8

uS =

√
nw

Ñ W̃ + 4
, uR =

√
n

w
, u

R̃
=

√√√√W̃

Ñ
.

(3.12)

and

SBH = 2π
√
nw
√
ÑW̃ + 4 . (3.13)

For Ñ = W̃ = 0 in (3.13) we get SBH = 4π
√
nw. This agrees with the results

of [43, 44, 45, 46, 47] (which in turn agrees with the microscopic counting based on

degeneracy of elementary string states) even though the action used in the analysis of

these papers was quite different. This surprising agreement was noted in [34] and will be

extended and discussed in more detail later in this section. We also note that if we set

Ñ = W̃ = 0 and take nw to be negative, we get SBH = 4π
√
|nw| (see footnote 3). On

the other hand these configurations correspond to non-BPS fundamental heterotic string

states with only right-moving excitations on the world-sheet. The expected microscopic

entropy for this system is 2
√

2π
√
nw. Thus the Gauss-Bonnet correction to the low energy

effective action is not able to reproduce the microscopic entropy of these non-BPS states.

We shall now extend our analysis to a general black hole solution carrying all eight

charges n, w, ñ, w̃, N , W , Ñ , W̃ . In order to describe a black hole configuration of this

type, we need to include in our analysis a more general set of fields. These include the

metric Gµν , four gauge fields A(i)
µ (1 ≤ i ≤ 4), the axion field a, the dilaton field S, and a

real 4 × 4 matrix valued scalar field M satisfying:

MLMT = M, MT = M, L ≡




0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


 . (3.14)
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In the supergravity approximation these fields are related to the ten dimensional fields

G
(10)
MN , B

(10)
MN and Φ(10) as follows (see e.g. [22]):

Ĝmn = G(10)
mn , B̂mn = B(10)

mn , m, n = 8, 9 ,

Ĝmn = (Ĝ−1)mn ,

M =
(

Ĝ−1 Ĝ−1B
−B̂Ĝ−1 Ĝ− B̂Ĝ−1B̂

)

A(10−m)
µ =

1

2
ĜmnG(10)

mµ , A(12−m)
µ =

1

2
B(10)

mµ − B̂mnA
(10−m)
µ , 0 ≤ µ, ν ≤ 3 ,

Gµν = G(10)
µν − ĜmnG(10)

mµ G
(10)
nν ,

Bµν = B(10)
µν − 4B̂mnA

(10−m)
µ A(10−n)

ν − 2(A(10−m)
µ A(12−m)

ν −A(10−m)
ν A(12−m)

µ ) ,

Φ = Φ(10) − 1

4
ln det Ĝ− 1

2
lnVM , S = e−2Φ . (3.15)

In interpreting Ĝ and B̂ as matrices we must take m = 9 (n = 9) as a label of the first

row (column) and m = 8 (n = 8) as a label of the second row (column). Thus for example

Ĝ99 appears in the top left hand corner of the matrix Ĝ. Finally a is defined through the

relation

Hµνρ ≡ (∂µBνρ + 2A(i)
µ LijF

(j)
νρ ) + cyclic permutations of µ, ν, ρ , 1 ≤ i, j ≤ 4 ,

= Gµµ′Gνν′Gρρ′S
−1 (

√
− detG)−1 ǫµ

′ν′ρ′σ′

∂σ′a . (3.16)

In terms of these four dimensional fields, the effective action in the supergravity approx-

imation is given by:

S =
1

32π

∫
d4x

√
− detGS

[
RG +

1

S2
Gµν(∂µS∂νS − 1

2
∂µa∂νa) +

1

8
GµνTr(∂µML∂νML)

−Gµµ′

Gνν′

F (i)
µν (LML)ijF

(j)
µ′ν′ − a

S
Gµµ′

Gνν′

F (i)
µν LijF̃

(j)
µ′ν′

]
. (3.17)

We now look for a near horizon field configuration of the form:

ds2 = v1

(
−r2dt2 +

dr2

r2

)
+ v2(dθ

2 + sin2 θ dφ2) ,

S = uS, a = ua, Mij = uMij

F
(i)
rt = ei, F

(i)
θφ =

pi

4π
. (3.18)

Substituting (3.18) into (3.17) and using (2.2) we get

f(uS, ua, uM , ~v, ~e, ~p) ≡
∫
dθdφ

√
− detGL

12



=
1

8
v1 v2 uS

[
− 2

v1
+

2

v2
+

2

v2
1

ei(LuML)ijej −
1

8π2v2
2

pi(LuML)ijpj +
ua

πuSv1v2
eiLijpj

]

(3.19)

Its Legendre transform with respect to the variables ei gives the entropy function F :

qi ≡
∂f

∂ei
=
v2uS

2v1
(LuML)ijej +

ua

8π
Lijpj , (3.20)

F (uS, ua, uM , ~v, ~q, ~p) ≡ 2π (eiqi − f(uS, ua, uM , ~v, ~e, ~p))

= 2π
[
uS

4
(v2 − v1) +

v1

v2uS

qTuMq +
v1

64π2v2uS

(u2
S + u2

a)p
TLuMLp

− v1

4πv2uS

ua q
TuMLp

]
. (3.21)

As shown in appendix A, the charges ~q, ~p are related to the quantum numbers n, w, ñ,

w̃, N , W , Ñ , W̃ as

q1 =
1

2
n, q2 =

1

2
ñ, q3 =

1

2
w, q4 =

1

2
w̃ ,

p1 = 4πN, p2 = 4πÑ, p3 = 4πW, p4 = 4πW̃ . (3.22)

This suggests that we define new charge vectors:

Qi = 2qi, Pi =
1

4π
Lijpj , (3.23)

so that Pi and Qi are integers. In terms of ~Q and ~P the entropy function is given by:7

F =
π

2

[
uS(v2 − v1) +

v1

v2uS

(
QTuMQ+ (u2

S + u2
a)P

TuMP − 2 uaQ
TuMP

) ]
. (3.24)

We now need to find the extremum of F with respect to uS, ua, uMij, v1 and v2. In

general this leads to a complicated set of equations. However we can simplify the analysis

by noting that the action (3.17) has an SO(2, 2) symmetry acting on M and F (i)
µν :

M → ΩMΩT , F (i)
µν → ΩijF

(j)
µν , (3.25)

where Ω is a matrix satisfying

ΩTLΩ = L . (3.26)

7As expected, F is invariant under the S-duality transformation

(
Q′

P ′

)
=

(
m n
r s

)(
Q
P

)
, u′

a +iu′

S =

{m(ua + iuS) + n}/{r(ua + iuS) + s)}, v′i = viuS/u′

S .

13



(3.25) induces the following transformation on the various parameters:

ei → Ωijej , pi → Ωijpj, uM → ΩuMΩT ,

qi → (LΩL)ijqj , Qi → (LΩL)ijQj , Pi → (LΩL)ijPj . (3.27)

The entropy function (3.24) is invariant under these transformations. Since at its ex-

tremum with respect to uMij the entropy function depends only on ~P , ~Q, v1, v2, uS and

ua it must be a function of the SO(2, 2) invariant combinations:

Q2 = QiLijQj , P 2 = PiLijPj, Q · P = QiLijPj , (3.28)

besides v1, v2, uS and ua. Let us for definiteness takeQ2 > 0, P 2 > 0, and (Q·P )2 < Q2P 2.

In that case with the help of an SO(2, 2) transformation we can make

(I − L)ijQj = 0, (I − L)ijPj = 0 , (3.29)

where I denotes the 4×4 identity matrix. It can be easily seen that for ~P and ~Q satisfying

this condition, every term in (3.24) is extremized with respect to uM for8

uM = I . (3.30)

Substituting (3.30) into (3.24) and using (3.28), (3.29), we get:

F =
π

2

[
uS(v2 − v1) +

v1

v2

(
Q2

uS
+
P 2

uS
(u2

S + u2
a) − 2

ua

uS
Q · P

)]
. (3.31)

Written in this SO(2, 2) invariant manner, eq.(3.31) is valid for general ~P , ~Q satisfying

P 2 > 0, Q2 > 0 and (Q · P )2 < Q2P 2.

It remains to extremize F with respect to v1, v2, uS and ua. This gives

v1 = v2 = 2P 2 , uS =

√
Q2P 2 − (Q · P )2

P 2
, ua =

Q · P
P 2

. (3.32)

The black hole entropy, given by the value of F for this configuration, is

SBH = π
√
Q2P 2 − (Q · P )2 . (3.33)

8This is most easily seen by diagonalizing L to the form

(
I2

−I2

)
where I2 is a 2 × 2 identity

matrix. In this case Q and P satisfying (3.29) will have third and fourth components zero, and hence a
variation δuMij with either i or j = 3, 4 will give vanishing contribution to each term in δF computed
from (3.24). On the other hand due to the constraint (3.14) on M , any variation δMij (and hence δuMij)
with i, j = 1, 2 must vanish. Thus each term in δF vanishes under all the allowed variations of uM .
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Finally let us discuss the effect of adding the Gauss-Bonnet term given in (3.10). Since

this does not affect the relation between ~q and ~e, we get, as in (3.11),

∆f = −2 uS → ∆F = 4 π uS . (3.34)

For F given in (3.24) and Q, P satisfying (3.29) we have an extremum of F + ∆F at

uM = I, (3.35)

uS =

√√√√Q2P 2 − (Q · P )2

P 2(P 2 + 8)
, ua =

Q · P
P 2

,

v1 = v2 = 2P 2 + 8 , (3.36)

and

SBH = F = π

√
(P 2 + 8)(Q2P 2 − (Q · P )2)

P 2
. (3.37)

Since eqs.(3.36), (3.37) are written in an SO(2, 2) covariant form, they are valid for general
~Q, ~P with Q2 > 0, P 2 > 0, (Q · P )2 < Q2P 2.

Another quantity of interest is the apparent entropy of the black hole that we would

get had we used the original Bekenstein-Hawking formula for our computation. Although

this is not the real entropy, this gives a convention independent measure of the near

horizon metric. For the normalization of the action used in (3.17) the Newton’s constant

GN = 2. Since the canonical metric is given by gµν = S Gµν , the area of the horizon

measured in the canonical metric is 4π uS v2. Thus the apparent entropy is given by:

Sapp =
4πuSv2

4GN
= π (P 2 + 4)

√√√√Q2P 2 − (Q · P )2

P 2(P 2 + 8)
. (3.38)

Thus
Sapp

SBH
=
P 2 + 4

P 2 + 8
. (3.39)

We now compare these results with the computations of [8, 9, 10, 11, 12, 13, 14, 15]. In

these papers a general method for analyzing supersymmetric black holes in the presence

of curvature squared terms was developed. The analysis uses a fully supersymmetric

action[48, 49], and the curvature squared term takes the form of Weyl tensor squared

rather than the Gauss-Bonnet combination. The general results derived in these papers
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can be easily applied to supersymmetric black holes in heterotic string theory on T 6,

K3 × T 2 or related orbifold models. Surprisingly, the result agrees exactly with the

formula (3.37) for the black hole entropy (see e.g. eq.(6.64) of [13]). In fact not only the

entropy but also the values of the dilaton-axion field given in (3.36) agree with eq.(6.63)

of [13]. Recalling that Sapp = π|Z|2 in the convention of [13] one can easily check that the

ratio Sapp/SBH given in (3.39) also agrees with the results of [13]. This in turn shows that

the near horizon metric is also identical in the two formalisms. Finally, since SBH(~q, ~p)

in the two formalisms are identical, the near horizon electric fields ei = (2π)−1∂SBH/∂qi

are also identical.9 Given that the starting points are quite different, – we have added

a Gauss-Bonnet term to the action without supersymmetrizing it, whereas ref.[13] uses

a fully supersymmetrized version of the Weyl-tensor squared term, – this agreement is

quite surprising. Perhaps this indicates that there is an alternative formulation of the

fully supersymmetric action based on the Gauss-Bonnet combination that is simpler than

the one based on the Weyl tensor squared term.

4 N = 4 Supersymmetric Theories and Holomorphic

Anomaly

Toroidally compactified heterotic string theory is S-duality invariant under the transfor-

mation

τ → mτ + n

rτ + s
, τ ≡ a + iS, m, n, r, s ∈ ZZ, ms− nr = 1 , (4.1)

together with appropriate transformation on other fields[22] (see footnote 7 for the action

of S-duality transformation on various parameters). The supergravity theory described

by the action (3.17) reflects this symmetry.10 However the additional term (3.10) does not

respect this symmetry and hence the effective action must receive additional corrections.

In particular we expect the full effective Lagrangian density to contain a term of the

9The near horizon magnetic field is directly given by pi/4π in both formalisms.
10Although both for the toroidal and the CHL compactifications the ranks of the matrices M and L

are larger, using the continuous T-duality symmetry of the action we can align the charges of the black
hole so that only the fields which appear in the action (3.17) are excited.
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form:11,12

∆L = φ(a, S)
{
RGµνρσR

µνρσ
G − 4RGµνR

µν
G +R2

G

}
, (4.2)

where φ(a, S) is invariant under the S-duality transformation (4.1) and for weak coupling,

ı.e. for large S, φ approaches S/16π. For heterotic string theory on T 6 the correct choice

of φ(a, S) is[13]:

φ(a, S) = − 3

16π2
ln
(
2S |η(a+ iS)|4

)
, η(τ) ≡ e2πiτ/24

∞∏

n=1

(1 − e2πinτ ) . (4.3)

The form of the action (3.17), (4.2) is valid also for a general four dimensional heterotic

string compactification with N = 4 supersymmetry[50, 51], e.g. in CHL models[16, 17,

18, 19, 20, 21], with a different choice of φ(a, S). In general φ(a, S) is of the form[50, 51]:

φ(a, S) = − 3

16π2

[
r − 4

24
ln
(
2S |η(a+ iS)|4

)
+ ψ(a+ iS) + ψ(a + iS)∗

]
, (4.4)

where r is the total number of U(1) gauge fields in the theory and ψ(τ) is a complex

analytic function of τ in the upper half plane such that ∂τψ(τ) is a modular form of

weight two under the S-duality group of the theory. ∗ denotes complex conjugation. ψ(τ)

itself gets shifted by constants under various modular transformations, and grows linearly

with τ for large S:

ψ(τ) ≃ iπ

144
(28 − r) τ , (4.5)

so that φ(a, S) ≃ S/16π for large S. For the ZN orbifold models discussed in [51]:

ψ(τ) =
1

N − 1

28 − r

12
(ln η(Nτ) − ln η(τ)) . (4.6)

It is now easy to study the effect of the term (4.2) on the entropy function. It gives

an additional contribution to f and F of the form

∆f = −32πφ(ua, uS) → ∆F = 64π2φ(ua, uS) . (4.7)

11The metric that remains invariant under an S-duality transformation is the Einstein metric gµν =
SGµν and not the string metric. Thus in order to get a fully S-duality invaraint combination we need to
replace the curvature tensor RGµνρσ in (4.2) by the curvature tensor Rgµνρσ computed using the Einstein
metric, and also the

√
− detG multiplying this term in the expression for the action by

√− det g. However
this difference is irrelevant for a constant dilaton background considered in (3.18).

12Besides the Gauss-Bonnet combination the action is also expected to contain a term proportional to
the Pontryagin density[5]. However as discussed in footnote 5, contribution from this term vanishes for
the near horizon AdS2 × S2 geometry, and hence we shall not need to include this term in our analysis.
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Together with (3.24) this gives

F =
π

2

[
uS(v2 − v1) +

v1

v2uS

(
QTuMQ+ (u2

S + u2
a)P

TuMP

−2 uaQ
TuMP

)
+ 128 π φ(ua, uS)

]
. (4.8)

As in section 3, we can use the SO(2,2) symmetry of the action to align the vectors Q

and P to be annihilated by (I − L). In this case each term in the expression for F is

extremized for uM = I. Substituting this back into the expression for F we get

F =
π

2

[
uS(v2 − v1) +

v1

v2

(
Q2

uS
+
P 2

uS
(u2

S + u2
a) − 2

ua

uS
Q · P

)
+ 128πφ(ua, uS)

]
. (4.9)

Extremization with respect to v1 and v2 give:

v1 = v2 = u−2
S

(
Q2 + P 2(u2

S + u2
a) − 2uaQ · P

)
. (4.10)

Substituting this into (4.9) gives:

F =
π

2

[
1

uS

(
Q2 − 2 uaQ · P + P 2(u2

S + u2
a)
)

+ 128πφ(ua, uS)
]
. (4.11)

The values of ua and uS at the horizon are determined by extremizing F with respect to

ua and uS. This gives:

P 2ua −Q · P + 64 π uS
∂φ

∂ua
= 0 ,

− 1

u2
S

(
Q2 − 2 uaQ · P + P 2u2

a

)
+ P 2 + 128 π

∂φ

∂uS
= 0 . (4.12)

We can now try to compare eqs.(4.11), (4.12) with the corresponding results in the

supersymmetric version of the theory. Since φ(a, S) given in (4.3) (or more generally (4.4))

is not a sum of a holomorphic and an anti-holomorphic term, it is in general difficult to

supersymmetrize the corresponding Weyl tensor squared term. Due to this reason the

analysis of Cardoso et. al. cannot be directly extended to this case. Nevertheless [11]

guessed a form of the corrected equations based on the requirement of S-duality invariance

of the theory. It can easily be shown that the expression (4.11) for the black hole entropy

as well as the attractor equations (4.12) agree with the results guessed by Cardoso et. al.

(see e.g. eqs.(1) and (2) of [52] for toroidal compactification). This again is a surprising

agreement whose significance needs to be explored.
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A Normalization of the Charges

In this appendix we shall fix the normalization of the electric charges qi and magnetic

charges pi associated with the gauge fields A(i)
µ . For this we start by noting that according

to our convention, the presence of an electric charge qi induces a coupling

qi

∫
dx0A

(i)
0 , (A.1)

to the constant mode of A
(i)
0 . On the other hand the magnetic charge pi is defined in

terms of the asymptotic form of F
(i)
θφ :

F
(i)
θφ =

pi

4π
sin θ . (A.2)

We begin by considering an elementary string wrapped once along S1. In the presence of

such a string there is a coupling

1

4πα′

∫
dξ0

∫
dξ1 εαβ BMN ∂αX

M∂βX
N , (A.3)

where ξ0 and ξ1 are the world-sheet coordinates and εαβ is the totally anti-symmetric

tensor on the world-sheet with ε10 = 1. In the static gauge X0 = ξ0, X9 = ξ1, this gives

a coupling:
1

2πα′
B90

∫
dx0

∫
dx9 =

1

4

∫
dx0B90 , (A.4)

where we have used α′ = 16 and the fact that x9 has periodicity 2π
√
α′ = 8π. Using the

identification B9µ = 2A(3)
µ given in (3.1) we can rewrite (A.4) as

1

2

∫
dx0A

(3)
0 . (A.5)

Comparing with (A.1) we see that an elementary string wound once along S1 carry half

a unit of q3 charge. Thus for an elementary string wound w times along S1, we have

q3 =
1

2
w . (A.6)

Since T-duality along the circle S1 interchanges the momentum and winding along S1

and also the gauge fields A(1) and A(3), we get

q1 =
1

2
n . (A.7)
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Finally, symmetry under the exchange S1 ↔ S̃1 gives

q2 =
1

2
ñ, q4 =

1

2
w̃ . (A.8)

We now turn to the normalization of the magnetic charges. Asymptotically a Kaluza-

Klein monopole solution associated with the circle S̃1 corresponds to a (9+1) dimensional

background:

ds2
10 = −dt2 +a (dx8 +2(1− cos θ)dφ)2 +dr2 + r2(dθ2 +sin2 θdφ2)+ b (dx9)2 +d~y2 , (A.9)

where d~y2 denotes the metric on M and a, b are constants. The coefficient in front

of (1 − cos θ) has been fixed so that at θ = π, the φ → φ + 2π transformation can be

compensated by translating x8 by its periodicity 8π. Otherwise the φ circle will not shrink

to a point at θ = π. Using (3.1) we see that for large r this corresponds to

A
(2)
φ = (1 − cos θ) , (A.10)

and hence

F
(2)
θφ = sin θ . (A.11)

From (2.1) it follows that the above configuration has p2 = 4π. Thus Ñ Kaluza-Klein

monopoles associated with the circle S̃1 will have

p2 = 4π Ñ . (A.12)

Since T-duality associated with S̃1 exchanges Ñ and W̃ and also A(2)
µ and A(4)

µ , it follows

that

p4 = 4π W̃ . (A.13)

Finally, using the S1 ↔ S̃1 symmetry we get

p1 = 4π N, p3 = 4πW . (A.14)

References

[1] A. Sen, arXiv:hep-th/0506177.

[2] P. Kraus and F. Larsen, arXiv:hep-th/0506176.

[3] K. Goldstein, N. Iizuka, R. P. Jena and S. P. Trivedi, arXiv:hep-th/0507096.

20



[4] B. Zwiebach, Phys. Lett. B 156, 315 (1985).

[5] J. A. Harvey and G. W. Moore, Phys. Rev. D 57, 2323 (1998) [arXiv:hep-th/9610237].

[6] J. M. Maldacena, A. Strominger and E. Witten, JHEP 9712, 002 (1997) [arXiv:hep-
th/9711053].

[7] K. Behrndt, G. L. Cardoso and S. Mahapatra, arXiv:hep-th/0506251.

[8] K. Behrndt, G. Lopes Cardoso, B. de Wit, D. Lust, T. Mohaupt and W. A. Sabra,
Phys. Lett. B 429, 289 (1998) [arXiv:hep-th/9801081].

[9] G. Lopes Cardoso, B. de Wit and T. Mohaupt, Phys. Lett. B 451, 309 (1999)
[arXiv:hep-th/9812082].

[10] G. Lopes Cardoso, B. de Wit and T. Mohaupt, Fortsch. Phys. 48, 49 (2000)
[arXiv:hep-th/9904005].

[11] G. Lopes Cardoso, B. de Wit and T. Mohaupt, Nucl. Phys. B 567, 87 (2000)
[arXiv:hep-th/9906094].

[12] G. Lopes Cardoso, B. de Wit and T. Mohaupt, Class. Quant. Grav. 17, 1007 (2000)
[arXiv:hep-th/9910179].

[13] T. Mohaupt, Fortsch. Phys. 49, 3 (2001) [arXiv:hep-th/0007195].

[14] G. Lopes Cardoso, B. de Wit, J. Kappeli and T. Mohaupt, JHEP 0012, 019 (2000)
[arXiv:hep-th/0009234].

[15] G. L. Cardoso, B. de Wit, J. Kappeli and T. Mohaupt, Fortsch. Phys. 49, 557 (2001)
[arXiv:hep-th/0012232].

[16] S. Chaudhuri, G. Hockney and J. D. Lykken, Phys. Rev. Lett. 75, 2264 (1995)
[arXiv:hep-th/9505054].

[17] S. Chaudhuri and J. Polchinski, Phys. Rev. D 52, 7168 (1995) [arXiv:hep-
th/9506048].

[18] J. H. Schwarz and A. Sen, Phys. Lett. B 357, 323 (1995) [arXiv:hep-th/9507027].

[19] C. Vafa and E. Witten, Nucl. Phys. Proc. Suppl. 46, 225 (1996) [arXiv:hep-
th/9507050].

[20] S. Chaudhuri and D. A. Lowe, Nucl. Phys. B 459, 113 (1996) [arXiv:hep-th/9508144].

[21] P. S. Aspinwall, Nucl. Phys. Proc. Suppl. 46, 30 (1996) [arXiv:hep-th/9508154].

[22] A. Sen, Int. J. Mod. Phys. A 9, 3707 (1994) [arXiv:hep-th/9402002].

[23] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Nucl. Phys. B 405, 279 (1993)
[arXiv:hep-th/9302103].

21



[24] I. Antoniadis, E. Gava, K. S. Narain and T. R. Taylor, Nucl. Phys. B 413, 162 (1994)
[arXiv:hep-th/9307158].

[25] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Commun. Math. Phys. 165, 311
(1994) [arXiv:hep-th/9309140].

[26] R. M. Wald, Phys. Rev. D 48, 3427 (1993) [arXiv:gr-qc/9307038].

[27] T. Jacobson, G. Kang and R. C. Myers, Phys. Rev. D 49, 6587 (1994) [arXiv:gr-
qc/9312023].

[28] V. Iyer and R. M. Wald, Phys. Rev. D 50, 846 (1994) [arXiv:gr-qc/9403028].

[29] T. Jacobson, G. Kang and R. C. Myers, arXiv:gr-qc/9502009.

[30] H. Ooguri, A. Strominger and C. Vafa, Phys. Rev. D 70, 106007 (2004) [arXiv:hep-
th/0405146].

[31] S. Ferrara, R. Kallosh and A. Strominger, Phys. Rev. D 52, 5412 (1995) [arXiv:hep-
th/9508072].

[32] A. Strominger, Phys. Lett. B 383, 39 (1996) [arXiv:hep-th/9602111].

[33] S. Ferrara and R. Kallosh, Phys. Rev. D 54, 1514 (1996) [arXiv:hep-th/9602136].

[34] A. Sen, arXiv:hep-th/0505122.

[35] D. J. Gross and M. J. Perry, Nucl. Phys. B 226, 29 (1983).

[36] R. d. Sorkin, Phys. Rev. Lett. 51, 87 (1983).

[37] J. P. Gauntlett, J. A. Harvey and J. T. Liu, Nucl. Phys. B 409, 363 (1993) [arXiv:hep-
th/9211056].

[38] M. Cvetic, S. Nojiri and S. D. Odintsov, Nucl. Phys. B 628, 295 (2002) [arXiv:hep-
th/0112045].

[39] Y. M. Cho and I. P. Neupane, Phys. Rev. D 66, 024044 (2002) [arXiv:hep-
th/0202140].

[40] I. P. Neupane, Phys. Rev. D 67, 061501 (2003) [arXiv:hep-th/0212092].

[41] S. de Haro, A. Sinkovics and K. Skenderis, Phys. Rev. D 68, 066001 (2003)
[arXiv:hep-th/0302136].

[42] G. Exirifard and M. O’Loughlin, JHEP 0412, 023 (2004) [arXiv:hep-th/0408200].

[43] A. Dabholkar, arXiv:hep-th/0409148.

[44] A. Dabholkar, R. Kallosh and A. Maloney, arXiv:hep-th/0410076.

[45] A. Sen, arXiv:hep-th/0411255.

[46] V. Hubeny, A. Maloney and M. Rangamani, arXiv:hep-th/0411272.

22



[47] D. Bak, S. Kim and S. J. Rey, arXiv:hep-th/0501014.

[48] B. de Wit, Nucl. Phys. Proc. Suppl. 49, 191 (1996) [arXiv:hep-th/9602060].

[49] B. de Wit, Fortsch. Phys. 44, 529 (1996) [arXiv:hep-th/9603191].

[50] A. Gregori, E. Kiritsis, C. Kounnas, N. A. Obers, P. M. Petropoulos and B. Pioline,
Nucl. Phys. B 510, 423 (1998) [arXiv:hep-th/9708062].

[51] A. Sen, arXiv:hep-th/0502126.

[52] G. L. Cardoso, B. de Wit, J. Kappeli and T. Mohaupt, JHEP 0412, 075 (2004)
[arXiv:hep-th/0412287].

23


