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An outstandig problem in the theol of ionic conductiviy is a derivation of the well-known
Hubbad—-Onsage-Zwanzi expressia for the dielectri friction on an ion from first principles In

fact, microscopt theories hawe repeated} failed to reprodue the Hubbad-Onsage-Zwanzig
expressia unde ary limiting conditions We shaw in this article tha the existing molecular
theories ard the continuum modé treatmers calculae two entirely differert contributiors to the
friction on the ion. While the former calculats the contribution from the solvert densiy mode
alone the latter includes only the contribution from the currert mode Thus the existing molecular
theories can neve be reduce to the Hubbad—-Onsage (H-0) theory. In addition we show tha the
existing molecula theories becone inconsistehfor large ions where the H—O theol is accurate.
The rever is true for smalle ions An expressia is derived here which is valid at both the limits

ard for all ion sizes ard its consequencediscussed © 1998 American Institute of Physics.
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I. INTRODUCTION

The ionic conductiviy of a dilute electrolye solution is
usualy describe by the following well-known Debye—
Huckd—Onsage expressioh

A(e)=Ao—(A+BAg)\c, (D)
whete A isthelimiting ionic conductivity which is obtained
by extrapolatilg the concentratia c to zera A and B are the
two constars determine by the properties of the system.

The limiting ionic conductiviy (Ag) is, therefore deter-
mined solely by the ion—solvert interactions|n othe words,
A is determiné by the friction, ¢, exerted by the solvent
molecules on the ion. The totd friction is usualy divided
into two additive parts The first is the usud friction due to
the viscosily of the medium ard is assumd to be given by
Stokes law. The secoml patt is assumd to be given by the
interaction of the electrc field of the ion with solvert polar-
ization ard is termad as the dielectrc friction ({pg), aname
coinal by Borr? mary yeas aga However a theoretical
calculation of this dielectrc friction has turned out to be a
very difficult task There are severa simple expressios that
exid in the literature which hawe been derived through the
formulation and analyss of so-callel electro-hydrodynamic
equationsTwo well-known expressiosare due to Zwanzig’
ard Hubbad ard Onsaget. The expressia due to Zwanzig
is given, for the slip bounday condition by
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where ey and e,, are the zew and the infinite frequeng di-
electrc constantsrespectively,rp is the Debye relaxation
time constan of the dipolar solvent R;,,, and q are the radius
and the charge of the ion. Zwanzg also obtainal the value of
the friction for the stick bounday condition where only the
prefacta of Eq. (2) increasd from 3/16 to 3/8.

In the Hubbad—Onsage (H-0O) theory? there are two
somewhadifferent expressioa which hawe been used The
first is a perturbatie expressia which is of the sanme form as
Zwanzig's expressionexcep the prefactos are differert and
smaller In the H-O theory, the prefactos are 17/28 and
1/15 for the slip ard the stick bounday conditions respec-
tively. Thes perturbatie expressionswith smal prefactors,
fail to predid a saturatio in the value of the dielectric fric-
tion when the ion size becoms smalle than the size of the
solvert molecules—a featue termed to be inconsistenwith
the hydrodynamé calculation A more thoroudh analyss of
the Hubbad—-Onsage equatio does yield a saturatio effect
in the dielectri friction of smal ions however the underly-
ing physicd mechanim involved a rathe subtke interplay
betwea electricd ard hydrodynamt forces Subsequentlya
more physicd expressia in terms of viscoelectrt effed was
derived by Hubbad ard Wolynes in terms of a position
(from the ion) dependenor locd viscosity. This expression
gives the desiral saturatim effed and also a muc better
agreemenwith the experimenthresuls for large ions The
bast expressia still resemble tha of Zwanzig The prob-
lem with smal ions however remairs unsolved The pre-
dicted ion size dependeneremairs physically unrealistc for
smal ions.

Recently a microscopt approab has bean developed
which proceed on an entirely differert line.5~° Here the di-
electri friction is determind by using the force—force cor-
relation function The final expressia is given by a sum of
three terms
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gmoI: gbin"' gpp+ gmic,DF, (3)

where (i, is the friction due to the binary interaction be-
tween the soluie ard the solvert moleculesthe secoml term,
{pp 1S the contributian to the friction due to the collective
solvert numbe densiy fluctuation Detailed expression for
thes two terms hawe recenty been presentedit is the third
term, {mic.or, Which is of interes in the presem study. This
tem gives the friction due to coupling of the ion with the
orientation& polarization of the dipolar solvent®~°® The mag-
nitude of the dielectri friction for smal ions appeas to be of
the right magnitude A significart aspet of the microscopic
theow is tha both ultrafag solvation ard the self-motimn of
the ion play importart roles in acceleratig the relaxation of
the frictiona force on the ion ard therely in reducirg the
magnitue of the dielectrt friction.®

In view of the relative succes of the microscopt theory,
one asks the following questim tha has bee repeatedly
raisel in the past Is it possibé to redue@ the microscopic
expressia of the dielectric friction to tha of Hubbad—
Onsage-Zwanzid? The answe seens to be negative Thisis
to be contrastd with the cas® of the rotationd dielectric
friction where the molecula expressia neatly goes over to
the continuum model expression under the proper
conditions® The failure of the molecula expressia to re-
produ@ the corret¢ continuum modd expressia has re-
mained an enigra in this field.

We show in this article tha the existing microscopic
theol can neve be reduce to the continuun modé simply
becaus the two theories calculat two entirely differert con-
tributions to the friction. While the continuun mode focuses
on the contribution arising from the polarization current
term, the molecula theories calculae the contributian from
the densiy term The final expressia for the totd friction is
given by

l_ 1 N 1
¢ Loint&opt micor  Chyat ShydoF

where (g and {4 o are the hydrodynamg friction (with-
out the polar contribution) and the hydrodynamt (polariza-
tion curreny dielectrc friction. A derivatian of this tem is
provided in Sec Ill . Note here tha the relative contributions
of thes terms are determine by severé factors the most
importart being the ion—solven sizeratio. For large ions the
secoml term in Eq. (4) dominate and one expecs to recover
the Hubbad-Onsage-Zwanzig expressionFor smal ions
(like Li* and Na"), on the othe hand the first term domi-
nates and the microscopt expressia provides the correct
description.

However ther is a seriots corollaly associate with the
abo\e result In the microscopc theory, the contribution of
LoinT &, IS equate with 47 76R;o,, Where, is the solvent
viscosiy ard Ry, is the radius of the ion. This is clearly
inconsistent even thoudh for sone intermedia¢ size ions
(like Cs" in watep, the two terms are numericaly close.
This inconsisteng becoms glaring for smal ions like Li ™.
We shal come bad to this point in Sec IV.

Equatia (4) provides the marriage betwee the two dis-
joint approache to limiting ionic conductivity It clearly

(4)
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shows tha the friction on alarge ion is dominatel by hydro-
dynamc forces while microscopt solver fluctuatian effects
dominae the friction for smal ions.

The organizatio of the red of the pape is as follows.
Section Il deab with the stratey of obtainirg continuum
resuls from a microscopt theory. Sectio Il contairs the
derivatian of Eq. (4). Finally Sec 1V conclude with a brief
discussio of the results.

II. STRATEGY FOR DERIVING CONTINUUM RESULTS
FROM MOLECULAR THEORIES

The succes of a molecula theoy is often judged by its
ability to reprodue the corred¢ phenomenologidaheory In
the presen contex this implies tha the microscopc ap-
proat adapté here shoutl be able to reprodue the con-
tinuum modeé results We shal give two example here to
stres this point. In the ca® of the dielectrc friction on a
rotating dipole the microscopt expressia could be success-
fully reduced® to the continuum modé expressia of
Nee—Zwanzig—Hubbad-Wolynes!! Anothe exampe of
sud a reduction is provided by molecula hydrodynamics.
The mode-couplig theoly expressia for the translational
friction correctly goes over to the Stoke$ hydrodynani re-
lation (with the slip bounday condition when the size of the
taggel particle is mud large than tha of the solvent
moleculest?*3n all the abowe casesthe following strategy
has been used.

(i) The respone of the liquid is Markovian with only
one relaxation time. For the cas of the rotationd dielectric
friction, this is the Debye relaxatio time of the dielectric
function while in the cas of the translation& friction, it is
the viscols relaxation time of the transvere momentun cur-
rert autocorrelatia function.

(ii) The pair correlation function betwea the solue and
the solvert molecules is replacel by the asymptott limiting
result For example for the rotationd dielectri friction, it is
the dipole—dipole dired correlatio function cy4_4(k) which
is replacel by its asymptoti form. In the Gaskel-Miller 2
reductian of the mode coupling expressia to the slip hydro-
dynamct result it was the form facta which takes the form
of a step function Subsequentlythe sane derivation has
been carried out in a more microscopt manne wher the
relevan vertex functiors are replacel by simple forms®3

(iii) Ore neglecs the self-motian of the solue mol-
ecules.

However this stratey fails completey when one triesto
derive the continuum modé expressios for the translational
friction from the microscopt theory of Wolynes®’ As noted
by Wolynes himself the main problem is that the relevant
correlation functions vary too strongly for ary continuum
limit to exist” Earlier, | presentd aderivation of Zwanzig's
resut by following the stratey outlined above® However in
orde to obtan a limiting result it was necessar to replace
the wave vecta dependenscreenigterm [1—1/e, (k)] by a
Lorentzian tem of the following form®

1

=

1—i [1+(kn)2]7E, 5
€0
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where \ is a fitting parameterUnde thes approximations
one recoves an expressia for dielectrc friction of the fol-
lowing form:®

i 6

{oF 3r%n o TL (6)
where 7 is the longitudind relaxation time obtainal from
the solvert dielectric relaxation parametes as follows: 7
=(e./€p) p . This expressia is close to tha of Zwanzig's.
Note however tha the abowe reduction is flawed be-
caue [1— €, (k) "] is an increasimy function of k at small
wave numbers We hawe presentd the abowe analyss to em-
phasiz the conceptuband analyticd difficulty one faces in
reducirg the microscopt expressia to the continuum limit.

Ill. THE MICROSCOPIC DERIVATION

There are severa ways to derive Eq. (4). The simplest
ore is to appeé to fluctuatirg hydrodynamics? which pro-
vide the following equatiors for the time dependene of the
taggel particle numbe densiy ng(r,t) and the current term
J(r,t)

ang
W——V.J(r,t), (7
J(r,t)=—D,,cVng(r,t)+Jg(r,t), (8)

whete D . is the microscopt diffusion term determing by
the shot range interactiors betwee the ion and the solvent
molecules The term Jg is the sour@ of therma fluctuations
which will be neglecté here.

Equatiors (7)—(8) hawe a nice physicd meaning The
position of the taggel particle can chang eithe by interac-
tions with its immediae neighborswhich will caug Brown-
ian motion of the particle or by the coupling of the particle
to the natura currens of the liquid. Thes® two stochastic
processe occu at differert lengh scales While the former
is determiné primarily by the structurd relaxation and
hene by the molecula dynamics the latter is determine by
the usud Navie—Stokes hydrodynamis and hene by the
viscosiy of the medium Equation (8) leads to the following
decompositia of the self-diffusion coefficient:

D=Dpjct Dhyd- 9

Note tha essentiall the same expressia has been derived
by severaworkers beforel®1®

It still remairs to determire D ;. and Dy, q Which are the
red nontrivid problemsIn orde to determire them we turn
to the mode-couplig theor which, by itself, also leads to
the form given by Eq. (4). The startirg point of our deriva-
tion is the following expressia for the time dependent
friction:’

g(t)=%f d1d2d1'd2'[q-V, v(r1—12,Q5)]

XG(121'2'|H[q-V{ v(ri—r3.03)], (10

wher v(r,—r,,€,) isthe interaction potentid betwea the
ion ard a dipola solvert molecule d1=dr,dp; and d2
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=dr,dp,dQ, where r,p,{ denot the position momentum,
ard the orientation of eithe a taggel solue (with subscript
1) or of a dipolar solvert molecuk (with subscrip 2).
G5(12,1'2'|t) is the resolvem operato which describe the
correlatel time evolution of the positiors and momens of
both the taggel particle and the surroundilg solvert mol-
ecules Tha is, as the ion moves from (r,,p;) a timet to
(rq,p7) att’, the solvert molecuk at (r,,p,,,) Moves to
(r5,p5,9Q5). Thus the Greens function describe the time
evolution of the two particle (couplel solue-solven} sys-
tem In Eq. (10) q is a unit vecta in the laboratoy fixed
frame B=(kgT) L.

The subsequensters follow the treatmem of Sjogren
ard Sjolandet’ closely One first separatethe binaty inter-
action term For this derivation we include only the isotropic
patt of the shot range interaction in the binaly term The
frictional contributian of this binary tem is also nontrivial
for continuots potentias but one knows how to ded with it.
The red of the Greens function is then expandd into the
hydrodynami modes which are the conserve variables For
solutes they are the densiy and the momené as the energy
fluctuatiors are neglected For the solvert molecules the
numbe densiy includes the orientation& terms as well.

As statel before we are neglectirg the angula momen-
tum relaxation of the solvert molecules Therefore the
analyss requiral here is essentiall the sane as presentd in
Ref. 17. Thefinal expressia of the friction can be written as

_ gmic( Z)
{(2)=tmd2)=| 7|62, (1)
mic(2) is the microscopt friction given by
gmic( Z) = gbin+ gpp(z) + gP P( Z) . (12)

{,p(2) is the contributian from the isotropic densiy fluctua-
tion which would be preseh even in a nondipola liquid
while {pp(2) is the contributian from the polarization fluc-
tuation We can now identify {pp with the dielectric friction
of the molecula theories tha is, with . pr Of Ed. (3).
Lcur{2) is the naturd hydrodynamé tem containirg a con-
tribution from the currert flows. Equatio (11) can be solved
to obtain

1 _ 1 N 1
é(Z) a é’mic(z) gcurr(z)

This is essentiall the sarre as Eq. (4), so our derivation is
over. But we still neal to shav that all the terms are avail-
able and tha the current term goes over to the Hubbad—
Onsage-Zwanzp form. This is detailed below.

The expressia for the two densit terms can be obtained
directly from the densiy functiond theory, which leads to
the following expressia of the force densiyy on a tagged

on:

(13

F(r,t)=kBTni0n(r,t)Vf dr'dQ’'ciy(r,r’, Q") p(r',Q't).
(14)

The frictional contribution can be obtainal by using

Kirkwood's formula This leads to the following expressions

for R,, and Rpp terms?*317
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R,,(1)= Jdk (k.k")2(K")2FS(K’ 1)

[m (2 )3]

X[eg(k)PF(K 1), (15

Rep(t )— fdkkzsion(kt)[c (k) 1*S5nent kit).

(16)

where c5°(k) ard ci(k) are the isotropic and the longitudi-
nd componerg of the ion—dipole dired correlation func-
tions respectively’® SI9 . (k,t) is the orientationd dy-
nami structue facta of the pure solvent In definirng these
correlation functions the wave numbe k is taken parallé to
the z axis. pq is the avera@ numbe densiy of the solvent.
F(k,t) denots the sef dynamt structue facta of the ion.
We nex calculae the currert term This can agan be
obtainal from the elegarn treatmenm of this term by Gaskell
ard Miller.'? The currert contributian to the friction can be
obtainel by projectirg the velocity field of the ion on the
binary term pyoji, Wherep,q istheion densiy and j, is the
currert of the liquid. The subsequen stefs are well
documented—e simply presen the final expressions

2f(k
( )Ctt(k t),

)2

Ryt )— B JdkFS(kt 17

whee f is a form factar which takes into accout the finite
size of the solute.

The following stefs are now employael in the evaluation
of the currert tem in the hydrodynamg limit;
(i) The currert—curren time correlation function is given by
the following simple expression:

Cu(k,t)=Cy(k,t=0)exp(— 7k?t), (18

where 7 is the viscosity of the medium.

(i) The viscosily of the medium is a sum of two terms The
first term is the usud shea viscosity, 7, of the pure liquid.
The seconl tem is the enhancemerof the viscosiy due to
the presene of the ion. This is aviscoelectrc effect The
enhancemerof the fluid viscosiy is given by the following
well-known expressiof?

D . \2E2
R

where E is the screend electrc field of the ion. The en-
hancel solvert viscosity in the vicinity of the ion is the pic-
ture originally usel by Fuoss® Thus one has to ded with a
position dependenor locd viscosiy given by

T _GOC)qZ)

7= 7 (19

()= o 1+ 2L (20

167 noer®

(i) Repla@ the position dependenviscosity 7(r) by »(r

=R;,n), that is, by the value at the surface This approxima-
tion can be improved but calls for numericd work which
agan is nat necessar here.

(iv) As mentionel before negled the ionic self-motia term,
tha is, sa F¢(k,t) equd to unity.
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We nex follow the treatmen of Gaskell and Miller to
obtan the hydrodynamt approximatiom of the curren term.
The following expressioa are obtainel for the two hydrody-
namic bounday conditions

1o D
Leur= 4T Riont 4 _3(1_ €x/€0)—, (21)
Rion €o
for the slip bounday condition and
3 g ™
Leunr= 6T Rion gRT(l_Eoc/GO)E_O. (22)

on
for the stick bounday condition Note tha a continuum
analyss of dielectric friction on an ion which deak with a
local viscosily leads essentialf to the same equations as
was shown earlig by Stiles ard Hubbard?®

One can now easil identify the dielectri friction due to
the currert term The expressiosare identicd with the forms
obtainel by Hubbad and Onsage but with a prefacta which
is somewhalarger.

It is possibk to carty out a full evaluatia of the current
term, but at the expeng of extensie numerichawork because
even after making the continuum modellike approximations,
we neal to solve for the curren time correlation function in
terms of the position dependetviscosity When thisis done,
the value of the friction is expecte to decreas and become
close to tha of Hubbad and Onsager.

IV. CONCLUSION

In this article we hawe presentd a microscopt deriva-
tion of the dielectrc friction on a moving ion in a dipolar
liquid. The final expressia [Eq. (4)] provides a“marriage”
betweea the two different theories of the dielectric friction.
Equation (4) is more accura¢ than eithe of the two ap-
proachesbut calls for the use of prope evaluation of the
respectie contributions.

Wha are the consequenaeof Eq. (4)? First, it provides
the much needé descriptio of the crossove from the struc-
turd relaxation dominat& regime for smal ions to the hy-
drodynam¢ dominatel regime for large ions. In this cross-
over, all the five terms of Eq. (4) play an importart role. This
was not appreciatd before Second the scenar is really
interestirg for ions with size slightly large than tha of the
solvent For example the friction on the lower membes of
quarternay alkyl ammonium ions in wate and acetonitrile
may involve contributian from both {\,ic and{y, 4 terms One
shoutl also conside the implication of Eq. (4) for the time
(or frequency dependeneof dielectric friction.
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