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Anisotropic diffusion of spheroids in liquids: Slow orientational relaxation
of the oblates
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~Received 24 September 2001; accepted 25 October 2001!

We carry out extensive molecular dynamics~MD! simulations of translation and rotation of
spheroids in the suspension of spheres, for a wide range of values of the aspect ratio,k ranging from
the extreme limits of long rodlike molecules to the disc-shaped ones. While diffusion is anisotropic
in short times~compared to the orientational correlation time!, it is isotropic in the very long time
and the ratio of the two components of short time translational diffusion~D i andD' , wherei and
' refer to the motion parallel and perpendicular to the major axis! scales with the aspect ratiok over
a large range ofk. For thin discs, the preferred mode of motion is in the plane of the disc. The
oblates show a very long-time orientational correlation which is reflected by the slow decay of its
time correlation function. The correlation time becomes progressively longer and finally diverges as
the spherical limit is approached. This is expected because the angular momentum is conserved in
the limit of fully spherical molecules~k51!. For both prolates and oblates, the crossover from the
anisotropic to the isotropic motion is found to correlate with the orientational correlation time of the
spheroid. ©2002 American Institute of Physics.@DOI: 10.1063/1.1428343#
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I. INTRODUCTION

Because nonspherical molecules can rotate as it tr
lates, the translational motion of these molecules can d
significantly from that of a sphere.1–3 The simplest example
of the translation–rotation coupling is the fact that the line
momentum of a molecule can easily get converted into
angular momentum because of collision and vice ve
Thus, both the velocity and the stress time autocorrela
functions of a molecular liquid can be significantly differe
from that of an atomic liquid. In addition, the motion of
disclike or a rodlike molecule can be quite different from th
of a spherical one and also from each other. Little is kno
about the shape and size dependence of diffusion. While
perimental studies on diffusion almost always use nonsph
cal molecules, theoretical analyses of the results on sp
and orientational density relaxations in dense liquids mo
invoke spherical shape of molecules,4 with only a few no-
table exceptions.2 While theoretical choice of spheres
clearly motivated by the simplicity of the description4 ~even
hydrodynamic solutions for nonspherical molecules are
always available in closed form!, it does make the analysis o
the experimental results tentative. The situation is parti
larly anomalous when one uses a theory developed
spheres, such as the mode coupling theory in its stan
form, to explain orientational relaxation, as measured by
electric, NMR or fluorescence depolarization experiment

The stick hydrodynamic theory predicts that for rods, t
translational diffusion coefficient in the parallel (D i) direc-
tion ~parallel to its major axis! is only twice of that in the
perpendicular direction (D').5 With the slip hydrodynamic
boundary condition, it is shown that there is a decoupl

a!Author to whom correspondence should be addressed. Electronic
bbagchi@sscu.iisc.ernet.in
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between the parallel and perpendicular motion6,7 and the ra-
tio of the diffusion coefficients in the parallel and perpe
dicular direction approachesk. Also for the rotational fric-
tion on a sphere, slip and stick hydrodynamic bound
conditions vary a lot.8

Very little is known about the anisotropic diffusion
disc-shaped molecules, i.e. of the oblates. It is expected that
a disc-shaped molecule will translate preferably in the pla
of the disc~saucerlike motion!, although tumbling of its axis
may serve to change its direction of motion. The degree
anisotropy should, like the rods, depend on the aspect ra
Orientational relaxation~OR! of oblates is also of interest
Note that most experiments of OR~fluorescence depolariza
tion, NMR, Kerr! measure the time correlation of the seco
rank spherical harmonics,Y2m(V(t)), where V(t) is the
time-dependent orientation of the oblate. For an oblate,
essentially studiesP2(cosu(t)) where,P2 is the second rank
Legendre polynomial of the angle that the major axis of
oblates makes with the Z-axis of the laboratory fixed fram
Only dielectric relaxation probes the first rank,P1(cosu(t)).
The time correlation function ofP2 and P1 can be widely
different—a fact not always recognized.

In a series of papers Medinaet al.2,9 investigated both
translational and rotational diffusion of nonspherical m
ecules in suspension of spheres, by using a microscopic
oretical approach. Theoretical studies of Medinaet al. have
suggested a strong coupling between the rotational and
translational motions. A similar coupling was earlier o
tained by Chandra and Bagchi in their study of orientatio
relaxation of dipolar molecules.10,11

The main motivation of this work is to understand th
translational-rotational coupling of these nonspherical m
ecules. The diffusion of the prolates has been stud
earlier12 and here we present molecular dynamics~MD!
il:
2 © 2002 American Institute of Physics
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simulations of tagged spheroids~both oblates and prolates!
in a liquid of Lennard-Jones spheres. We find that the tra
lational diffusion of the oblates is strongly coupled with t
rotational diffusion and we compare the simulation resu
with the stick hydrodynamic theory. Also the ratio,D i /D' ,
varies linearly even for the oblates similar to the prolat
The average orientational relaxation time is found to dive
as thek51 limit is approached, both from the oblate an
prolate side. This happens because in the spherical limit
angular momentum is conserved and, thus, the rotational
relation time diverges.

The rest of the paper is organized as follows. In the n
section, we discuss the system and the simulation det
followed by the hydrodynamic predictions in Sec. III, th
results and discussion in Sec. IV, and we conclude wit
discussion in Sec. V.

II. SYSTEM AND SIMULATION DETAILS

Molecular dynamics simulation has been carried out
a system of 512 particles of which 10 are Gay-Berne~GB!
ellipsoids with the remaining 502 being LJ spheres. The
teractions between the particles are modeled by differen
teraction potentials.

The interaction between the spheres is given by
Lennard-Jones potential

ULJ54e0F Fs0

r G12

2Fs0

r G6G , ~1!

where s0 is the molecular diameter,r is the interparticle
distance, ande0 is the energy parameter.

The ellipsoids are aspherical molecules characterized
the aspect ratiok. Interaction among them can be model
by the Gay-Berne potential.13,14

The GB potential provides the interaction energy b
tween the ellipsoids with arbitrary orientations. The expr
sion for the GB potential is given by13

UGB54e~ r̂ ,û1 ,û2!F F s8

r 2s~ r̂ ,û1 ,û2!1s8G
12

2F s8

r 2s~ r̂ ,û1û2!1s8G
6G , ~2!

s8 being the diameter of the minor axis of the ellipsoid, a
s( r̂ ,û1 ,û2) is given by

s~ r̂ ,û1 ,û2!5s8F12
1

2
xF ~ r̂ •û11 r̂ •û2!2

11x~u1•u2!

1
~ r̂ •û12 r̂ •û2!2

11x~u1•u2! G G21/2

, ~3!

with

x5
s i

22s'
2

s i
21s'

2 , ~4!

for prolates and

x5
s'

2 2s i
2

s i
21s'

2 ~5!
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for the oblates, whereû1 is the axial vector of the molecule
i and r 5r 22r 1 , and wherer 1 and r 2 denote the centers o
mass of molecule 1 and 2, respectively.s( r̂ ,û1 ,û2) and
e( r̂ ,û1 ,û2) are the orientation-dependent range and stren
parameters, respectively.s ande depend on the aspect rati
k.

Finally, the interaction between a sphere and an ellips
is accounted by the GBLJ potential as given below15

UGBLJ54e0F Fs~u!

r G12

2Fs~u!

r G6G , ~6!

with

s~u!5
~b1R!

A12X2 cos2u
. ~7!

The aspect ratio for the ellipsoid is given byk5a/b andu is
the angle between the vector joining the center of the sph
and the ellipsoid anda, the length of the ellipsoid both fo
the prolates and the oblates.

R5s0/2, ~8!

whereR is the radius of the sphere

X5Aā22b2

ā21R2, ~9!

and

ā5A~b21R2!S a1R

b1RD 2

2R2. ~10!

The simulations have been carried out in a cubic box
imposing the periodic boundary conditions. All the quantiti
in the simulation are scaled to appropriate units. The redu
density,r* the temperature,T* and the time step,Dt are 0.7,
1.0 and 0.002, respectively. Separate simulations are ca
out for particles ranging from aspect ratio, 0.25 to 4. Sim
lations for aspect ratio 3.5 and 4 has been carried out
system containing 950 LJ spheres. In this work, aspect r
has been varied by varying the length of the major axis,a.

III. HYDRODYNAMIC PREDICTIONS

The stick hydrodynamic prediction for both the trans
tion and rotational motion of the spheroids are given in
following.

A. Translational diffusion

The stick hydrodynamic theory predicts that for a ro
the ratio of the parallel diffusion coefficient to that of th
perpendicular coefficient, is always two irrespective of t
value of the aspect ratiok and they are given by5

D i5
kBT ln~L/b!

2phL
, ~11!

D'5
kBT ln~L/b!

4phL
, ~12!

whereL andb are the length and diameter of the rod, resp
tively.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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The predictions forellipsoidsare also known and the
are given by16

D i5
~2a22b2!S22a

~a22b2!16ph
~13!

and

D'5
~2a223b2!S12a

~a22b2!32ph
, ~14!

wherea and b are the lengths of the semi-major and sem
minor axes of the ellipsoid and

S~prolate!5
2

~a22b2!1/2 log
a1~a22b2!1/2

a
~15!

S~oblate!5
2

~a22b2!1/2 tan21
~b22a2!1/2

a
. ~16!

For k.2, D i /D' behaves similarly for the rods and th
prolates.

B. Rotational diffusion

According to the stick hydrodynamic theory, the rot
tional diffusion coefficient for the oblate and the prolate
lipsoids is given by,3

DR5
3

2

k@~2k221!S2k#

k421
Ds , ~17!

where

Ds5
kBT

6Vh
, ~18!

with V being the volume5 4
3 pr 3, r is the radius of the spher

andS is defined separately for the oblates and the prolate
follows:

S~oblate!5~12k2!21/2 tan21F ~12k2!1/2

k G , ~19!

S~prolate!5~k221!21/2 ln@k1~k221!1/2#. ~20!

In the model Hamiltonian used here, there is no friction
the rotational motion about its own axis. The above expr
sion is for the tumbling motion only and rotation about t
major axis has a different expression for stick boundary c
dition.

IV. RESULTS AND DISCUSSION

In this section we present the simulation results for
oblates and also explore thecrossoverfrom oblates to pro-
lates and compare with the above-mentioned hydrodyna
predictions.

In Fig. 1 we plot the mean-square displacement of
oblate ~with k50.5! in the parallel and the perpendicula
directions, with respect to the oblate’s orientation at timt
50. The anisotropy is observed even for a long time in c
of the discs. This is because of the presence of orientati
correlations even at a long time which shows a stro
translation–rotation coupling. During this time, the moti
of the oblate takes place mainly in the plane of the d
Downloaded 17 Aug 2002 to 144.16.64.4. Redistribution subject to AIP
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because the motion along the plane is much faster than
along the parallel direction. A detailed analysis of the in
vidual orientational trajectories shows that the motion
most of the oblates is wobbly and the preferred direction
motion is in the perpendicular plane. While a few of th
oblates turn around fully during their motion, the majori
retain their average orientation and this is discussed later
In our earlier studies,12 we found that theprolatesshow an-
isotropy substantially for a short duration and also a sho
orientational correlations.

In Fig. 2 we plot the ratioD i /D' against the aspec
ratio, k over a large range ofk, ranging from well below
unity ~the disc limit! to a substantially larger~the needle
limit ! limit. It is found that the ratioD i /D'

12,17 increases
linearly with the aspect ratio, in agreement with the pred
tion of Evanset al.6,7 Note that this proportionality to the
aspect ratio seems to hold even to low values like 0.3
breaks down for aspect ratios below 0.3.Stick hydrodynam-
ics is seen to fail, not only for prolates (rods), but also for t
oblates (discs).

FIG. 1. The parallel and the perpendicular components of the mean-sq
displacement~MSD! for the oblates withk50.5 r*50.7 andT* 51.0. The
dashed line is the perpendicular component of MSD and the solid line is
parallel component of MSD.

FIG. 2. The simulated ratio,D i /D' against the aspect ratio,k ~filled
circles!. The solid line shows the prediction of slip hydrodynamic bounda
condition. The dashed line indicates the sphere.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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In Fig. 3 we show the orientational time-correlatio
function ~OCF! of the second rank spherical harmonic
C2(t), for an oblate with different aspect ratios ranging fro
0.25 to 0.9. The orientational correlation is Gaussian at s
time and shows small oscillations and they persist for a v
long time. The OCF of disclike oblates shows a very sl
long-time decay, unlike the prolates. The reason for the s
decay of the oblates is as follows. When an oblate turns b
significant amount, it finds a barrier nearu5p/2 due to the
nearest-neighbor solvent molecules. Thus, either it goes
the barrier and reachesu5p configuration or returns tou50.
In both the cases,P2(cosu(t)) does not register any chang
and, therefore, does not give rise to any decay. This osc
tory mode of motion did come as a surprise to us. The st
of individual orientational trajectories shows that the moti
of the disc is mostly on the plane perpendicular to its ma
axis and tumbles about its major axis for a long time, wh
is reflected in the orientational correlation function,Clm(t).
On the other hand, the prolate ellipsoids prefer to mo
along their major axis as their motion is hindered mostly
the perpendicular plane.

The individual orientational trajectories of the oblat
has been studied and in Fig. 4 we plot the instantane

FIG. 3. The variation of second rank orientational correlation funct
C2(t) with time for various aspect ratios ranging from 0.3 to 0.9 at den
r*50.7 and temperature,T* 51.0.

FIG. 4. Orientational trajectorye(0)•e(t) for all the ten oblates at reduce
density,r*50.7 and temperature,T* 51.0.
Downloaded 17 Aug 2002 to 144.16.64.4. Redistribution subject to AIP
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orientational correlation (e(t)) with its initial orientation
(e(0)), e(0)•e(t) against the time, for discs with aspe
ratio, k50.7. It is observed that, while many of the dis
retain their orientational correlations, a few of them dec
over a long time depending on the angle by which the ob
rotates. Because of the presence of the orientational cor
tions, the translational motion of the oblate remains ani
tropic for a long time as discussed in Fig. 1. Note thatC2(t)
does not decay when the disc rotates full circle.

In Fig. 5, we plot the orientational correlation functio
~OCF! of 1st (C1(t)) and 2nd rank (C2(t)) for the oblates
with aspect ratio,k50.9 at a reduced densityr*50.7 and
temperature,T* 51.0. BothC1(t) andC2(t) behave differ-
ently. While the 1st rank OCF decays fast, the 2nd rank O
decays after a very long time. Small oscillations are obser
in bothC1(t) andC2(t). In case of the prolates, OCF of bot
the ranks decay in a substantially shorter duration of tim

We next present the results that show thecrossoverfrom
discs to rods.

In Fig. 6 we show the variation of the product of tot
translational diffusion coefficient and relaxation time,DTt2R

with the aspect ratio,k and it is compared with the stick
hydrodynamic theory.3,16 It is observed that the simulate
result ~filled circles! does not agree at all with the stick hy
drodynamic theory~solid line! and it is seen to be in erro
nearly by a factor of the aspect ratio,k. Hence, the stick
hydrodynamic theory prediction has been scaled by the
pect ratio,k. The scaled hydrodynamic theory is also show

FIG. 5. Orientational correlation function of rank 1 and 2 for the oblate w
aspect ratio,k50.9. The reduced density,r*50.7 and temperature,T*
51.0. Dashed line showsC1(t) and solid line showsC2(t).
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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in the figure~dashed line!. After scaling, we observe that th
results are qualitatively in better agreement with the the
especially for the intermediate values of the aspect ratiok.
According to Doi–Edwards, for the rods, the total trans
tional diffusion coefficient varies inversely as the length
the rod,L and the relaxation time,t2R varies asL3 and hence
the product should be proportional toL2. The simulation
results for the prolate ellipsoids is in agreement with t
prediction of the stick hydrodynamic theory for the rod5

This has already been discussed before.12 However, the
breakdown of the theory neark51 is surprising. We are no
aware of any theory to explain the results.

The variation of the orientational relaxation time,t2R

with the aspect ratio,k ranging from 0.25 to 4 is shown in
Fig. 7. In the spherical limit due to the conservation of t
angular momentum the orientational relaxation time,t2R di-

FIG. 6. Variation of the productDTt2R with aspect ratio,k at density,
r*50.7 and temperature,T* 51.0. The solid line shows the prediction o
stick hydrodynamic theory. The dashed line shows the scaled stick hy
dynamic theory by a factor ofk. The filled circles are the simulated point

FIG. 7. Plot of the simulated orientational relaxation time,t2R against the
aspect ratio,k. The solid line shows spherical limit.
Downloaded 17 Aug 2002 to 144.16.64.4. Redistribution subject to AIP
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verges. The plot also shows that the orientational relaxa
depends weakly on the aspect ratio,k, for smallk ~k,0.3!.

V. CONCLUSION

The translational and rotational diffusion of tagged pr
late ellipsoids has been studied in our earlier simulatio
The diffusion of disc-shaped particles~oblates! are also of
great interest. Here we have presented the molecular dyn
ics simulations of tagged ellipsoids in a sea of LJ sphe
The results here are mainly for the discs~oblates!.

Both the oblates and the prolates show a linear varia
of the ratio, D i /D' with the aspect ratio,k showing the
validity of the slip hydrodynamic boundary condition. Fro
Fig. 5, it is clear that the productDTt2R calculated from the
stick hydrodynamic theory needs to be scaled nearly b
factor of k. The most striking result of the present study
the observation of a very slow decay of the second ra
orientational correlation function,C2(t). As discussed ear
lier, this slowness is due to the existence of a solvent indu
barrier at midangle~u5p/2!. These strong correlations ar
also reflected in the mean-square displacement of the ob
where the anisotropy persists for avery long time, unlike the
prolate ellipsoids. As the aspect ratio approaches unity fr
both the sides~prolate and oblate!, the orientational relax-
ation time,t2R , diverges.
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