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Abstract. Folding dynamics and energy landscape picture of protein conformations 
of HP-36 and β  -amyloid (Aβ) are investigated by extensive Brownian dynamics 
simulations, where the inter amino acid interactions are given by a minimalistic model 
(MM) we recently introduced [J. Chem. Phys. 118  4733 (2003)]. In this model, a 
protein is constructed by taking two atoms for each amino acid. One atom represents 
the backbone Cα atom, while the other mimics the whole side chain residue. Sizes and 
interactions of the side residues are all different and specific to a particular amino 
acid. The effect of water-mediated folding is mapped into the MM by suitable choice 
of interaction parameters of the side residues obtained from the amino acid hydro-
pathy scale. A new non-local helix potential is incorporated to generate helices at the 
appropriate positions in a protein. Simulations have been done by equilibrating the 
protein at high temperature followed by a sudden quench. The subsequent folding is 
monitored to observe the dynamics of topological contacts (N topo), relative contact 
order parameter (RCO), and the root mean square deviation (RMSD) from the real-
protein native structure. The folded structures of different model proteins (HP-36 and 
Aβ) resemble their respective real native state rather well. The dynamics of folding 
shows multistage decay, with an initial hydrophobic collapse followed by a long 
plateau. Analysis of N topo and RCO correlates the late stage folding with rearrange-
ment of the side chain residues, particularly those far apart in the sequence. The long 
plateau also signifies large entropic free energy barrier near the native state, as pre-
dicted from theories of protein folding. 
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1. Introduction 

Protein folding is a problem of immense current interest. The structure of a protein is 
intimately connected to its functionality. Elucidation of structures from the sequence of 
amino acids has remained virtually unsolved, in spite of a colossal number of studies in 
this area.1 Dynamics of folding equally poses a challenge to unravel the unresolved issue 
of Levinthal paradox, which says that a protein should take astronomically large time to 
find its native state.2,3 In reality, it folds in the range of microseconds to seconds. 
 Several studies on protein structure and dynamics have established few basic aspects of 
folding. A protein could be thought of as a heteropolymer, consisting of mainly hydro-
phobic and hydrophilic amino acid residues. The water repellent hydrophobic residues 
are the ones that drive the initial collapse. Many theoretical studies have been carried out 
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on the models of small single domain proteins. The early statistical mechanical theories 
of Dill and co-workers4,5 and of Bryngelson and Wolynes6 were based on heteropolymer 
collapse and re-ordering among hydrophilic and hydrophobic residues, which follows the 
collapse, leading the protein to its native state. 
 Protein folding is a collective self-organisation process, which could occur by a 
multiplicity of routes down a folding free energy funnel.6–8 The free energy surface may 
be constructed by using several different order parameters such as topological contact, 
radius of gyration etc.9 More recently, Wolynes and co-workers have presented a detailed 
variational theory of protein folding.10,11. 
 The all atom simulation of protein folding is computationally expensive. So simple 
lattice and off-lattice models of proteins have been used to study the statistical and 
dynamical aspects of folding.12,13 Levitt pioneered in the computational studies of protein 
folding using off-lattice protein models.14 A recent off-lattice model study of HP-36 
based on hydrophobicity tried to correlate the folding with many important equilibrium 
properties.15,16 Recently, united atom model of Scheraga et al17 extended the scope of off-
lattice model by successfully reproducing the native state of a 254-residue protein. All 
atom molecular dynamics18 and Monte Carlo simulations19 have also been carried out to 
get the intricate detail of the structure and dynamics of protein folding. 
 Here, we have used a simple off-lattice model to study the structure, energy landscape 
and topology of the model protein HP-36 and β -amyloid. HP-36 is the 36 residue protein 
obtained from the headpiece subdomain of villin. A large number of studies have been 
devoted to this particular protein because it is the smallest protein which can autono-
mously fold to its native state. β -amyloid is a 40 residue protein derived from the COOH-
terminus of a 695 residue precursor protein, known as βAPP695.20 It is also an important 
protein in the aspect of misfolding related diseases. β -amyloid, being a non-globular 
protein, is prone to associate and deposit in the form of plaque. This is believed to be the 
major cause of well-known Alzheimer disease. Naturally, amyloid plaque formation is 
now a subject of intense study. 
 Construction of our model protein is based on a linear mapping of hydrophobicity of 
the amino acids into the interaction potential of model proteins following the statistical 
mechanical concept of ‘potential of mean force’. In addition, the helix propensities of the 
amino acids are also used to effectively generate helices in the model protein. Extensive 
Brownian dynamics simulations are carried out for several initial configurations, where 
folding is initiated by sudden temperature quench. Many interesting features that come 
out of this study are as follows. (i) The folded structures of the model protein resemble 
well with the structure of the corresponding real native protein. (ii) Funnel-type energy 
landscape is obtained from the ensemble of folded states. (iii) Topological contact and 
relative contact order show Gaussian distribution. (iv) Multistage dynamics is observed 
with initial hydrophobic collapse followed by a long time tail. We have also discussed 
about the possible mechanisms of association of Aβ. 

2. Construction and energy functions of the model proteins 

Each amino acid of the model protein is represented by two atoms. The smaller atom 
represents the backbone Cα atom of real protein, while the bigger atom mimics the whole 
side chain residue. Figure 1 shows the basic construction of the model protein. The 
backbone atoms are numbered as i’s, where i = 1, 2, 3…, etc. whereas the side residues 
are numbered as i′’s, where i′ = 1′, 2′…, etc. Each i and i′ together represent one amino 
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acid. Construction of the model protein has been described in detail elsewhere.21 Similar 
types of model (with more rigorous force field) have recently been introduced by 
Scheraga et al.22 The total potential energy function of the model protein VTotal is written 
as, 
 

VTotal = VB + Vθ + VT + VLJ + Vhelix (1) 
 
where VB and Vθ are the potential contributions due to vibration of bonds and bending 
motions of the bond angles. Standard harmonic potential is assumed for the above  
two potentials. The spring constant for the bonds between two backbone atoms is 
43⋅0 kJ mol–1Å–2 and that between a side residue and the adjacent backbone atom is 
8⋅6 kJ mol–1Å–2. In case of the bending potential, spring constant is taken to be 
10⋅0 kJ mol–1 rad–2. VT (= εT∑φ(1/2)[1 + cos(3φ)]) is taken as the torsional potential for 
the rotations of the bonds. εT = 1 kJ mol–1. 
 The nonbonding potential VLJ is the sum of the Lennard–Jones pair interaction between 
the atoms as given by, 
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where rij and εij are the separation and interaction strength of the ‘i–j’ pair, σij = 

2
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1/2. Sizes and interactions are taken to be the same (1⋅8 Å, and 
0⋅05 kJ mol–1 respectively) for all the backbone atoms as they represent the Cα atoms in 
case of real proteins. Side residues, on the other hand, carry the characteristics of a  
 
 

 
 
Figure 1. Basic construction of the model protein is shown. Cα atoms are numbered 
as 1, 2, 3 etc. whereas the side residues are shown by 1′, 2′, 3′ etc. Note the varying 
size of the side residues. 
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particular amino acid. Different sizes of the side residues are taken from the values given 
by Levitt.13 Interactions of the side residues are obtained from the hydrophobicities of the 
amino acids. We construct the effective potential guided by the well-known statistical 
mechanical relation between potential of mean force and the radial distribution function, 

23).(ln rgTkV ijB
eff

ij −=  Strong correlation among the hydrophobic groups (absent among 
the hydrophilic amino acids) implies that the hydrophobic amino acids should have 
stronger effective interaction than the hydrophilic groups. So the interaction parameters 
of the side residues are mapped from the hydropathy scale24 by using a linear equation of 
the form: 
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where, εii is the interaction parameter of the ith amino acid with itself. εmin(= 0⋅2 kJ mol–1) 
and εmax(=11⋅0 kJ mol–1) are the minimum and maximum values of the interaction 
strength chosen for the most hydrophilic(arginine) and most hydrophobic(isoleucine) 
amino acids, respectively. Hii is the hydropathy index of the ith amino acid given by Kyte 
and Doolittle24 and Hmin(= –4⋅5) and Hmax(= 4⋅5) are the minimum and maximum hydro-
pathy index among all the amino acids. Table 1 shows the hydropathy index and the 
interaction parameters for all the 20 different amino acids. Further details are available in 
elsewhere.21 
 An important part of secondary structure of the real protein is the formation of α helix. 
In the absence of hydrogen bonding, we introduce the following effective potential 
among the backbone atoms to mimic the helix formation along the chain of residues, 
 
 

Table 1. Sizes and equilibrium bond angle values for all the different amino acids. 
The Kyte–Doolittle hydropathy scale and its translation to LJ interaction parameter. 

Amino acid Size (Å) Bond angle (θ°) Hii εii (kJ mol–1) 
 

ala 4⋅60 121⋅90 1⋅8 7⋅76 
val 5⋅80 121⋅70 4⋅2 10⋅64 
leu 6⋅30 118⋅10 3⋅8 10⋅16 
ile 6⋅20 118⋅90 4⋅5 11⋅00 
cys 5⋅00 113⋅70 2⋅5 8⋅60 
met 6⋅20 113⋅10 1⋅9 7⋅88 
pro 5⋅60 81⋅90 1⋅6 7⋅52 
phe 6⋅80 118⋅20 2⋅8 8⋅96 
tyr 6⋅90 110⋅00 –1⋅3 4⋅04 
trp 7⋅20 118⋅40 –0⋅9 4⋅52 
asp 5⋅60 121⋅20 –3⋅5 1⋅40 
asn 5⋅70 117⋅90 –3⋅5 1⋅40 
gln 6⋅10 118⋅00 –3⋅5 1⋅40 
his 6⋅20 118⋅20 –3⋅2 1⋅76 
glu 6⋅10 118⋅20 –3⋅5 1⋅40 
ser 4⋅80 117⋅90 –0⋅8 4⋅64 
thr 5⋅60 117⋅10 –0⋅7 4⋅76 
arg 6⋅80 121⋅40 –4⋅5 0⋅20 
lys 6⋅30 122⋅00 –3⋅9 0⋅92 
gly 3⋅80 109⋅50 –0⋅4 5⋅12 
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where ri,i+2 and ri,i+3 are the distances of the ith atom with i + 2 and i + 3th atoms, 
respectively. rh is the equilibrium distance and is taken as 5⋅5 Å, motivated by the 
observation that the distances of ri with ri+2 and ri+3 are nearly constant at 5⋅5 Å, in an α 
helix. The summation excludes the first and last three amino acids as the helix formation 
is much less observed at the ends of a protein chain.25 The force constant for the above 
harmonic potential is mapped from the helix propensities Hpi obtained from Scholtz et 
al,26

 Ki = Kalanine – Hpi × (Kalanine – Kglycine). Kalanine and Kglycine are the force constants 
for alanine and glycine, 17⋅2 and 0⋅0 kJ mol–1 respectively. The values of Ki are given in 
table 2. Next, the influence of the neighbouring amino acids for the formation of helix  
has been considered by taking an average of the spring constants, 

3
131 =−

iK [Ki + Ki+1 + Ki+2] and 4
141 =−

iK [Ki + Ki+1 + Ki+2 + Ki+3], with the condition 
that 0, 4131 ≥−−

ii KK  as the force constant must remain positive. The above formulation of 
helix potential is motivated by the work of Chou and Fasman about the prediction of 
helix formation that the neighbours of a particular amino acid should also be considered 
along with its own helix propensity.27 

3. Simulation detail 

The initial configurations of the model proteins were generated by configurational bias 
Monte Carlo technique.28 Atoms attached to a single branch point were generated 
simultaneously. Then the initial configurations were subjected to Brownian dynamics 
simulation to study the dynamics of folding. Time evolution of the model protein was 
carried out according to the motion of each atom as below, 
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Table 2. Basic spring constant values of the individual amino acids used in Vhelix 
potential. Values obtained from a linear mapping from the helix propensities. 

Amino acid Ki (kJ mol–1 Å –2) Amino acid Ki (kJ mol–1 Å –2) 
 

ala 17⋅20 trp 8⋅77 
glu 14⋅45 tyr 8⋅08 
leu 13⋅59 phe 7⋅91 
met 13⋅07 val 6⋅71 
arg 13⋅59 thr 5⋅85 
lys 12⋅73 his 7⋅57 
gln 10⋅49 cys 5⋅50 
ile 10⋅15 asn 6⋅02 
asp 9⋅80 gly 0⋅00 
ser 8⋅60 pro –37⋅15 
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systematic force on the ith atom at time t is Fi(t). Di is the diffusion coefficient of the ith 
atom calculated from the Stokes–Einstein (SE) relation Di = kBT/6πηRi. Ri is the radius of 
the ith atom and η is the viscosity of the solvent. kB and T are the Boltzmann constant and 
absolute temperature, respectively. The unit of length is σ(3⋅41 Å) and the unit of time 
τ = σ2/D0. D0 is the diffusion coefficient obtained by using σ as the diameter in the SE 
equation. τ is approximately 1⋅2 ns in the real unit for the reduced viscosity η = 10. The 
time step ∆t is taken equal to 0⋅001τ. 
 
 

 
 
Figure 2. (a) Backbone structure of the model protein with lowest RMSD (4⋅5 Å) 
amongst all the N  folded states. (b) Backbone structure of real HP-36 in the native 
state as obtained from its protein data bank. 
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4. Results of the globular protein HP-36 

The minimalistic model presented here shows good structural agreement with the real 
protein. Figure 2a shows the best folded structure obtained from our simulation with an 
RMSD of 4⋅5 Å, with the native NMR structure of the real HP3630 shown in figure 2b. 
Note that the helices and bends of the model protein have occurred at the appropriate 
positions with respect to the structure of the real protein. 

4.1 Statistical distribution 

Statistical probability distributions are obtained by performing Brownian dynamics 
simulations for N  initial configurations, where N  = 565. The high temperature equili-
brated configurations and low temperature folded states are analysed in figure 3 to show 
the changes in the distributions at two different temperatures. The probability distri-
butions of energy at high temperature equilibrated configurations and low temperature 
folded configurations are plotted in figure 3a. Distributions are well separated, which 
signify the presence of a well defined folded state. Note that the probability distribution 
narrows down at low temperature signifying a funnel energy landscape. Figure 3b shows 
the probability distribution of the number of hydrophobic topological contacts at high and 
low temperatures, both of which show Gaussian distribution. The distribution shifts 
 
 

 

Figure 3. Normalised probability distribution is plotted for high temperature 
unfolded states (red) and low temperature folded states (blue) for different parameters: 
(a) total energy, (b) hydrophobic topological contact, (c) radius of gyration, (d) 
relative contact order parameter. 
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toward higher value of topological contact at low temperature. This characterises the 
hydrophobic core formation in the folded state. Similar behaviour can be observed in case 
of the probability distribution of radius of gyration plotted in figure 3c. The high 
temperature distribution is Gaussian like, showing different possible structural arrange-
ments, due to large conformational entropy. At low temperature, however, the distri-
bution is peaked around 9⋅6 Å, which is the experimental value of the radius of gyration 
of real native HP-36. Relative contact order (RCO), introduced by Baker et al31,32, 
denotes the average sequence separation for the hydrophobic residues. RCO is thus the 
perfect measure of the range of contact formation. Figure 3d shows the probability distri-
bution of RCO for both high and low temperatures. Note the predominant formation of 
long range contacts for the low temperature folded configurations, which is absent at 
higher temperature. 

4.2 Multistage folding dynamics 

A protein possesses a very complicated and highly correlated network of interaction. The 
late stage of folding can be thought of as the interparticle diffusion over a rugged 
landscape. Naturally, a wide separation of time scales may be observed in the time 
evolution of pair separation of the side residues, which in turn may give rise to the 
multistage dynamics in the macroscopic quantities such as total energy, radius of gyra-
tion, relative contact order etc. Figure 4 shows the multistage temporal decay of energy  
 
 

 
 
Figure 4. The solid line shows the variation of energy (EN) with time. The circles 
show the minimised energies )( min

NE  corresponding to a particular energy value at a 
certain time. Inset shows the magnified plot of the change in the minimised energy 
during folding. 
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for a single representative folding trajectory of model HP-36, which leads to the lowest 
energy state. Evidence of multistage dynamics observed in our model protein strengthens 
from the time evolution of the energy of local minima configurations plotted in the inset 
of figure 4. These configurations are obtained by minimising different time evolved 
configurations along the path of folding. The monotonically decreasing local minima are 
a direct signature of multistage decay. 
 Figure 5 shows the similar multistage time evolution of radius of gyration. After the 
initial hydrophobic collapse, a long plateau is observed. This accounts for the large 
conformational entropy near the fully folded states, which acts as an entropic barrier near 
the native state. 
 In order to understand the microscopic origin of the multistage dynamics, we have 
introduced a new contact pair correlation function (CPCF) )(tCij

P  defined as,21  
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where, dij(t) = ri(t) – rj(t). ri and rj are the positions of the ith and jth atom, respectively. i 
and j can be the indices of either backbone or side residue atom. CPCF is normalised 
between 1 at t = 0 and 0 at t → ∞. Figure 6 shows the )(tCij

P  of the 9th side residue with 
 
 

 
 
Figure 5. The solid line shows the decrease in radius of gyration (Rγ) with time. The 
circles with dashed line show the min

γR  for the corresponding minimised confi-
gurations. 
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Figure 6. Dynamics of contact formation of different side residues with the 9-th 
side residue is shown. The multistage relaxation process in the dynamical quantities 
originates from the diverse dynamics of the contact pairs. 

 
 
many other hydrophobic side residues for the particular folding trajectory leading to the 
lowest energy state. The three stages of the folding process are reflected by mainly three 
different dynamical behaviour seen amongst the side residues. Side residues closed to the 
tagged one collapse very fast. Some show an initial shoulder and only a few show the 
plateau in the long time that correlates with the similar plateau observed in case of the 
other dynamical quantities. The vastly different time scales of pair separation are 
reflected in the multistage dynamics of macroscopic quantities plotted in figures 4 and 
figure 5. 

5. Folding and association of ββ amyloids 

The structural resemblances and multistage dynamics are observed also in case of other 
proteins such as Aβ and its different fragments. Here we discuss the aspects of folding 
and association of Aβ, which have become the cynosure of research in the area of mis-
folding related diseases. 
 Aβ is a small protein without large stability for the native state. It has no unique native 
structure. The interatomic distances, obtained from 2-D NMR, and the constrained mini-
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misation result in 20 different structures33 obtained from protein data bank34 as shown in 
figure 7. Individually all the native states show a sequence of secondary structure: 
random coil → helix → bend → random coil → helix → bend. Interestingly, when plot-
ted together, all the native structures, obtained from NMR, show the pronounced β bend 
in the middle (around residue 24–28) for all the folded forms. 
 Brownian dynamics simulations of the model Aβ protein yield low temperature states, 
some of which are shown in figure 8a. Here also note the same pronounced β bend. The 
two structures are statistically quite similar. Figure 8b shows the conformations of the 
model Aβ equilibrated at a high temperature. The high temperature configurations 
assume a bent-rod structure.35 
 We propose a microscopic model of aggregation and subsequent deposition of β -
amyloid protein. Basic physical concepts that determine the aggregation of Aβ are: (i) 
hydrophobic interactions (with nucleation sites) which decrease the energy and (ii) the 
entropic contribution, which can be increased by randomisation of the hydrophilic tail. 
These two factors can lead to a rich and complex free energy landscape.6 The dimer itself 
can have two alternating arrangements as shown in figure 9.35 In these two arrangements, 
π-stacking interaction among phenylalanine groups and other such strong hydrophobic 
interactions would favour parallel arrangement, but at the cost of entropy loss at the 
hydrophilic chain end. The hydrophilic tails would favour anti-parallel arrangement due 
to the larger accessible degrees of freedom. However, in the anti-parallel arrangement, 
the hydrophobicity remains frustrated. Such arrangements have indeed been predicted 
and observed in the rod-coil diblock copolymers,36 which lend support to our argument. 
 Growth of two different dimers can take up three identifiable isomeric forms of trimer. 
A tetramer can have four distinct forms. One should also consider the free energy of 
solvation of these species. By using its analogy with the diblock copolymers and using  
 
 
 

 
 
Figure 7. Collection of reported folded structures of Aβ (PDB code 1AML) 
obtained from NMR. Note the β turn around 24–28 amino acid residues. 
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simple expression of entropy of a random flight polymer inside a tube,37 we can write the 
approximate free energy of an nth-mer aggregate in parallel and anti-parallel arrangement 
as given below,35 
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Figure 8. (a) The 10 different folded (quenched) backbone structures (plotted with 
Rasmol software) of the model Aβ obtained from Brownian dynamics simulations 
with the minimalistic model. The β turn is clearly visible. (b) The configurations at 
high temperature show an extended bent-rod like structure. 
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where G1 is the free energy of an unfolded monomer, Gn is the free energy of nth-mer 
aggregate, Lr is the length of the hydrophobic rod and Lc is the length of the hydrophilic 
coil (L = Lr + Lc), SL and SLc denote the entropy in free space for the whole monomer and 
the hydrophobic tail respectively, H(x) is the Heaviside step function which is unity for 
its positive argument and zero otherwise, L0c is the Gaussian length of the hydrophilic 
tail, D is the distance between two hydrophilic chains in parallel arrangement, α 0 is a  
 
 

 
 
Figure 9. Schematic representation of the proposed aggregation model. The 
possibility of both parallel and anti-parallel arrangement is shown (see (7) and (8)). 
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Figure 10. Schematic representation of the potential energy diagram of β -amyloid 
and its aggregates. 

 
 
certain numerical factor which depends on the shape of the cross-section of the tube, ε’s 
are the temperature dependent hydrophobic interactions per unit length of the rod and 

)(n
solH∆  is the interaction enthalpy for the n-th-mer aggregate with the surrounding 

solvent. We find from the hydropathy scale that )1(
solH∆  is about 2–3 kcal mol–1. G1 can be 

negative due to entropy contributions. 
 Different combinations of parallel and anti-parallel arrangements of an nth-mer 
aggregate will lie in between the values of free energies of complete parallel and anti-
parallel arrangements given above. According to the above expressions of free energy, 
higher aggregates can be stabilised by favourable enthalpy contributions from the rod 
part. However, as the aggregate grows, the surface tension due to frustrated hydro-
phobicity and entanglement among the hydrophilic tails can reduce the free energy of an 
nth-mer aggregate, leading to the precipitation of the aggregate. The free energy 
diagram for association is shown schematically in figure 10.  
 The reaction scheme for reversible association is written below, 
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where, F and U are the concentrations of folded and unfolded monomer respectively. Ui 
is the concentration of the ith-mer aggregate and k’s denote the rates of reaction. A 
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similar kind of scheme for irreversible aggregation has recently been given by Robert,38 
in the general context of protein association. 

6. Conclusion and future problems 

In the present work, we have carried out Brownian dynamics simulations and theoretical 
analysis of folding of small proteins using minimalistic models introduced recently by 
us.21 With the use of hydropathy scale and the helix propensity of the amino acids, the 
folded structures of the model proteins show good agreement with the structure of the 
native state of the real protein. Time evolution of the dynamical variables such as energy, 
radius of gyration, relative contact order etc. shows multistage decay. We have also 
discussed the possible mechanisms of folding and association of non globular protein Aβ. 
The model could be easily employed to study many other proteins such as λ-repressor, β -
barrel, three-helix bundle protein etc. The model can be directly used to study the kinetics 
of amyloid association. Research in this direction is in progress. 
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