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Abstract

On a characteristic surface 2 of a hyperbolic system of first order equations in multi-
dimensions (x, t), there exits a compatibility condition which is in the form of a transport
equation along a bicharacteristic on 2. This result can be interpreted also as a transport
equation along rays of the wavefront ); in x-space associated with €. For a system of
quasilinear equations, the ray equations (which has two distinct parts) and the trans-
port equation form a coupled system of underdetermined equations. As an example of
this bicharacteristic formulation, we consider two-dimensional unsteady flow of an ideal
magnetohydrodynamics gas with a plane aligned magnetic field. For any mode of prop-
agation in this two-dimensional flow, there are three ray equations: two for the spatial
coordinates « and y and one for the ray diffraction. In spite of little longer calculations,
the final four equations (three ray equations and one transport equation) for the fast
magneto-acoustic wave are simple and elegant and can not be derived in these simple
forms by use of a computer programme like REDUCE.

1 Introduction

The ideal magentohydrodynamic (MHD) equations for an unsteady compressible medium in
multi-dimensions form a beautiful system of equations. But the system is quite complex and
sustains anisotropic waves . The system in 3-space dimensions has eight modes of propagation:
two fast waves, two Alfven waves, two slow waves and two waves convected with the fluid, we
shall explain the last two in section 2. Though the system is hyperbolic in general, there are
situations when strict hyperbolicity breaks down since the characteristic velocities coalesce



(two of them become equal). There is a vast literature in journals and books (for example:
Biskamp (1997), Courant and Hilbert (1962), Jeffrey (1966), Kulikovskiy (1965)) on this
subject. The basic theory of MHD equations is about 60 year old and may be treated as a
classical. Courant and Hilbert (1962) describes and also gives references to many classical
work, especially on the geometry of characteristic and ray surfaces. However, there appears to
be no analysis of bicharacteristic formulation in a more general form i.e., the derivation of the
ray velocity, diffraction (i.e., the rate of rotation) of the rays and transport equation along a
bicharacteristic curve taking full nonlinear equations without making any perturbations. We
concentrate in this article on the bicharacteristic formulation of all modes of propagation as
long as they do not coalesce with any other mode. We also discuss only the unsteady planar
magnetic field-aligned MHD flow in two space dimensions in (z,y)-plane (with z-component
of the fluid velocity ¢, = 0 and that of the magnetic field B, = 0). Though this makes the
calculation a bit simpler, the expressions are still quite long. A more general case will make
the expressions bigger. One may use a programme like REDUCE, Computer Algebra System,
to do these calculations. However, REDUCE would not recognise special relations of various
terms and the expressions will be unduly long and simple results of this paper will be lost.
The characteristics for steady two dimensional MHD flow were obtained by Kogan (1960).
The classical work on this aspect is that of Sears (1960) (see also Webb et al. (2005a, 2005b)).
However, our aim in this paper is to discuss characteristics of the unsteady MHD flow. Webb
et al. (2005a) derived equations for linear, non-WKB waves in a non-uniform background
plasma flow and it turns out that the Cauchy characteristic manifolds for the non-WKB
linear waves correspond to the dispersion equation for the nonlinear waves in WKB limit. In
our work, we take the full MHD equation without any perturbation. We shall comment on
this later in sections 2 and 3 after we have derived the wave velocities.

This work was inspired by the work of Poedts and De Sterck and their collaborators (see
references [25] to [29]), where a successful attempt has been made to numerically simulate
experimentally observed dimple in the bow shock geometry formed by the interaction of
magnetically dominated solar wind with earth’s magnetosphere. While going through their
characteristic analysis, it was felt that a full bicharacteristic analysis based on the theory of
a hyperbolic system may be worth. Present work is a result of this feeling.

In the derivation of the characteristic partial differential equation for the system of MHD
equations in section 2, we have followed the usual formula for a hyperbolic system. However,
for this system, one can use the Lagrangian approach of Webb and Zank (2007) (see Appendix
A). In this approach, the Eulerian position of the fluid element x = x(xg,t), where xq is the
Lagrangian fluid label, satisfies a system of second order wave equations. An interesting
point is that the characteristic equation of this second order system give the usual MHD
characteristic equation or the dispersion relation for the Alfven wave mode, and the fast and
slow magneto-acoustic modes.

In section 2, we present the MHD equations in 2-space dimensions and basic properties
of the waves. We shall also present a full discussion of the two waves convected with the
fluid and arguments for considering a general procedure for discussion of the bicharacteristic
formulation. Then in section 3, we present bicharacteristic formulation of a general quasi-



linear system of n equations in m + 1 independent variables (x,t), x = (x1,za,...2,,) for a
mode of propagation corresponding to a simple real characteristic velocity c. Such a general
presentation in more than two independent variables is valuable for future analysis of the
MHD equations in 3-space dimensions (or their extensions). In this section we derive the
ray equations (the ray velocity is more commonly known as phase velocity in MHD) and
the transport equation along a ray (or the bicharacteristic curve in space-time). For these
derivations, we need not take a hyperbolic system but only assumption we require is that the
characteristic velocity c is simple and real. Sections 4, 5 and 6 are devoted to the derivation of
the components of the ray velocity, the diffraction equation and the transport equation along
rays for the fast magneto-acoustic wave. In an appendix, we give a list of symbols and some
results used in this paper.

2 MHD equations for a polytropic gas with special ref-
erence to a two-dimensional flow with plane aligned
magnetic field

Let p be the mass density, q the velocity and p the pressure of a plasma and B the magnetic
field vector. We assume that the plasma behaves as an ideal and polytropic gas. For an ideal
polytropic gas p = A(S)p?, where S is entropy and 7 is a constant (Courant and Friedrichs
(1948), §3). Here p and p are independent since S is not assumed to be a constant. For such
a gas the total energy density e per unit mass of the plasma is given by

p Ly 1., 2 2
e=—+4+—-q¢"+-B°, B°=|B|". 2.1
(y=Dp 27 p B (2.1)

The unit of magnetic field is so chosen that the magnetic permeability p = 1.

The ideal MHD equations (with dissipative fluxes set equal to zero) in conservation form
(with source terms on the right hand side) are

0 g (qq) (pq ) — (BB) ;
pq plaq) +I(p+3B%) —(BB) | B
a|B | TV (4B) - (Bq) = oa |V Y
e (e+p+3B%)q—(q,B)B (q,B)

where I is identity matrix, (,) represent inner product and the outer product gB of two vectors
represents the matrix

@B @By q1B3
aB = | @B1 @B ¢B; |. (2.3)
g3B1 q3By q3Bs

The equations (2.2) have to be supplemented by the divergence free condition (V,B) = 0 as
an initial condition.



The system (2.2) differs from the usual MHD equations by the presence of additional term
proportional to (V,B) on the right hand side. There are many theoretical and computational
reasons (Sterck (1999)) which require that the right hand side (though in reality zero) should
not be set equal to zero in equations above. Retaining these terms make the non-relativistic
equations (2.2) to be Galilean invariant and symmetrizable (Godunov (1972)). Further, inclu-
sion of the right hand side term assures that small (V,B) errors are consistently accounted
for in a numerically stable way and do not lead to accumulation of inaccuracies (Powell et
al. (1999)). The paper of Powell et al. contains a full discussion of MHD equations and
also presents numerical results. Some important references on various theoretical and com-
putational aspects of including the additional term proportional to (V, B) are Morrison and
Greene (1982), and Janhunen (2000).

The system (2.2) contains equations for 8 dependent variables: p, 3 in g, p and 3 in B in
3-space dimensions. The system has 8 real eigenvalues and these characteristic velocities of a
wavefront €2, correspond to two MHD fast waves, two MHD slow waves, two waves convected
with the plasma (i.e. the fluid) and two MHD normal waves (Alfven waves). We shall give
expressions of the eigenvalues in a particular case, which we consider below.

In order to simplify the algebraic calculations in this paper, we discuss waves in a two-
dimensional flow in (z,y)-plane (¢3 = 0) and with plane aligned magnetic field (B3 = 0). In
this case, the differential form of the conservation equations (2.2) reduce to

Au; + BWu, + B®u, =0 (2.4)
where
u = (p,q1,q, B1, Ba,p)", A =1 = identity matrix (2.5)
and
[ @1 p 0 0 0 07 [ ¢ O p 0 0 0]
0 ¢ 0 % % 0 ¢ O —% 0 0
B B 1
B(l) _ 0 0 a1 0 —7 0 ’ B(2) _ 0 0 q2 o 0 P (26)
0 0 0 a1 0 0 0 _B2 Bl q2 0 0
0 B2 —B1 0 q1 0 0 0 0 0 () 0
L 0 a*p 0O 0 0 q | L0 0 a* 0 0 q |

The eigenvalues of the system (2.4) are the roots of the six degree equation in ¢
det [nyBY +nyB® —¢I] =0, |n| = 1. (2.7)

A little long calculation reduces this equation to

s {s* = (a® +a})s’ +a’a’,} =0, s =niq1 + nago — ¢ (2.8)
where
B? DB?+ B2 B2 B B,)?
a2zﬁ,ai:_:_l+ Q,Gin:—N:(”l 1+ m2Bo)" (2.9)
p p p p p



a is the usual sound speed of a polytropic gas and a, is the Alfven wave speed. The six
eigenvalues are

Cl2 = Qn £ Afp, C34 = (Qp £ Agp, C5 = C6 = Qy, (2.10)

where
qn = M1q1 + N2q2 (2.11)

and

2 L1, 2 2 212 2 9 1/2

afnzi[a +aA+{<a +GA) _4CL a’An} :|7 (212>

2 11, 2 2 212 2 2 11/2

asn:§|:a + a4 — {(a® + a})? — 4a”a%, } } (2.13)

Here af, and a, are fast and slow magneto-acoustic wave speeds. Thus, a two-dimensional
plane aligned MHD flow of a compressible fluid has six anisotropic waves. Forward facing
fast wave c;, slow wave c3; backward facing fast wave co, slow wave ¢; and two waves c¢s5, cg
convected with the fluid velocity q. Let us define tangential magnetic speed a4; by

Br L n1By —ny By

AAt - — — . <214)
P P
then
TllBl -+ n232 n132 — n231
ai:a%n—i-ait, App = 7 . Qap = T (2.15)
We now prove a well known result.
Theorem 2.1. In general
ap, = max {a,aan} = min {a,aan} = as,. (2.16)
Equalities in this relation are true only if aa, = 0. For ax = 0,
ap =a when a> aap, (2.17)
Qfp = aan When au, > a (2.18)

and similar result for a,.



Proof. Using (2.15), we get

(a2 + ai)2 — 4a2a?4n = (a2 — a?An)2 + 2a?4t (a2 + (%2411) + ait

> (a2 — ain)Q (equality if ax; = 0)

Hence, when a > aa,, from (2.12)

1
at, > 5 [(a® +a%) + (a® — a%,)]
X (2.19)
=a®+ 5 (ai - ain) > a®.
Similarly, when a < a4, < aa
2 Leio | o 2 2 Lo o
A 2 5 [(* + a3) + (dh, — @®)] = 5 (ah + i)
' (2.20)
= 5 (2a2An + a124t) 2 @,24n-
Equality in (2.19) and (2.20) follow when a4; = 0. Hence the first inequality in (2.16) and the
(2.17)-(2.18) follow. Similarly, we can prove the result min {a,aa,} > as, in (2.16). O

Let us discuss the main spirit of this paper for a simple convective modes ¢5 and ¢g in
(2.10), which in terms of the phase function ¢ satisfying

Pt Ve
Vel Vel
gives the characteristic or eikonal equation
= o+ qipa + @20y = 0. (2.22)
This is one of the simplest Hamilton-Jacobi equations from which we can easily write the
Hamilton canonical equation for ¢, = —w, k = V¢ and from which we can can derive the ray
equations
Dz Dy
=7 = 2.23
pt " Dt T ® (2.23)
Dn, Oq 0q2 Do Oq1 Iqs
— k.53 1= — = - = 2.24
Dt " <”1 ox T ox ) " i "N TN (2.24)

where ¢; and ¢o are the components of the ray velocity and 6 is the angle which ray makes

with the r—axis i.e., ny = cosf, ny = sinf, % is the convective derivative given by



D 0 0 0
Ft = E—FCH%‘FQQ@_:U (2.25)

and p p 5
o 2.2
ox dy "2 5 (2.26)

Corresponding to the double eigenvalue ¢ = ¢, = naq1 + n2qs, the two left eigenvectors 1)
and 1) of the system (2.4), given by 1(n; B + nyB?) — cA) = 0, are

1M = (—a2,0,0,0,0,1), 12 = (0,0,0,n1, ns,0). (2.27)
Premultiplying (2.4) by 1) and 1®¥, we get two independent compatibility conditions

Dp  ,Dp DS
and DB B ) B
1 2 q1 q2
— — =DB,— — B—= 2.2
MTpy Ty T PN T P (2:29)

Using the expressions By = (n1B;1 4+ neBs) and By = nyBs — ne By, we can write (2.29) as

DBy
D (2.30)

Equations (2.23), (2.24), (2.28) and (2.30) represent the bicharacteristic formulation of the
two convective waves mentioned in the first paragraph of the introduction. Let §2; be a curve
convected with the fluid and let the unit normal to this curve be denoted by (n;,n2). Then
Q; is a wavefront moving with the fluid. The ray velocity vector corresponding to € is (¢1, g2)
and a% represents a tangential derivative i.e., spatial rate of change along €2;. In a nonuniform
motion of the fluid, the time rate of change of the normal direction is given by (2.24) giving
a diffraction of rays. Equation (2.28) shows that the entropy S on 2; is convected with the
fluid and remains constant along rays (2.23) - a result very well known. The equation (2.30)
is a very interesting result. It shows that the normal component By of the magnetic field is
also convected with the fluid along €2; but it decays or amplifies along a ray depending on a
combination of the gradients of ¢; and ¢, along the wavefront €2;. Note that the coefficients
of % and % in (2.30) are linear combinations of B; and B,. These result are true not only
for the two dimensional flow with plane aligned magnetic field but also for the more general
two dimensional flow, where we get the same equations (2.22)-(2.30).

We derived the wave velocities (2.10) without making any perturbation procedure on a
given state (either constant state or space and time dependent state). The usual WKB
approximation for small amplitude nonlinear theory, leads to a dispersion relation which is
the same as the dispersion relation for the linear equations. The results are valid as long
as the linear rays do not deviate much from the exact nonlinear rays. But even in a small



amplitude nonlinear theory a significant diffraction of rays takes place over longer distances or
in the regions of high gradients (Prasad (2000), chapters 4 and 6 in Prasad (2001)). This leads
to a significant change in the geometry of a weakly nonlinear wavefront and the amplitude
distribution on the nonlinear wavefront. One of the very remarkable results is that the linear
caustic may be resolved and the wavefront may take a shape without folds but with special
singularity kink (called shock-shock by Whitham (1974)). We shall point out this result,
which is probably not known in MHD, again in the next section. This physically realistic and
remarkable effect in a genuinely nonlinear characteristic field is seen through a very special
perturbation scheme used in (Prasad (2000), chapter 4 in Prasad (2001)), which captures
the first order wave amplitude in the characteristic equation, which is missed in the formal
perturbation scheme by Choquet-Bruhat (1969). We usually call our theory, obtained by this
special perturbation scheme, as ”weakly nonlinear ray theory (WNLRT)”.

In the derivation of equation (2.22-(2.29), we have used the MHD equations with full
nonlinearity. This captures the ray diffraction terms on the right hand side of (2.24) with full
nonlinearity. In the usual WKB limit or Choquet Bruhat (1969) approach, the right hand side
of (2.24) will be replaced by the quantities in the base state on which perturbation has been
made. This will miss the nonlinear diffraction of the rays. But no nonlinear effects will appear
in the convective waves even in our WNLRT since the convective modes are not genuinely
nonlinear. A simple check for it would be to first find out the right eigenvectors r") and r® of
the matrix ny BM +nyB® —¢g,1. These are v = [1,0,0,0,0,0]” and r® = [0,0,0,n,ns, 0]".
Then in terms of characteristic variables w; and ws, the small amplitude perturbation in the
dependent variable u in (2.5) over constant base state ug is given approximately by

u = ug + e{rYuw; + rPw,} (2.31)

where € is small, giving ¢; = q19 and go = @90 respectively. Therefore, in WNLRT the operator
L and the right hand sides of (2.23), (2.24), (2.29) and (2.30) become independent of w; and
ws. Thus nonlinear effects do not appear in the convective modes even in WNLRT.

We have derived the ray equations (2.23) and (2.24) from the equation (2.22), which is
itself obtained by a very simple procedure of taking a factor, namely ¢ + 1. + g2y, of the
characteristic determinant, i.e., det(BWp, + B@y, + Ag,;) and equating it to zero. We can
surely do it for the other modes, say the fast MHD wave. This will amount to considering the
characteristic equation

(o0 +a.Vp)' = (0 + a}) (o0 + 9. Vo)’ | Vel* + a*(B, V) [Vy|* = 0 (2.32)

as done by Webb et al. (2005a), equation # (4.20). For the forward facing fast wave, this
would lead to dealing with the eikonal equation

¢t + gn + apm(Ve,a,aa, By, By) =0 (2.33)

This Hamilton-Jacobi equation would give correct ray equations but let us note that ay,
contains two square roots and complicated terms containing p,p, Bi, By and V. Hence



writing the Hamilton canonical equations leading to ray equations and the ray diffraction
equations would not be very much simpler than the general procedure used by us in the
sections 4 and 5. In the derivation of the expression (2.12) for as,(p, By, B2, p,n) we have
used n? +n2 = 1 in many steps and in using the eikonal equation in the form

W= —Pr = Q = <kq> + |k|afn(p7 Bla B27p7 n) (234>

one needs to be extremely careful to restore all terms involving k = V¢ in it. Only then we
can use the ray equation

d
d—’; — q+nay, + (I—nn) - Vaas, (2.35)

of Webb et al. (2005a). There is a typographical error in the equation (4.27) in the paper of
Webb et al., where the term % should not be there.

We have completed discussion of the two convective modes out of the six modes listed
in (2.10). The bicharacteristic formulation (2.23) to (2.30) leads to a good understanding of
the waves convected with the fluid. Taking up all the four remaining modes will be labour
intensive, will be similar to just one of them and will make the paper unduly long. Hence in
this and the sections 4 to 6, we shall concentrate on the forward facing fast magneto-acoustic
wave assuming the eigenvalue

€1 = qn + Gy to be simple i.e, By = nyBy —naBy # 0. (2.36)

We first calculate the right and left eigenvectors corresponding to ¢;.

Calculation of right eigenvector. The right eigenvector r = [ry,ry, 73,74, 75,76]7 is given
by (niBM +nyB® — 1) -r = 0 i.c., the six linear equations:

— appr1 + n1pra + noprs =0,

— apyr1 — (neBa/p)ra + (i Ba/p)rs + (n1/p)re = 0,
— afars + (n2Bi/p)ra — (mBi/p)rs + (n2/p)re = 0, (2.37)
—noBory +neBirs — agp,ry = 0,

nyBarg — niBirs — appra = 0,

2 2
n1pa“ry + nepa’rs — apare = 0

If we choose the component 71, say 1 = p/ag,, the solution of (2.37) is unique. How-
ever, depending on different ways we handle these equations, we get different expressions for
T9, 73,74, 75 and rg. But, it is possible to prove (some times using many steps and using the
equation a}, — (a® + a2 )a}, + a’a?, = 0 satisfied by af,, see (2.8)) that all the expressions
are equivalent. Now we write a simpler and elegant form or r:



fn Qfn
1 a? 1 a’
ro = —B—T (Bz — n2annBN> , T's = _B_T (Bl - nl?BN> ) (2-38)

1 a? 1 a?
" n2aanT ( a?cn N) ) 75 nlaanT ( a?n N

Note that r; and rg are written in one line.

Calculation of the left eigenvector. Similarly, we can calculate the left eigenvector 1 =
11,12, 13,1y, l5, lg] corresponding to the fast mode ¢; by solving

1(niBY 4+ nyB® — ¢i1) =0. (2.39)

We give here a simple form of 1:

1
pafn’

1 a? 1 a?
bh=—(By—ns By, ls=— B = 2B
2= 5 ( 2 n2afcn N> ;3 By ( 1 nla?n N) ) (2.40)

1 a® 1 a?
Iy=—-n B*— —DB%|,ls=n B? - —DB%|.
4 2 pa o Br ( afcn N) > 1PCLanT ( az?fn o

In this and subsequent sections we shall freely use the relations (2.9) and (2.15). We calculate
here an expression for 1Ar:

11:0, 16:

K :=1Ar
2
_a 1 |, 244, ada*d?, 1 , a*a?,
=5 T3 40— —5 t—3 a5 | T —3
Ay Ay Ay, Ay, ynors U (2.41)
2
201 , a*(a?, +ad%,) ad*d},  a'd}, 1 , a*d},
=5 T3 (- 2 -3 T3 a5 | %~ —
afn Qa¢ afn afn afn aAtafn afn
Theorem 2.2. K has another equivalent expression
K :=1Ar
24> 2 , a0\ (2.42)
=5 T g5 (AT 50,
App Ap Ay @an
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Proof. The expression in the curly bracket in (2.41) is

1
o 2 4 2.2 9 22 2 4 2
G:=— {aAafn—a ApQ}, — Q" 0%,a%, +a aAn}.

afn

After adding an subtracting two terms

1
o 2 4 2.2 2 4 2 2.2 2 4 2
G = ey {aAafn — ATy — ApQp, + Q7 A A%, + AxQ%,

fn
2.2 2 2 2.2 4 4.2 2
—A A 04, — (1/afn) (a aAna’fn —a aAnafn>}
1 2 (.4 2 24 2 2 2 4 2
= aT {(ZA (a/fn — (a +&A)afn +a aAn) + aA(an
fn
2.2 2 2\ 2 2 4 2 2
—a“ajay, — (1/afn)a i, (afn—a afn)}. (2.43)
The first term in the curly bracket vanishes due to the equation satisfied by a,. For the same
reason aj%n — azafcn = aia?n — a*a¥,,. Hence
1 4 4 2.2 2 2 4 4
G = R {aAafn — 2a"ayay,a;, +a aAn}
{" (2.44)
2 2 2 2 2
- aT (aAafn —Qa aAn) .
fn

Substituting this expression for the curly bracket in (2.41), we find that K in (2.41) reduces
to K in (2.42) showing the equivalence.

]

Before we take up the bicharacteristic formulation of the fast wave, we present a systematic
derivation of ray and diffraction equations, and the compatibility condition for a general
hyperbolic system

3 Bicharacteristic formulation for a general system of
quasilinear equations

Consider a quasilinear system of n first order partial differential equations in m+-1 independent
variables (x,t) = (21, Zg, ..., T, t) :

A(u, x,t)u, + B (u, x, t)u,, + C(u,x,t) =0 (3.1)

whereu € R*, 4 € R, B@ ¢ R and C € R"”. We follow a summation convention
in which a repeated suffix «, 3,y will imply sum over the range 1,2, ..., m and a repeated suffix
1,7, k over the range 1,2, ...,n.

11



Let us assume that the system (3.1) has a real and simple characteristic velocity ¢ satisfying
the characteristic equation

det[n, B — cA] =0, |n|=1. (3.2)
Let 1 and r be the left and right eigenvectors corresponding to this eigenvalue i.e.,
1(noeB'Y —cA) =0, (naB® —cA)r =0. (3.3)

Then the components y, of bicharacteristic or the ray velocity x corresponding to the eigen-
value ¢ are given by the lemma on bicharacteristic (Courant and Hilbert (1962))

(a)y
Xa = lBiT (34>
It is simple to see the the relation
C=NeXa = w. (3.5)

A characteristic surface €2 is a a surface in space-time. A wavefront {2, is a projection on
x-space of a section of €2 by ¢t = constant plane. n is the unit normal of €2; and the eigenvalue
c represents the local normal velocity of a wave front §2; in x-space (Prasad (2001, 2007)). A
ray is a projection on x-space of a bicharacteristic curve in space-time. Since the ideal MHD
equations are homogeneous equations of first order, ray velocity and phase velocity are same.
Hence in MHD, one uses ”phase velocity” for the ray velocity used here.

Theorem 3.1. The ray equations of the system (3.1) corresponding to the eigenvalue ¢ are
given by

dr, 1B@r
o 1Ar e (3.6)
dn 1 OB 0A
i = ——]_ _— Cc— = .
dt 1Ar {”ﬁ <n7 ong C@n%)}r Var Y (3.7
where
0 0 0
o ng e Na 9y (3.8)

Further, the system (3.1) implies a compatibility condition on the characteristic surface 2 of
(3.1) in the form

du ou
1A— +1(BY — y, A)— +1C = 0. 3.9
7R ( XaA) O + (3.9)

12



Note 2.1: The theorem was first stated by Prasad (1993), see also section 2.4 in (Prasad
(2001)). A complete proof of the theorem is available in (Prasad (2007)).

This theorem forms a basis of the derivation of all results in subsequent sections of this
paper. It is worth looking in detail the structure of various terms appearing in the com-
patibility condition (3.9). We first notice that % represents the time rate of change along a
bicharacteristic curve in space-time or time rate of change as we move with the ray velocity

X in x-space i.e.,
4 _9 w9
at ot X 0xy

This operator represents differentiation in a tangential direction on the characteristic surface
() in space-time. Each operator

(3.10)

3 o a o 8
8j = S;- )% = lz (Bz(]) — XaAij) %

for j = 1,2,...,n operating on u; in the second term in the characteristic compatibility condi-
tion (3.9) is a tangential derivative on the characteristic surface 2. We also notice that

(3.11)

nasy" = l:Ai(c = naxa) = 0, for cach j, (3.12)

and hence the inner product (n, 5j> of n with the row vector operator éj vanishes showing
that 0;, for each j, is tangential derivative not only on € but also on the wavefront {2; in
X-space.

Let us introduce a row vector
s = (s s s@) = 1(B@ — x,A) (3.13)
then from (3.4)
(5@, r) = s\, =0, a=1,2,..,m. (3.14)
Let L be the projection of the gradient V in x space onto the tangent plane of ) i.e
L=V —-n(nV) (3.15)

then we can verify that the components of L are
L(a) = ’I’LBW (316)

L has m components. Let Dy, Dy, ..., Dy, 1 be the m — 1 independent components of L. Now
we express 0; as

~ N 8 m—1
8]- = S(- )— = Z dijp (317)



and introduce

d, = (dy1, dpss i), p=1,2,...,m — 1. (3.18)

Now the characteristic compatibility condition (3.9) becomes

du -
IA—-+ > d,Du=0 (3.19)
p=1
or written explicitly
du m—1
lij Awd—t] —|— Z(dpleul —|— dpgDpUQ + —I— danpun) —f- 10 = 0 (320)
p=1

which, unlike (3.9), contains only the m — 1 independent tangential derivatives Dy, ..., Dy,
on Qt-

We note that [n| = 1 so that only m — 1 of the components of n are independent and hence
we can show that only m — 1 of the equations (3.7) are independent. For a linear system,
the equations (3.6) and (3.7) decouple from the compatibility condition (3.9) or (3.20). In
this case the right hand side of (3.6) and (3.7) are functions of x and ¢ only and hence the
rays can be traced independent of a solution of the system (3.1). However, for a quasi-linear
system such as the MHD equations, A and B(® depend also on u and hence the expression
1, in (3.7) contains variables x, ¢, u and 867‘%. In this case the system (3.6)-(3.9) in 2m+n—1

quantities (m components of x, m — 1 independent components of n and n components of u)
is an under determined unless n = 1 (n = 1 corresponds to a single partial differential
equation). However, if a small amplitude high frequency approximation is made leading to
the weakly nonlinear ray theory or shock ray theory (Prasad (2000), Prasad (2001)), it is
possible to express the n dependent variables in u in terms of a scalar small amplitude w on
the wavefront 2; and we get 2m equations for x, m — 1 component of n and w. The high
frequency approximation, which we refer here, is not the usual perturbation procedure used by
Choquet-Bruhat (1969) but a special perturbation scheme which captures the small amplitude
w on the wavefront 2, in the characteristic (or eikonal) equation, when the characteristic
field is genuinely nonlinear. In this case, we get a beautiful theory to trace the successive
positions of a nonlinear wavefront or a shock front in which the geometry of the rays and the
amplitude w on the front mutually interact leading to nonlinear transverse diffraction of rays,
amplitude modulation and formation of curves of discontinuities (i.e., kinks) on the front €2;.
A formulation of the propagation of fronts on this line for the MHD equations will be very
valuable but the expressions would be very big.

For a system of equations (3.1) in two space variables, m = 2 and there is only one
independent tangential derive on the curve € in (z,y)-plane. The unit normal of €, is
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(n1,m2). We choose D to be the derivative & (used in our earlier publications [20]) defined
below
0 0 0

D1 = 5 = nla_y — TLQ%. (321)

Then the two components L; and Ly of L in (3.16) are
0 0 0

= —No—— L2 = Ni1—=C

Ly = s .
L2 N’ B

(3.22)

In this 2-D case, the only operator which appear in (3.20) are the bicharacteristic derivative
4 (tangential to characteristic surface (2) and 2 (tangential to the wavefront €2,).

The ray equations and the compatibility conditions along rays have played important role
in numerical solutions of hyperbolic systems. In one space dimension the characteristics in
(x,t)-plane were used not only in development of numerical methods in gasdynamics (Shapiro
(1954)) but also in proving existence and uniqueness of the solution of a Cauchy problem
(Courant and Lax (1949)). In two and three space dimensions, they have been used to solve
numerically MHD equations. The most relevant references are the work of Nakagawa (1981),
and Hu and Wu (1984). A systematic procedure for a general hyperbolic system was developed
first by Butler (1960) and a recent paper on application of bicharacteristic method is by Arun
et.al. (2009), where many older references are available. This series of papers was initiated
by the work of Reddy et al. (1982) and Lukacova et al. (2000). They are based on the nature
of the derivatives in the equation (3.20) which we have just discussed. The aim is to derive
an evolution operator for the hyperbolic system (3.1) using all n compatibility conditions.
Fix a point P(x,t, + At) in space-time and consider a characteristic conoid (of one of the n
families say jth family) with P as the apex. Let Q; = Q;(x(t,),t,) and Q; = Q;(x(7), 7)
be respectively the foot prints of a bicharacteristic of the jy, family on the planes t = t,
and t = 7 € (t,,t,41). Then we integrate the transport equation (3.20) along the respective
bicharacteristics and take an integral average over the wavefronts Qij )( j=1,2,....,n) to derive
the evolution operator. In the integral average the tangential derivatives D, play important
role. The procedure becomes quite complicated compared to the approach of Nakagowa (1981),
where one uses bicharacteristics only in coordinate planes (¢,z,), M = 1,2,...,x,, in space-
time (i.e. the projected characteristics).

In the derivation of the ray equations and the compatibility condition, we have just followed
one mode of propagation by assuming that the system (3.1) has a real and simple eigenvalue,
without saying any thing about the hyperbolic (or otherwise) nature of the system. Had we
followed a mode with uniform multiplicity (as we did for the convective waves of multiplicity
two) we would have got a number of compatibility conditions equal to the multiplicity under
consideration. In MHD, except for the convective waves discussed in detail in the section
2, all other modes have uniform multiplicity one when By = n1Bs — noB; # 0. For the
MHD equations, we shall follow now only the forward facing fast wave mode. Corresponding
expressions for other modes can also be found.
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4 Ray or phase velocity components for the fast magneto-
acoustic wave

In this section, we shall calculate the two ray velocity components x; and ys by using the
result (3.4) and using the expressions of BY, B® 1 and r given in (2.6), (2.38) and (2.40).
Some calculations and rearrangements lead to

2
2 202 2
1B = L+ = (5, - e g + 23 (B - 5By
afn afnBT a’fn T afn
2
nia? 1 m 2 s Ml
B B — B® — —B B® — B
+ ( 1 a2, N> }+ B2 | pasn ( a2, N) ( a2, N
) ) ) (4.1)
_I_”22‘Jl B2__B2 i Bz——BQ BQ_GTB]QV
pafn fn Pafn afn afn
L ma niq1 B2 _ _B2

where we have used B? + B3 = B? and n} +n3 = 1. We find in the above that the coefficient
of ¢; become 1Ar given in (2.41) and other terms also combine nicely to give

2
247 2
1BOr = (14r)q, + “B <32 f2a BN> i (BQ——B2> .
CZ

A fn DT fn paan% f”

Adding M in the second term and subtracting it from the third term on the right hand

n

side and usmg

BQ Bz — N1 (n1B2 — nzBl) ’I”L%BQ + n1n231 nQBN

B T By - B B
we get
2nsa’ B 2 2a? 2
1BWr = (14r)q, + 2@ ON (g a_ + nagy, % +—— | B*— —32 (4.2)
afnBr a> n Aty Ay, B, fn

(4.2) is a very interesting expression. The coefficient of ¢;, namely 1Ar is given by (2.41).
The last term in the square bracket is the same as the expression in (2.42) and both are equal
according to the theorem 2.2. The expression for IBMr finally takes an elegant and simple
form

2n.a%B a?
1BVr = K B bl A (IR 4.3
= Ko+ mag) + 2R (1 5 (43)
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The expression for the first component of the ray velocity, namely 1, given by (3.6) is

X1 =q1+mag, +noP (4.4)

2a’By a?
P=——|1—-— 4.5
Kays,Br ( a?n (45)
which may take a positive or negative value depending on the values of By and Br. Exactly
in the same way, we may derive an expression for ys

where

X2 = G2 + Noafy, — i P. (4.6)

(4.6) is the final expression for yo = lAr/(1Ar) but the intermediate steps are similar to those
in the derivation of x;. In order to help a reader to derive (4.6), we give here two intermediate

steps:
2
2
naa
72 <B2— 22 BN)

2 2 2 2 1
lB(Q)I' = GTQQ — “ (Bl — TLlaTBN) + =
nia’ : 1 ) @ nya’
—|—QQ Bl_ D) BN + B _TBN 77,232 Bg— D) BN

at, afnBr at, B2,

4.7)
) (
2 2
+mBy | Bi— 2By | b4+ —2 [ B> = 5By
2

@(ni +n3 =1) 2 a’ 2

M— B =By
2
2a> a? 2n9 a®

= ¢,(14r) — B, —n,—B B?*— ——-B% | . 4.8

q2< r) BTafn ( 1 nq a?n N) + pa/an% < a/?n N ( )

In the step (4.7) for 1B®)r, the term are less simplified than those in (4.1) for 1BMr. This
may be helpful as to show how (4.1) has been derived.

Let us look carefully the ray velocity components x; and x,. The quantities ¢; + nias,
and gs +ngay, are components of a part of the ray velocity x. This part is recognizable as the
usual fast magnetoacaustic mode added to the fluid velocity q. There is an additional part of
the ray velocity (noP, —niP), which is tangential to the wavefront. The normal component
of the full ray velocity x is

a = (n,X) = mq + n2ge + agy (4.9)

and the addition part (nyP, —n; P) makes no contribution to it.

Note 4.1. The expression for this additional part (nyP, —n; P) of the ray velocity appears to
be new, which probably has not been derived so for.
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Note 4.2. The algebraic calculations to arrive at (4.4)-(4.6) content long expressions. But the
final results are remarkably simple and elegant. The result (4.9) verifies that our calculations,
which have been done with great care, appear to be correct.

5 The ray diffraction equation for the fast magneto-
acoustic wave

In this section we shall use the general expression (3.7) to deduce the ray diffraction equation
for the fast magnetoacoustic wave ¢; = g, + as,. The calculations are a little more involved
compared to those in the last section since differentiation of the state variables are required.
Differentiation will also have to be done if we start with the characteristic equation (2.33)
and calculations will not be too simple since two square roots appear in the expression for
afyn. Finally the results have to be expressed in terms of the derivatives of the original state
variables in (2.5).

8
o
two, both being expressible in terms of only one tangential derivative % defined in (3.21):

In two space dimensions for a planar flow all operators are zero except the following

0 0 0 o 0 0 0

o9 9 __ 9 _9 1
o~ or Moy~ ox o omy ox 5-1)

The equation (3.7) reduces to two equations, one for n; and another for ny. However, they
are equivalent and in terms of an angle 6 defined by

ny = cosf, ny =sinf (5.2)

and both give the same ray diffraction equation

do 1 oBY oB®?
E__IAI‘I (nl o + no o )r. (5.3)

Note that since a?p = ~p, the right hand side of (5.3) contains only derivatives of the state
variables in (2.5). Using the differential relation d(a?p) = vdp, from (2.6) and (2.38), we get

18



(day) 22 + (dp) 3= (B2 n%iz

(dQI)L <B2 — nzfra N) (d—EQ - %(dp)) v BT <B2 anBN> B (;lff;i

Afn BT fn
2 2
<dql>af = (B —;B
d 2 dB dB 2
ity (B 058) + 4 (3 i) + 2 (B 7o)

a’pdgy + Vdp Bs _ noa? By
- Afn a?‘n

(dBMW)r = @fn

(5.4)

Premultiplying above by 1, we get a big expression. We collect the terms containing the

differentials dq,, dp, dp, dB, and dBs and write the result below after combining suitable terms
(B? — —Bz) + —

2
nq naQ
- (dp) ———54 B2 | Ba — By
pa’?‘nBTQ" fn fn ,02(1an% a?‘n
nya’ 9 a? 9 a? nya’
+ B, | B — 5 By B—TB _— BQ—TBN
Ufn @, paanT At
1 Noa? nyia?
+ (vdp) B, — —5—By | +1(dB)) | B — —5— By
pa g Br afn afn

2 2
+(dBy) | B, — X By n(B2- —32
Aty pagn Bz fn
(5.5)

Note that the coefficient of dg; is the first expression for 1Ar ie., K in (2.41). The final
expression, which we write, is

l(dB(l))r = (dq)

1 2 2 a’ 2 a* 2

(nf +n3) a? a?

2
1(dBNr = Kdgy — — 1 B2——B d B, _ "% p dp — a*d
( )r Q1 — a1 B2 a2, N p+paanT 2 2z, N | (vdp — a®dp)

2 2 2
+ "jgz B>~ B By — "” By | dB; + (Bz - e ) dBQ} .
(5.6)
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Similarly we can show that

2
1 nia?
1(dB®)r = Kdgy — ——2— B2——B dp — B -1 p dp — a*d
(dB'™) ey 2 O | Ao \ B, (vdp p)

2 2
+ 2 B2——BN B - g N @B+ By 2% By ) (@B b
paf”BT fn afn afn
(5.7)

We have given the expressions for l(dB(l)) r and l(dB(z)) r side by side. However, we
produce here just two intermediate steps to help a reader to derive it, if he desires

_ (dqQ)— B (dp) <B1 n1a2 ) _
(-5 + (8- ) 2. (- )
_ 1 _ mia? _(dB1 _ B 2 a® p2\ _ (dp)a?
(dB@)r = (d42) 5, (Bl % N) < o dp) b1 <B an ) pasn
nad a2 dB> naa? dBl nia?
el (B - BY) - B (B — b ) — B (B - e B)
(dqg)af o <32 — 7Bz >
a?pdg ydp nia
- af"2 Br <B ?n BN) -
(5.8)
and

1 9 9 a? at 9
208 Bl + BQ — 2T<Bln1 + BQ”Q)BN + TBN
By, a

fn a’fn
2
(n? +n3) , at a? Ny noa’
pn T (g O g2 ) 4 | (dp) |2 By [ By — 2 By
pai, By af, af, pPasn B aj,

2 2 2
+B [ B - 2L By B2 — —B2 * (B -2
afn afn /OaanT afn
1 nia? nia?
— (7ydp) By — 12 + < (dBy) | By — 12 By
pa g Br afp o

2
Naa 2n9 9
dB By — B B ——B i
+( 2)< ’ a?‘n N) }paanZZ“< fn N)
(5.9)

When we use (5.6) and (5.7) to evaluate 1(njdBY + nodB®)r, terms simplify and there
appears a term #(ydp — a?dp) whose coefficient simply becomes n,;B; — nyB; = Br.
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Using this in (5.3), we finally get

do 1 1 a? dp nya’ 0B,
“_ - J5>2——B2 B L 9l (B -1, | 2L
dt  pKas,B2 ( at, ) p ( a%, N) O\ { ( a%, N ax
nga 0Bs oq 0qo 1 8p ,0p
B, -2 )2t (%0 _ o
+< S N) ) } ( “ox TN ) T oKapm \Yox T ox
(5.10)

which is a relatively a simple expression after such long calculations. This gives the time rate
of change of direction of a ray due to gradients of p,q,p and B in a direction tangential to
the wavefront propagating with the fast magneto-acoustic speed.

6 The characteristic compatibility condition for the fast
magneto-acoustic wave

The form of the characteristic compatibility condition (3.9), for a general system (3.1), finally
reduces to (3.20). In two space dimension, there is only one independent tangential derivative
Dy and we choose D; to be % introduced in (3.22). In this case, we can write (3.20) with

aA
A=1Tin another simpler form. In terms of the tangential derivative 2 and normal derivative

E2N

8‘1 =Ny 890 + nay, a the derivative 2 5, and a are given by
0 0 0 0 0 0
P _n25+n18_n’ 8_y :n15+n28—n. (6.1)
Substituting in (3.9) with o = 2 and C = 0 and using
1{n; (BY —x14) +ny (B® — x24)} =0 (6.2)
and (3.5), we get (note A =1)
du — T {—mal (BY —x14) 4+ nil (B® — x,A) Z‘; 0. (6.3)

We shall use this simple expression to the MHD equations (2.4).

After some calculations and using (4.5), we find following expressions for
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s — . (Bi(ja) — XaA,y), defined in (3.11)

2 2 2
1) a n1Bs . at nia gy + no P N2a
=3 B — By |—-—F%—(B2— B 6.5
” aj, i papnBr ( at,, N) Br ? at, N (6.5)
) ny By ,  at nia s, + noP nya’
s =———— | B — —2B 4+ —— | B1 — B 6.6
’ pasn Br ( az, " ) Br e, (6.6)
2 2
1 _ (mne = P ) s a0 o
510 = + B®— -8B 6.7
! (PBT pasn Br ( ar, " ) (6.7)
2 2
1) ns ning P ) , a
% = - B® = —-B 6.8
’ (PBT pagnBr a3, N (6.8)
1 2 p
Wt (portp ) m o 0
pBT afn P PAfn
2 2
(2) n2 By 2 4" NaGyy, — Ny P Noa
sy = ———— | B°——20B - | By — B 6.11
e () -t () o
2 2 9
2 _ 2 _ ny By B2 _ a_BQ NaQfp — M P B nia B 6.12
S3 a?n p(],anT < CL?cn N T By 1 a%n N ( . )
2 2
(2) ny nlngP) , a®
si ==\ gt Q75 ) |B-—=2b 6.13
4 (pBT aanT < a]?n N) ( )
2 2
) Nony niP ) , a’
5 =\~ + B® - —=-B 6.14
1 2 P
s) =5 | Bi— By | - (6.15)
pBr Ay, P Pafn

It is interesting to check that the of above expressions satisfy correct identities n15§1) +
7128;2) = 0 i.e., (3.12) for each j. This result is obviously true for j = 1. Using the above
expressions, some calculations lead to

B
nlsgl) + n25§2) = —ﬁ {a}, — (¢® +d?y) a3, + d’a?, } . (6.16)
fn2T

The right hand side of (6.16) vanishes since ay, is a zero of the polynomial in ay, in the curly
bracket. The expression a;%n — (a® 4+ a?) a?n +a%a?,, appears as a factor for the expression for
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2
nlsé ) + n233 ) also. Hence nlsé ) + n23§, ) vanishes. nis;

to cancellation of terms. For the last relation we find
1) @2 1 1 1 Br

= —+4+ — (1 By —naB — =0 6.17
N1Sg ~ + Nasg p+pBT(n1 2 —NeBr) = p+pBT ( )

Wy ngs ) for 7 =4 and 5 vanish due

We are now ready to calculate the coefficient

—MNg {li (Bi(jl) - XlAij)} + {li (Bi(;) - XQAij>} = ( "y 3 = hj,say  (6.18)
of % in (6.3). We get
hy = —nost? + nast? =0, (6.19)
2 P 2
hy = ffa = (B2 - 222“ BN> , (6.20)
fn T fn
2 P 2
Afn T a’fn
1 Ny . a’
hy = ——— —P B*——208 6.22
4 ,OBT (nl + @ > ( a?n N ) ( )
1 ny . a
hs = — | — —P B*— —208 6.23
5 pBT ( ng + U ) ( a?n N ) ( )
P B :
he= —— — N [1-2 ). (6.24)
pPafn pBT a?‘n

Finally, an explicit form of the compatibility condition (6.3) is

dq, I dgo B, dB, dp

bgy T gy g+l +legy

dt dt
(6.25)
a(]1 aQQ 831 832 8p
+h2a)\+h38)\+h4a)\ +h50)\ hﬁa)\ 0

where [; are given in (2.40) and h; are given above. The time derlvatlve ; along a ray, given
by (see(4.4) and(4.6))

dx d
T L (6.26)
1 i 0 P 5
a T + (¢ + mag, + n2p)a— + (g2 + noay, — nlp)a—. (6.27)

d

2 is a tangential derivative on the characteristic surface {2 in space-time and 2 7y 18 a tangen-

tial derivative on the wavefront €2, in (x1,xs)-plane and also on the characteristic surface Q
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in space-time.

Appendix: List of symbols and frequently used results

u=(p,q,B,P), ¢=|q|, B=|B]
n = unit normal to wavefront ;. In two-dimensions n = (ny,ns)

2 _ p B2 2 _ By _
a p7a’A_p7 An_p7BN_<n7B>

1/2
a?%? agn = % |:CL + a’A + {(CL2 + CL?4>2 B 4a’2a2An} ‘|
af, — (a® +a%) a3, + a*aZ, =0
The following results are for the characteristic velocity c = g, + ay,
Left eigenvector 1 = (I3, 1o, 13, 14,15, lg),

Right eigenvector r = (ry, 79, 73,74, 75,76) "
Expressions for components of 1 and r are given in (2.38) and (2.40) respectively.

K - lAI‘ + 2 3 (aA aAn>
f

(l CLA
2 2
P =i <1 =)
X1 =G+ miag, + n2P X2 = A2+ 2l in = n P
L=V —n(nV), Bn = nﬁag — ”aaxg
In two-space dimensions
a%, = BT%, Br =n1By —nyBy
87871 a%;_”la%z_”?azl =5
Ly n25xs Ly = 7118%
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