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1. INTRODUCTION

HE use of anomalous dispersion effect in

X-ray scattering for the solution of
crystal -strughire and absolute configuration of
molecules=is now well known (Peederman and
Bijvoet, 1956 ; Ramachandran and Raman, 1956 ;
Pepinsky and Okaya, 1956). It is essentially
based on the fact that for a non-centrosym-
metric crystal containing anomalous scatterers
the ' intensities of inverse reflections become
unegqual, A formal treatment of the effect
results in complex quantities in the transform
space and is a consequence of the fact that the
atomic scattering factor itself is no longer real
but a complex quantity. Thus the Patterson
function, in the presence of anomalous dis-
persion effect, can be represented as a complex
one (Pepinsky and Okaya, 1956) whose
imagihary component termed the P, (u) function
has inferesting properties and holds the solution
to the structure and absolute configuration. It
is obvious that the electron density function
can also be similarly represented, in a formal
way, as a complex function., No explicit treat-
ment of this seems to be available 1n the
literature particularly from the point of view
of practical calculations., The purpose of this
paper is to derive the related formulae and to
show how such a Fourier synthesis can be com-
puted in practice from the available data, This
method of approach is likely to prove useful
in the study of the real and imaginary com-

ponents of the dispersion corrections to the
atomic scattering factors.

2. FouriER REPRESENTATION OF COMPLEX
ELECTRON DENSITY
Let N denote the total number of atoms in the
structure, P the number of anomalous scatterers
all of the same kind and Q the numbecr of non-

anomalous scatterers.
tering factors by

flﬂ' == fpﬂ +- Afﬁf:-;
end f‘l = fﬂua

Denoting the atomic scat-
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the structure factors for the
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reflections H and H can be written as

F (H) =F' (H) +iF,” (H) (1a)

F (H) = F (H) + iF,” (H, (1b)
and in parttitular,

F* (H) = F (H) ~iF,” (H) (e}

where F’ ig the contribution to the structure

factor from the total real parts of the scattering
of the atoms (i.e., from f, and f)) and F, " is
the contribution from the 1mag1naa'y part &f "’
of the anomalous scatterers, Written in terma

of the real and imaginary components of the
structure factors (1) becomes

F (H) = [A’ (H) — B,” (H)]
+ 1 [B (H) + A" (H)]. (2a)
F (H) = [A"(H) + B,” (H)]
+ 1 [A"(H) - B’ (H)] (2b)
and
F* ({H) = [A' (H) +-By" (H)]
41 [B (H) — A(H)] (2 ¢e)
where

A’ (H) 2, foi cos 21rH "Toi + 2 fei’ CcOS 2#H*rp,

il F=1
# (H) Z;ﬁfpjﬂ COs 2“H rl.‘] (3)
1:

and similarly the B components are given in

ferms of sine functions. (It is understood that
guantities with no subscript correspond to the
entire structure of N atoms.)

The electron density distribution p(T) can be
formally defined as

% (F(0) + z [FU) +F fﬁ_!]

pr) =
X eXpP. 2«@.3
—_— e
+§ F({H) - F (H)]ﬁxp-iﬂ!j'zz

(4)
where F¥ is the complex conjugate of F. It

méy be readily verified that (4) is the generali-
zation of the electron density representation,
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for when anomalous dispersion effe¢t is absent
_E‘(Ij) E’E*(E) and hence the second summation

in (4) will vanish while the. remaining terms
reduce to the conventional foerm. In order to
interpret the resultant Fourier (4) let us sub-
stitute the formulae from (2) in (4). We get,
after some simplification,

p(r) = & F(0)+ 22V [A"(H) + B’ (H)]

X exp.2miH.r
+ 28 2¥ [As” (H) + iB,* (H))
x exp, 2niH.r) (9)

where the primed summation symbol denotes
that “¥he summation is over half the reciprocal

cell only. Thus from (5) it is seen that the
electron density cah be formally written as

p (1) = pe (T) + ip; iT) (6)

where s, and p, are the ‘Treal’ and ‘imaginary’
components of the electron density given by

_ % {F (0O) + 23 [A’ {H) iB’ (H)]
x exp. 2miH. 7}

fr (T)

P () = 2 2 [A; (H) + iB,” (H)]
x exp, 2miH.T 7)

3. DIsScuUssioN

The functions p, and p correspond to the
total contribution to the structure factor
respectively from the entire real and imaginary
components of the atomic scattering factors.
This is readily visualized by reference to the
grgand diagram (Fig. 1) where the relations
between the structure factors are shown, Half the
v
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sum and difference of the vectors _I:"(;_I') and _F_"*(Ei)

may be seen to be respectively the vectors
F'(H) and Fu"(H). If{ may be noticed that the

t in (5) 1s only a consequence of the fact that
the imaginary component is 7/, ahead of the
real component F ' of the anomalous scatterers.

Cur main interest here is in the fact that
both p, and p can be computed. For instance
p. 15 the one normally calculated. In the
method of phase determination (Ramachandran
and Raman, 1956) it is the phase angle o’ corres-
ponding to F'(H) that is calculated (but for

an ambiguity). In the initial stages of analysis
the magnitude of |F'(H)| may be taken to be

approximately (1)} where (I)=]I1(H) + I?H)]/ 2,
while for greater accuracy the exact expression
F'(H)| = [()— |F.”|2]¥ may be used (R&ma-
chandran and Raman, 1956).

Once the structure has been esfablished fully
and well refined co-ordinates of all atoms are
available one could compute the function s
The coefficients to be used here are — i [F{(H) —

F*(ﬁ)],fz where it is understood that one uses
the observed amplitudes |F,(H)| and ]Fn(ﬁ)|

with the calculated phases a(H) and «%(H)
which are given by

[B'(H) + 4" ()]

ta H 8 d
m e () = R = B ()] 8 )
- [BTHD) — A, (H))
tan o (H) = 1 g B (H)] (80)
It 1s clear that the map p. ig the Fourier
transformm o¢of 1maginary components of the

anomalous scatterers and will contain peaks at
r.; of strength proportional to Af_ 7. It may
be readily verified that the formula (4) is quite
general and is applicable even when there are
more than one type of anomalous scatterers in
the umt cell. To start with, one could calculate
the phases by including only the strongest of
the anomalous scatterers but the Fourler map
p' can be expected to reveal the other “lighter”
anomalous scatterers. The entire structure could
then be developed further with successive
approximations. The following are the possible

lines that are open at this stage:

(i) The map p  can now be {reated inde-
pendently of p and the structure refined. The
positions as given by such a map may be com-
pared  with  those obtained  from p,.. Auy
possible differences which are significant may
give us useful 1nformation of the electron
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density maxima for the entire atom and the
inner shells respectively.

(1) The refinement of the g structure may
include also Af.” and its temperature factor B ;
as unknown parameters.

The difference Fourier technique and least
sguares method can be useful for this purpose.

The possibility of a systematic application of
these procedures depends to a large extent on
the accuracy of the intensity data. In parti-
cular since it is the difference in magnitude
that enters the Fourier synthesis, the map will
be highly sensitive to errors in the measure-
ments. The absolute wvalues of Af” to be
obtained will particularly depend on the absolute

values of |[F(H)| and fE(I:_I)\.

Coming to the function p, it is seen that it
could be used fo study the real part correciion
AT and the corresponding electron density dis-
tribution. However, this requires measurement
of intensities for another wavelength A, for
which 'dispersion effect is absent or negligible.
The difference map p,(A)—p, (X,) can be per-
formed to study AFJ.

It may be pointed out in this connection that
the above method of approach in terms of real
and imaginary components is only a formal, and
convenient way of studying the dispersion
effects. Actually as pointed out by Patterson
(1863 ; see also Ibers and Hamilton, 1964) the
electron density in atoms should, from a
physical point of view, be independent of the
wavelength used. Such a representation could
still be obtained although it could be achileved
only as a limiting approximation. For instance
even atoms as light as oxygen have finite
detectable dispersion effects (Zachariasen, 1965 ;
Marezio, 1965) for normally used wavelengths.

Figure 2 shows the p. map computed for
L-tyrosine hydrochloride for the C projection.

The measured counter data of Parthasarathy
(1962) were used and the co-ordinates used
were those given by Srinivasan (1958). A
strong peak (strength ~ 1-8¢/A%) at the posi-
tion of chlorine may be noticed, which is to be
expected. The Af” correction for chlorine for
CuK a is ~ 0:66). There is no other significant
feature in the map excepting iow peaks which
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appear to be spurious. It may be moentioncd (hai
this Is taken only as an example 1o illustrate {he
method and is probably not the best one to
see, 1f any, the effects at lighter atoms. The
structure had been refined only two-dimension-l
data, and hence the accuracy in co-ordinates

is not high. No attempt was therefore made
fo refine the p, Mmap.

FIG. 2.

down the ¢-raxis.

pr—map for L~tyrosine hydrochloride projected

Detailed test of these ideas on more accurate
structures are in progress and will be reported
In due course.
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