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ABSTRACT

This paper gives an account of the results ot the teses that hase
been carricd out to assess the relative importunce of the plase angles
and structure amplitudes tn a Pourter synthes, For thes, the phase
factors, ¢*¢, have been combined mn dutferent ways with structure amphe
tudes such as when the latter are (¢) replaved by the o of the strug tue
amplitudes (i.c., by VX fi*), (P} randomly chosen from the set of corect
structurc amplitudes, (¢) made us much  antecorrelated  (about the
mean) with the correct ones as possible and (J) taken to be those of un
entirely different structure.  The above syntheses which are only  modifi-
cations of the phase synthesis, ¢, have been tested un bath the centro-
symmetric and non-centrosymmetric projections of a hnown structure,
They strongly establish the greater importance of the phase angles m
Fourier synthesis.

I. INTRODUCTION

IN a series of papers from this laboratory (Ramachandran and Raman, 1959;
Raman, 1959; Raman, 1960; Srinivasan, 1960« Srtimivasan and Aravine
dakshan, 1960; hereafter referred to as Parts I, HL HE IV and V respectively)
the problem of deconvoluting the Patterson function when a part of the
structure is known, was considercd i detatl,  In the course of these siudies
it became necessary o analyse the signiticance of the standara syntheses
which cmploy for their Fourier coeflicients various standard  tunctions of
F, such as | F |, ele, L/E, cte. JUwas pointed out in Part 1 and later proved
in a more rigorous way in Parts 11 and IV that the phase synthesis o
resembles closely the Fourier synthesis while the moaulus syithesis, TF
resembles the Patterson.  Though this indicated i i veneral way the Hnpor-
tance of the phase angles, a closer study of the relative importinee of the
phase angles and the structure amplitudes was thought worthwhile, The
results of such a study arc presented in this paper.
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"1' ! os RIPLION OF L "? LRIOUS SY\I”L,\.{";

The ealenlaton were all made on the controsymmetrie and non-centro-
ammetrie projections ol Legvosine hvdrochloride whose structure has
t;z:m tharoushiv woralvsed o thes Biboratory (Srintvasan, 1959). The erystal
data of this compound wres o L b9l e SOAL L <92 two
molecule s of CLHENO O percelloapace proup P2 Inoall the syntheses
o be deseribed below the nluee aneles referred to tor the sions i the centro-
wmaett e vased cortespoind to those caleulated for the above structure
(foim\,amm 198ty unless otherwise stated.

(@) The Nornudised Phase Svarhess, To start with, a modified form
of the phuse santhesin, S was devised, The modificition consisted in not
gaing wint amphtides Tovalbrelteotioncas m eld bt vidue equal to VY2
ahich -+ the mean for wll veflectons having the same value of (sin 0/4).
Thas, 10 etfect, the mumtudes of the geometrical structure factors of all
eeflections were made equal, but all of them were multipliea by 4 mean
qomic seattering Lator, W shadl eadl this synthesis the “normalised phase
withesn”, the noendisation Bemny done such that X TEF [ s the same for
this synthesis and the Fourer cvnthesss The syatheses for the non-centro-
gmmettae and e centrosnunelie. projections e shown in Figs. 1 (b)
and 201 respectinedy alom with the actual Fourier syntheses in Figs. [(a)
and - 2 {ah

I catrving out the valeulitions the value of VA A for each reflection

i
was obtamed from o wraph. The temperature factor wis also applied to
the amphitudes and o s the wame that emploved for the actual erystal,
ipowill be noticed that the awcement between the normadised syntheses
[Figs. 1 () aned 2O} and the actind Pourer svitheses [Fies, 1 (a) and 2 (o))
i exdremely pood

(h The Random Phase Svathesis The mteresting question now arises
g 1o what would happen it random values of [F [ are used along with the
cotrect phase angles, but not eqqual vilues Gipart from the *f* factor variation)
as i the whove syntheses Such g synthesis which may be eatled the “random
gynthests”” W cateulated.  Blowever, moorder to ensure the same statistical
disribution of structure amphtudes e the correct structure, the reflections
were prouped 1to Vatiols ranges of (vt 4} and incach range the valees
of the actnally observed | By s (Syinvasan, 9593 were mndomly permuted
amongst themselven and thewe were then used with the correet phase angles
o caleulate the synthesis, The syntheses for the  non-centrosymmetric
ad the centrosymmetric gases are given in Figs. 1) and 2 (¢) respectively,
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Surprisingly, even in these random syntheses, the structure is revealed in
fairly good detail.

5” i
,4/ 7 D /,:’
20
| | ¢ d
F1G. 1*. (a) The Fourier synthesis, (5) the normalised phase synthesis, (¢) the random
phase synthesis and (d) the anti-correlated phase synthesisof L-tyrosine hydrochloride projected

down the c-axis. Contours are at intervals of 2¢/A? at chlorine and le/A? elsewhere, starting
from 2e/A%.

* The different kinds of atoms in the molecule of tyrosine are not marked in all the figures
but only in Figs. 3 (b) and 4 (b) where smhall dots correspond to carbons big dots to axygens and
open circle to nitrogen.

(¢c) The Anti-correlated Phase Synthesis—Now, it was thought worth-
while to go a step further and take the strong reflections weak and vice versa.
This would be equivalent to making the new set of amplitudes and the
correct set as much anti-correlated about their mean as possible.* The
method adopted for getting the maximum anti-correlation was as follows:
In each range of (sin 6/A) the various reflections were arranged in decreasing
order of magnitude. The whole sequence was now inverted so that the

™ For a proper expiaqat_icgq of the various statistical terms used in the discussion see
Appendix 1.
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strongest reflection would become the weakest and so on. However, it
will not be possible to realise perfect anti-correlation about the mean by
this process. The possibility of achieving this depends on the nature of
the probability function and it can be shown that, unless the function is
symmetrical about the mean, perfect anti-correlation is not possible. In
our present case, the probability functions for the centrosymmetric and non-
centrosymmetric cases are not symmetrical about the mean (Ramachandran
and Srinivasan, 1960) and hence perfect anti-correlation cannot be realised
for them. However, the maximum possible anti-correlation for any type
of distribution can be worked out and they are given in Appendix I for the
centrosymmetric and non-centrosymmetric cases. The theoretical maximum
of — 0-89 for the non-centrosymmetric case agrees fairly well with the value
of — 075 as calculated from the actual data used for the anti-correlated
synthesis. The difference between the two is to be expected since the pro-
cedure adopted is subject to the same types of errors as are encountered in
the calculation of a Wilson plot. The synthesis was calculated only for
the non-centrosymmetric projection and is shown in Fig. 1{d). It is very
surprising indeed to find that even this diagram shows the structure in good
detail.

3. EXPLANATION OF THE SYNTHESES

(a) From the Fourier Point of View.—The normalised phase synthesis
confirms the most essential property of the phase synthesis deduced theo-
reticallyin Parts IT and IV, namely, that it resembles closely the Fourier synthe-
sis. 'The consequence of taking VX f;2 for the coefficients instead of unit
amplitudes as in e* will be that peaks will not be sharp but will have a finite
size and shape corresponding to an average atom in the structure. The
normalisation also makes it possible to compare directly this synthesis with
the actual Fourier synthesis. It is interesting to see that even the relative
strengths of carbon, oxygen and chlorine have come out correctly, even though
the amplitudes fed in corresponc to those of a single average atom in the
unit cell.

It will be noticed that the random synthesis is also almost as good as
the normalised phase synthesis though it contains some spurious peaks as
compared with the practically uniform background in the latter. That
the random synthesis would reveal the structure in such good de*ail could
not have been anticipated to start with. In fact, it was this rather unexpected
result thaet suggested the next test that was made, namely, to use a set of
amplitudes completely anti-correlated with the correct ones. The resultant
synthesis, Fig. 1 (d), is of course worse than the random synthesis, but stil]
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the tyrosine molecule is clearly discernible. What is more interesting is
that the relative strengths of the peaks at the positions of chlorine, carbon,
etc., are practically unaffected. However, the number of spurious peaks
is now somewhat larger as compared with the random synthesis and their
strengths are also larger.

The real reason why even under these diverse conditions the phase syn-
thesis is able to reveal the structure can be understood by making a closer
study of the problemi. The explanation follows essentially from the general
idea of the deconvolution of the Patterson function and of the principle
of modulation of one structure by another (Parts I and IT). All the above
syntheses can be interpreted as the modulation of the appropriate modulus
synthesis with the phase synthesis, e**. The latter is practically same as
the Fourier synthesis and contains first order peaks of strengths 0-90 f;/Sy
at the same positions as in Fourier where Sy = v/ X f;2 (Part IV). Now,

J
because of the fact that the structure amplitudes used in the case of random
and the anti-correlated syntheses do not correspond to any actual ¢ structure”,
their modulus synthesis would not contain only positive peaks as in a modulus
synthesis of any real structure (Part IV). However, at the origin alone both

F16. 2. (a) The fourier synthesis, (b) the normalised phase synthesis and (¢) the random
phage synthesis of L-tyrosine hydrochlcride projected down the b-axis. Contours are at intervals
of 2¢/A? at chlorine and 1e/A? elsewhere, starting from 3e/A®. Shaded area corresponds tolesg
than 3e/A%, ’ '
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ne wtlt Bave o eneth e G diae of the actual modulus svathesis
the nthesis.

lewhore, o s W evpeat Lo e e bachyround. The only strong
nteraciion o i b r e medubaton of g synthests with the phase
gnthesrs b hesetons correpond o theee o Lor o peak with the first
Q;:‘ak’i' peab o of e phiee ovmtheses ad wall thae tead 1o the structure CON-
med 1 the e amthe e the cotreet atotie positions,

Anatho o vencral e that mieht be abwerved i Fres |and 2 s that
the phose st Bt aei e ntnoesymmelnie vase s distinetly better
than 1hat fou the vonteeoonnetine vase This result 1 best understood after
we connder ot mten e spect o the problem, namely, from the
Jalstwad poont ol s

ihi Frons o Soyronrvad Poser of View The terms random and anti-
eortelatad une e e o e prcvioms wections me relation o the mean
of the detalation Theewaald have comveved the wdea that the distri-
hutioms <oere e ot correbeted ot voreelted ta the distribution of
the <ot ot de s for the conredt ncte However, it should be
ms"smiwwi thet e Bomesoamnthens ot e the aetinal straeture sumplitudes
that v el ot e Conrelaton about the mean G s not so impor-
tant a1 §”"'§ contebation ok The terme corvelon aboui the mean
and ihe o covrchatnm pe explaned m \ppendi

HOTabie bt Apaeado oo svonnmed st wall be seen that tie direet correlae
o hetween the stun fee amohtade s of the aeamed distobution and  the
getital dtebation o Toeh s 8 Yo the noeventrosymmetric ease and
Bl e cmtronaneto cane when these ate randomly correlited about
themran Comrgprrnth, at vt atallnepseang that the random synthesis
reseals s b the detads of the actal structure. Fven when the two ety
of ttgcture conphitudes e antecoanelited (or a much smtcorrelided as
porabiled the dvect conelation corthoent bostlhas ghoas 0060 for the non-
et oo bt case s oven the anteonrrelited synthesis does
veopal the strmcture gt oacdh o thes beeones understandable from (e
magitude o the doact corrclaton coethaent The correlation s poorer
i the ve oy amnetone o tahouat Uy hut s behieved 1t s poad enough
o feap sl o Jdennl o the st e

Parer sadue of the diect correlation anses essentially beciuse the
gaatin b abwens peeatnee Cuneequientdy, oven of there are viriations
At the e Thoo s b o povalve certelatoon befween the absolute
magistudo o n the tea ety of the data becawse both of them must m:(:z:*sssmril?'
be postine,
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It will be noticed from Table fothat the direct cotrelation Yor the nope

centrosymmetric case is systenvaticathy
symmetric case for all the different types of synthese.

Lareer

{hian

that tor o the centroe

Phisesphans the fact

already mentioned, namely that the phase syatheses Tor the mancentrosym.

metric case is distinetly better than that for t

a general feature.

B cenlions el Case, gy

4. Testrs oOn A LiGnit-Adem SERUC FURG

(a) The Nurmalised Phase Sveathenis,
above syntheses have been ca

chloride which is not a purcly light-atom structure

considerations given above are not stri

frowall beo obeenved thar gt the
leulated for the connponnd U Goosne vdro-

Fronw e the theoretien]

h apphoable o thes case, The

effect of the presence of heavy atom on the destnbution 1 tion Py hay

already been worked out (Srinivisan, 1960 by

Pn o the prosent case, mowhich

there are two heavy atoms in the umt cell, the vonetal tendeioy s o alter
the distribution curve for hoth centrosymmetsie atd non contivsammetig
cases such that there are a large number of retlectuns bavine then value

near the mean.

The effect of thiv in both cases, 1o fo b e the value of ¢
larger (see Appendix 1) than if the heavy atonr were mol present,

Foview

of this fact, it was felt that the test shoukd be carnied out ona pure hyht-atom
s actually done and the normabeed phoee cunthesis for
both the non-centrosymmetric and centrosvnmmetin coase wete valeubited
for the structurz * tyrosine ™ alone obtamed by temanmy the twe chilorine
atoms from the tyrosine hydrochloride structure

structure. This wa

[Figs. 3 (a) and 3 (h)] will be found 1o be pracocativ e

and 2 ().

1

o |

S

Fie. 3. The normalised phase synthesis of I -tytoune prowoied sdown tol the vaans and

f}v»
( .
'4 !wwm(.m
b
L-ﬁ«};
TR
oo
{ -
¥ -
;

Pl cealbangr svntheaes
veund Ly i%’t* 1 {#

Tt was therefore felt not necessary o caboudate the athier santheses,

(b) the b-axis. Contours are same a% in Figs, 1 and 2 respecsely,

(b) Use of the Structure amplitudes of an Entirely Differens Steucture.—
The results of carrying out the different types of syntheses described carlier
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aggpested one other interesting possibility, namely, (h

sructure amphiudes of

HEan actual structure with (he phase
from an entirely different structure,

259

at of combining the
angles calculated

For this purpose, six atoms were

assumed st the positions marlked by crosses in Fig. 4(a) and these atoms
were ssumed to have e suitable seattering

7 valne of carbon falling off with ¢ as

factor (actually 1-7 times the

or a carbon atom. This was done

o b the value of B f5% of this structure (which we may call as the correct
é

dructere 4, and denote s structure amplitudes by | F, |) the same as that
Now, the assumed structure (B) was taken to

for the avsumed structure

be the structire of pure tyiosine.  The phase
caleulated and were used alomg with

angles oy, for tyrosine were

1w structure amplitudes | F, | to cal-

calate o santhests using  Fy D exp, jay as Fourier coefficients. The synthesis
projection is shown in Fig. 4 (a). Figure

fﬂf ié?\‘f ”ﬁ,‘n%a"i’wtg‘&)t_ﬁ “’U“k‘ﬂ'iu
40 ~hows  the

‘i

N jir A

|

};ZM %

ditference Fourier  synthesis (

I;“A ] — l FB D exp. iOB.

’

l

tad The svnthes wang [ bexpaay, as fourier coefficients where 4 corresponde

fooan arbafvany soatom stroctore Goached by crosses) and B to tyrosine.  Contours are sams

a5t Fag 4
@g %‘i’ "ﬂy
Thr sotsr wnfont 15 etnbled.

5

thy The Jdittereree svnthews, () F, ]

.

D1scCusstoN

[FeD) oxpiay. Contours are at intervals
ot g amd vegative contours are shown by continuous and broken lines respectively.

The santhests using the structure amplitudes of an arbitrary structure
alony with phases calealated from o different structure represents probably
the extreme posstble case in the present series of tests. The agreement
between this synthess [Fig, 4 (@)] and the Fourier [Fig. | (a) with the chlorine
remtnved ] e very eood and it will be seen that all the atoms of tyrosine have

ERTIHATWRS L F S O £ I 1 OO

Particularly it is noteworthy that, excepting at one place,

there wre practically no strong peaks at the atomic positions of the arbitrary
drpcture A4 [marked by crosses in Fig. 4 (a)], whose structure amplitudes
were used in the synthesis. The one peak mentioned above is, however,

belicved to be spurious.
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From this, the following important conclusion is obvious, namely,
that if a Fourier synthesis is made using the amplitudes of the correct structure
() along with the phases calculated for an assumed wrong structurc (.B)‘ %hcn
the resultant synthesis would contain peaks only at the assumed positions

and not at the correct positions.

This seems to be in apparent contradiction with the well-known fact
in structure analysis, namely, that the correct structure is wusually arrived
at by a series of successive Fourier syntheses, assuming initially atoms to
be present at all the prominent peaks in a trial Fourier synthesis. The
resolution of this paradox follows from the general idea of modulation

(Part 1).

Now, the modulus synthesis, | F, |, contains an origin peak of strength
0-92 Sy and non-origin peaks of strengths 0-38f; fj/Sx at ry; — raj, while
the phase synthesis, ¢i%®, contains peaks of strengths 0-90 f;/Syx at ry;. The
moduiation of the two should obviously lead to peaks at rg; arising out of
the interactions between the origin peak of the former and thc first order
peaks of efes at rpi. The other interactions between ry; — r,; and rg; would,
mn general, lead only to a background and in particular there will not be any
concentration of electron density at ;. If, on the other hand, the structures
A and B have some atoms in common, say P of them, then P of thc peaks
in rg; would be of the type ry; so that the interactions between ry; — ry;
and rg; will lead to concentration at r,;. The strengths of .4 will, of course,
depend on the number of coincident atoms (P) and will, in general, be weaker
than those at B.

It follows from the above that the necessary condition for peaks to occur
at the correct atomic positions, A, is that at least some of the atoms used JSor
calculating the phases must coincide with those in the structure A.

This again shows that the usual method of successive Fourier syntheses
would successfully converge to the correct structure only if the assumed
structure or at least part of it is near the correct one. The method would
obviously fail if completely wrong positions are used, to start with. Of
course, there is no reason why the phases fed in from a completely arbitrary
structure should lead to the correct one since, if it were to be (rue, i woulzl
be an absurdly simple solution to the phase problem.

However, the fact, that the assumed structure is wrong, would easily
be revealed by the R value. For a completely wrong structure it would
be 837, for the centrosymmetric and 59% for the non-centrosymmetric case
respectively (Wilson, 1950). Further, the difference Fourier synthesis might
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also help in detecting the falsity of the structure. Even this is not so very
helpful as is usually supposed. Though there is a small concentration of
negative density in Fig. 4(h) at some of the tyrosine atoms, both positive
and negative peaks occur at random in the synthesis the maximum values
corresponding approximately only to a helium atom. Probably the error
synthesis would have been more useful in detecting the wrong atomic
positions.
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APPENDIX 1
Correlation between Structure Amplitudes

We define the correlation between the structure factors F, and F, of
two structures 1 and 2 as
oo ] ZEESEERY SR [Fles-a) )
2\/23']1?1 2. VZ|F, |2 VE|F |2 VZ|F|?

where the notation is self-explanatory. We would be mainly interested in
the case when the two phase angles o, and «, are the sanmie for any rcflection
so that the cosine factor in (1) becomes unity giving the following quantity
which would also be called the correlation between the structure amplitudes

|F,| and |F,|. Thus
Z|F | |F|
c(|F = 5 5 . 2
UFD= V3R VETRT @
The term coefficient of linear correlation (k) between two siatistical variates
is usually used to denote the correlation about the mean. Applying this
to our case, we may write k as

_Z(F | —TFD (F.| —TF) )
VEIR ] V2R i
We shall hereafter use the term “direct correlation” to denote ¢ (| F|)
as defined by (2) and the term ‘‘ correlation coefficient > or simply ** correla~
tion” to denote k as defined by (3). (If it desired to be explicit we may
use * correlation about the mean” to denote k.)
It is possible to express ¢ in terms of k by expanding (3) and substituting
from (2). This gives
P Tmy (| F, ) m; (| Fy D — ko (| F, DU (IFBQ (4)
vVm, (|F1[) vVme (| Fy))

where o is the standard deviation and m, and m, are the first and sccond
moments of the variates.

in the discussion to follow we would be mainly interested in the case
when the two variated have the same probability distributions so that we
may take my (|F;|)=m, (leD =m and o(|F,|)=o(|F;|) =0, ci.
Equation (4) then reduces to

(-_.k+ (1——k) (5)
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When the two variates are one and the same, both k and ¢ should be equal
to unity which also follows from (5).

The values of my and 5, for the normalised structure amplitudes are
well known in the case of both non-centrosymmetric and centrosymmetric
distributions. These are my = (v/7[2), my=1 for the former and m; =
V/(2/7), my -+ 1 for the latter. Substituting these values in (5) the values
of ¢ arc obtained to be as in Table I The values in brackets (where given)
correspond to the actual values found in the calculation of the correspond-
ing syntheses described in the text.

Ie will be seen from Table T that even for perfect anti-correlation® the
value of ¢ is quite appreciable and particulaily for the non-centrosymmetric
sase it is quite high.  Also the value of ¢ for the non-centrosymmetric case
is systematically higher than the corresponding value for the centrosymmetric
case. This essentially arises because of the fact that the probability distri-
bution function in the former casc has a large number of reflections with
their values clustered round the mean while in the centrosymmetric case
they have a comparatively wider dispersion.  Thus if we could have an ideal
case of a distribution which is a delta {function at the mean, the value of
¢ would always be unity. Table I also tells us that the worst possible direct

TABLE [

Values of the direct correlation ¢ for different values of k
Actually observed values are given in brackets

k
Distri- [-0 0-5 0-0 —0-5 —0-80* —0-89* —1-0
bution
Non-centro- .. -0 0-89 079 0-68 . 0-59 0-57
symmetric (0-74) (0-55)
Centrosymmetric  [-0 0-82 0-63  0-45 0-34 .. 0-26

(0.69)

G T e

* Thess valucs correspond to the maximum possible values of the anti-correlation coefficient
for the centrosymmetric and non-centrosymmetric cases respectively.

e e

« anti-correlated”” (about the mean) are used in general,
« perfect correlation’’ and “ perfect anti-
—1 respectively.

* The terms **correlated”™ and |
where & is positive and negative rospectively, while :
correlation’’ are used to denote the extreme cases of k= +1 and
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correlation is for a centrosymmetric structure when the structure amplitudes
are perfectly anti-correlated.

However, the above discussion on the rclationship between ¢ and k
is purely from a theoretical point of view and it remains a scparate issuc
whether the case of perfect anti-correlation is at all rcalisable in practice
for any type of distribution. In fact, it may be stated here that, unless the
distribution is symmetrical about the mean, perfect anti-correlation about
the mean is not possible. (The details will be presented elsewhere.) This
is also equivalent to the condition that the mean and the median of the dis-
tribution should be the same. Further, it is possible to calculate the maxi-
mum value of anti-correlation attainable in practice for any type of distri-
bution. The values for the non-centrosymmetric and the centrosymmetric
distributions arc mentioned in Table 1. It will be noticed that this maximum
value is larger for the non-centiosymmetric than the centrosymmetric case.
This is understandable since the distribution for the former case is fairly
svmmetrical about the mean while in the latter case it is rather asymmetrical.

In conclusion, I wish to express my sincere thanks to Prof. G. N. Rama-
chandran for valuable suggestions during this investigation. My thanks
are also due to.Miss V. Valambal and Mr. S. K. Majumdar for helping mic
in the calculations.
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