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1 . I n t r o d u c t io n

T h e m a th e m a tic a l th e o ry o f c o m m u n ic a tio n o f m e ssa g e s
th ro u g h a q u a n tu m in fo rm a t io n c h a n n e l is b a se d o n th e
fo llo w in g t h re e b a sic p rin c ip le s:

(i) M e ssa g e s c a n b e e n c o d e d a s s ta tes o f a q u a n tu m
sy ste m w ith a ¯ n ite n u m b e r o f le v e ls. A s a n e x a m -
p le o n e ca n th in k o f a s in g le p a rticle sp in sy ste m
w ith tw o le v e ls c a lle d sp in u p a n d sp in d o w n w h ich
c a n b e la b e lle d 0 a n d 1 , re sp e c tiv e ly . A b u n c h o f
n su ch ìn d e p e n d e n t' sy ste m s c a n b e v ie w e d a s a
sin g le q u a n t u m sy s tem w ith 2 n le v e ls, e a ch le v e l
la b e lle d b y a w o r d o f le n g th n fr o m th e b in a ry
a lp h a b e t f 0 ; 1 g .

(ii) E n c o d e d sta te s ca n b e v ie w e d a s in p u ts o f a q u a n -
tu m c h a n n e l a n d tra n sm itte d . H o w e v e r, a t th e
re ce iv in g en d o f th e ch a n n e l th e o u tp u t sta te c a n
d i® e r fro m th e in p u t sta te o w in g to th e p re se n c e
o f ǹ o ise ' in th e c h a n n el.

(iii) T h e r e is a c o lle c tio n o f g̀ o o d ' s ta te s a t th e in p u t
w h ich w h e n t ra n sm itte d th ro u g h th e ch a n n e l le a d
to o u tp u t sta te s fro m w h ich th e in p u t sta te s c a n b e
re co n stru c te d w ith o u t a n y e rro r o r p o ss ib ly w ith
a sm a ll e r ro r.

T h e g o o d sta te s o b e y in g p ro p e rty (iii) c a n th e n b e u se d
to e n c o d e m e s sa g e s fo r tra n sm issio n th ro u g h th e ch a n -
n e l. T h u s a n y re a so n a b le th e o ry o f e rro r c o rre c tin g
q u a n t u m c o d e s sh o u ld in c lu d e a p ro p e r id en tī c a tio n o f
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th e g o o d st a tes a n d a lso a n a lg o rith m fo r (a lm o st) e rro r-
fr e e re c o n stru c tio n o f th e in p u t sta te fro m a k n o w le d g e
o f th e o u t p u t sta te . T o fo rm u la te su ch a th e o ry it is e s-
se n tia l to u n d e rsta n d th e n o tio n o f a st a te in q u a n tu m
th e o ry . In o rd e r to m a k e th is p re se n ta tio n re a so n a b ly
se lf-c o n ta in e d w e g iv e h e re a lig h tn in g in tro d u c tio n to
q u a n tu m p ro b a b ility .

2 . Q u a n t u m P r o b a b ility

A n e le m e n ta ry q u a n tu m sy ste m w ith n le v e ls is d e sc rib e d
th ro u g h a n n -d im e n sio n a l c o m p le x v e c to r sp a c e o f a ll
c o lu m n v e c to rs o f th e fo rm

ju i =

0
BBBB@

z 1

z 2

...
z n

1
CCCCA

; z j 2 C 8 j : ( 2 :1 )

S u ch a c o lu m n v e cto r is c a lle d a ket v ec t o r. T o a n y s u c h
k e t v ec to r o n e c a n a sso c ia te a b ra v e c to r

h u j = ( ¹z 1 ; ¹z 2 ; : : : ; ¹z n )

w h ich is a ro w v e c to r, t h e b a r d e n o tin g c o m p le x c o n -
ju g a te . If ju i; jv i a re tw o k e t v e c to rs th e n th e m a trix
p ro d u c t

hu jjv i
is a s c a la r c a lle d th e sca la r p rod u ct b e tw e e n ju i a n d jv i
a n d d e n o te d b y h u jv i. T h e sp a c e C n o f a ll su c h k e t
v e c to rs t o g e th e r w ith th is s c a la r p ro d u c t is c a lle d a n n -
d im e n sio n a l H ilbert spa ce a n d d e n o te d b y t h e sy m b o l H .
A n y k e t v e c to r ju i c a n a lso b e v ie w e d a s a fu n c tio n u

o n th e se t f 1 ; 2 ;: : : ; n g w ith u (i) = z i ; i = 1 ; 2 ; : : : ; n .

If v (i) = ti 8 i th e n hu jv i =
nX

i= 1

u (i)v (i) =
nX

i= 1

¹z iti .

S o m e tim e s it w ill b e c o n v e n ie n t to v ie w th e in d e x se t
f 1 ; 2 ; : : : ; n g a s a n a b s tra c t se t A o f n e le m en ts, c a lle d
a n alp h a bet. If T is a n n £ n m a trix o v e r C th e n it d e -
¯ n e s a lin e a r tra n sfo rm a tio n o r lin e a r o p e ra to r o n th e



36 RESONANCE  March   2001

GENERAL  ARTICLE

H ilb e rt sp a c e b y ju i ¡ ! T ju i. N o te th a t hu jT jv i is a
sc a la r. T h e sp a ce M n (C ) o f a ll n £ n m a tric e s o v e r C is
a n a lg e b ra e q u ip p e d w ith a n in v o lu tio n T ¡ ! T y w h e re
th e ij -th e lem e n t o f T y is th e c o m p le x c o n ju g a te o f th e
j i-th e le m e n t o f T . T is sa id to b e h erm itia n if T = T y.
O n e sa y s t h a t T is n o n n ega tive d e¯ n ite o r T ¸ 0 in
sy m b o ls if hu jT ju i ¸ 0 fo r e v e ry ju i. If T = T 2 = T y

th e n T is c a lle d a p ro jectio n (o n to its ra n g e ). If T is a
p ro je c tio n so is I ¡ T , I b e in g th e id e n tity m a trix . T h e
su m o f a ll th e d ia g o n a l e le m e n ts o f T is c a lle d its tra ce
a n d d e n o t e d b y T r T .

A n o n n eg a tiv e d e ¯ n it e m a trix ½ o f u n it tra c e is c a lle d a
sta te. A h e rm itia n m a trix T is c a lle d a n o bse rva b le a n d
fo r a n y sta te ½ , th e sc a la r q u a n tity T r ½ T (= T r T ½ ) is
c a lle d t h e expec ta tio n o f th e o b se rv a b le T in th e sta te
½ . E v e n th o u g h T m a y n o t b e h e rm itia n w e still sa y
th a t T r ½ T is th e exp ecta tio n o f T in th e sta te ½ . It is
im p o rta n t to n o te th a t th e m a p

T ¡ ! T r ½ T

fro m th e sp a c e M n (C ) in to C h a s a ll th e fea tu re s o f a n
a v e ra g in g p r o c e d u re :

(i) T r½ (a T 1 + bT 2 ) = a T r½ T 1 + b T r½ T 2 ; a ; b 2 C ; T 1 ; T 2 2
M n (C );

(ii) If T ¸ 0 th e n T r ½ T ¸ 0 ;

(iii) T r½ I = T r ½ = 1 :

It is g o o d to ta k e a p a u se a n d c o m p a re th e se th re e p ro p -
e rtie s w ith w h a t o n e is fa m ilia r w ith in c la s sic a l p ro b -
a b ility : C o n sid e r th e a lg e b ra A n o f a ll c o m p le x v a lu e d
ra n d o m v a ria b le s o n th e p ro b a b ility sp a c e f 1 ; 2 ; :: : ; n g
e q u ip p e d w ith th e p ro b a b ility d istrib u tio n p 1 ; p 2 ; : : : ; p n ;

p i b e in g th e p ro b a b ility o f th e e le m e n ta r y o u tc o m e i.
T h e m a p

f ¡ ! E f =
nX

i= 1

f (i)p i;
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fro m A n in to sca la rs h a s th e p ro p e rt ie s

( i0) E a f 1 + b f 2 = a E f 1 + bE f 2 ; a ; b 2 C ; f 1 ; f 2 2 A n ;

( ii0) If f (i) ¸ 0 8 i th e n E f ¸ 0

( iii0) E 1 = 1 w h e r e 1 a lso d e n o te s th e ra n d o m v a r ia b le
id en tic a lly e q u a l to u n ity .

T h e c e n tra l d i® e re n c e b etw e e n th e a lg e b ra A n o f ra n -
d o m v a ria b les a n d th e a lg eb ra M n (C ) o f m a tric e s is th a t
m u ltip lic a tio n in A n is c o m m u ta tiv e w h e re a s m u ltip li-
c a tio n in M n (C ) is n o t. T h is is t h e re a so n w h y q u a n tu m
p ro b a b ility is a lso c a lle d n o n c o m m u ta t iv e p ro b a b ility .

T h e m o st fu n d a m e n ta l th eo re m c o n c e r n in g h e rm itia n
m a tric e s (o r o b se rv a b le s) is th e sp e c tra l t h e o re m . A c -
c o rd in g to th is th e o re m e v e ry h e rm itia n m a trix T h a s
t h e fo rm

T =
kX

i= 1

¸ iE i; (2 :2 )

w h e re ¸ 1 ; ¸ 2 ; : : : ; ¸ k a re d istin c t re a l sc a la rs a n d E 1 ; E 2 ;

: : : ;E k a re p ro jec tio n s sa tis fy in g
kX

i= 1

E i = I ; E iE j = 0 if

i 6= j . T h e se t f ¸ 1 ; ¸ 2 ; : : : ; ¸ k g is c a lle d t h e spectru m o f
T , th e ele m e n ts ¸ i a re th e e ige n v a lu es o f T a n d (2 .2 ) is
c a lle d th e spectra l resolu tio n o f T . W e in te rp re t (2 .2 ) a s
fo llo w s: th e o b se rv a b le T a ss u m e s v a lu e s ¸ 1 ; ¸ 2 ; : : : ; ¸ k

a n d th e è v en t' th a t T a ssu m e s t h e v a lu e ¸ i is th e p ro -
je c tio n E i. W h e n th e sp e c tra l th e o re m is a p p lie d to a
s ta te ½ a n d o n e a ls o ta k e s in to a c c o u n t th e fa c t th a t
e v e ry p r o je c tio n E ca n b e e x p re s se d a s

E =
dX

i= 1

ju i ihu i j;

w h e re f ju ii; i = 1 ; 2 ; :: : ; d g is a n y o rth o n o rm a l b a sis fo r
t h e s u b sp a ce f ju i j E ju i = ju ig o f a ll k e t v e c to rs ¯ x e d
b y E , it fo llo w s th a t ½ c a n b e e x p re sse d a s

½ =
nX

i= 1

p ijv i ihv ij; (2 :3 )
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w h e re (p 1 ; p 2 ; : : :; p n ) is a p ro b a b ility d istrib u tio n o n th e
se t f 1 ; 2 ; : : : ; n g a n d f jv ii; i = 1 ; 2 ; : : : ; n g is a n o rth o -
n o rm a l b a sis fo r th e H ilb e rt sp a c e C n , i.e ., hv i jv j i = ± ij

fo r a ll i; j = 1 ;2 ; : : : ; n (w h e re ± ij = 1 if i = j a n d is 0 if
i 6= j ). E q u a tio n s (2 .2 ) a n d ( 2 .3 ) le a d to th e fo llo w in g
sta tistic a l in te rp r e ta tio n . In th e sta te ½ th e p ro b a b il-
ity th a t th e o b se rv a b le T a ssu m e s th e v a lu e ¸ i is e q u a l
to T r ½ E i 8 i = 1 ; 2 ; : : : ; k a n d th e e x p e c ta tio n o f T is

e q u a l to
kX

i= 1

¸ i T r ½ E i = T r ½
kX

i= 1

¸ i E i = T r ½ T w h ich lin k s

th e c la s sic a l d e ¯ n itio n o f e x p e c ta tio n a n d th e q u a n tu m
th e o re tic d e ¯ n itio n .

If ju i is a n y u n it v e c to r in C n th e n ju ihu j is a p ro je c -
tio n w h o se ra n g e is th e o n e d im e n s io n a l su b sp a c e o r ra y
C ju i. S u ch a p ro je c tio n is a lso a sta te . A c c o rd in g to
(2 .3 ) e v e ry s ta te ½ ca n b e e x p re sse d a s a w e ig h te d lin -
e a r c o m b in a tio n o f sta te s w h ic h a re th e o n e d im e n sio n a l
p ro je c tio n s jv iih v i j, w h e r e th e w e ig h ts p i c o n stitu te a
p ro b a b ility d istrib u tio n . O n e sa y s th a t ½ is a con ve x
co m bin a tio n o r a m ixtu re o f p u re sta tes jv iihv ij. A sta te
o f th e fo rm jv ihv j is c a lle d p u re b ec a u se if w e sp lit jv ihv j
a s jv ihv j = p ½ 1 + (1 ¡ p )½ 2 w h e r e 0 < p < 1 a n d ½ 1 a n d
½ 2 a re sta te s th e n ½ 1 = ½ 2 = jv ihv j. In o th e r w o rd s a
p u re s ta te c a n n o t b e s p lit in to a m ix tu re o f tw o d istin c t
sta te s. W e sa y th a t th e se t o f a ll sta te s is a c o n v e x se t
w h o se e x tr e m e p o in ts a re p r ec ise ly o n e d im e n sio n a l p ro -
je c tio n s. W h e n a p u r e sta te h a s th e fo rm jv ihv j fo r so m e
u n it v ec to r jv i it is c u sto m a ry to c a ll th e u n it v e c to r jv i
(o r m o re p rec ise ly th e u n it ra y f ¸ jv i; j̧ j = 1 g ) itse lf a s
th e p u re sta te . W h a t is a c tu a lly m ea n t is th e p ro je c tio n
o p e ra to r jv ihv j.

T h e n e x t fu n d a m e n ta l n o tio n fro m q u a n tu m p ro b a b il-
ity th a t w e n e e d is th e c o m b in a tio n o f se v e ra l q u a n tu m
sy ste m s in to a s in g le sy ste m . S u p p o se H j = C n j ; j =
1 ; 2 ; : : : ; k a re th e H ilb e rt sp a ce s d e sc rib in g q u a n tu m
sy ste m s n u m b e re d 1 ; 2 ; : : : ; k , re s p e c tiv e ly . W e w ish to
d e sc rib e a ll o f th em to g e th e r a s a sin g le sy ste m . T o
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th is e n d w e in tro d u c e th e te n so r p̀ ro d u c t ' o f th e H ilb e rt
sp a c e s H 1 ; H 2 ; : : : ; H k . If ju j i 2 H j is g iv e n b y

ju j i =

0
BBBB@

z j 1

z j 2
...

z j n j

1
CCCCA

; 1 · j · k ; z j l 2 C (2 :4 )

d e ¯ n e th eir ten so r p rod u c t ju 1 i ­ ju 2 i ­ ¢ ¢ ¢­ ju k i (w h ic h
is a lso d e n o te d ju 1 i ju 2 i ¢ ¢ ¢ ju k i) to b e th e c o lu m n v e c to r

ju 1 ; u 2 ; ¢ ¢ ¢ ; u k i =

0
BBB@

...
z i

...

1
CCCA ; i = i1 i2 ¢ ¢ ¢ ik ; (2 :5 )

w h e re

z i = z 1 i1 z 2 i2 ¢ ¢ ¢ z k ik ; 1 · ir · n r ; r = 1 ; 2 ; ¢ ¢ ¢ ; k (2 :6 )

a n d th e m u ltiin d e x i ru n s th ro u g h in th e le x ic o g ra p h ic
o rd e rin g a s in a d ic t io n a ry . F o r e x a m p le , w h e n k =
2 ; n 1 = 2 ; n 2 = 3 th e le x ic o g ra p h ic o rd e rin g fo r th e d o u -
b le in d e x i1 i2 is 1 1 ; 1 2 ; 1 3 ; 2 1 ; 2 2 ; 2 3 so th a t

ju 1 ; u 2 i =

0
BBBBBBBB@

z 1 1 z 2 1

z 1 1 z 2 2

z 1 1 z 2 3

z 1 2 z 2 1

z 1 2 z 2 2

z 1 2 z 2 3

1
CCCCCCCCA

:

S im ila rly , hu 1 ; u 2 ; : : : ; u k j = hu 1 jhu 2 j ¢ ¢ ¢ hu k j = hu 1 j ­
hu 2 j ­ ¢ ¢ ¢ ­ h u k j = (¢ ¢ ¢ ; ¹z i ; ¢ ¢ ¢). T h e s c a la r p ro d u c t b e -
tw e e n tw o p ro d u c t v e c to rs ju 1 ; u 2 ; ¢ ¢ ¢ ; u k i a n d jv 1 ; v 2 ; ¢ ¢ ¢ ;

v k i is e q u a l to
kY

i= 1

hu ijv i i. A ll p ro d u c t v e c to r s o f th e fo rm

(2 .5 ) sp a n th e H ilb e rt sp a ce C n 1 n 2 ¢¢¢n k a n d w e d e n o te it
b y H 1 ­ H 2 ­ ¢ ¢ ¢ ­ H k . If f ju i1 i ; ju i2 i; : : : ; ju in i ig is a n
o rth o n o rm a l b a sis fo r H i th e n th e c o lle c tio n

f ju 1 j1 ; u 2 j 2 ; ¢ ¢ ¢ ; u k j k i; 1 · ji · n i; i = 1 ; 2 ; ¢ ¢ ¢ ; k g
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is a n o rth o n o rm a l b a s is fo r H 1 ­ H 2 ­ ¢ ¢ ¢ ­ H k .

If A i is a m a tr ix o f o rd e r n i £ n i a n d e a c h A i is v iew e d
a s a lin e a r tra n sfo rm a tio n o r a n o p e ra to r in H i th e n o n e
d e ¯ n e s th e p ro d u ct lin e a r o p e ra to r A 1 ­ A 2 ­ ¢ ¢ ¢ ­ A k

in H 1 ­ H 2 ­ ¢ ¢ ¢ ­ H k b y

A 1 ­ A 2 ­ ¢ ¢ ¢­ A k ju 1 ; u 2 ; ¢ ¢ ¢ ; u k i = jA 1 u 1 ; A 2 u 2 ; ¢ ¢ ¢ ; A k u k i

fo r a ll p ro d u c t v e c to rs a n d e x te n d in g it lin e a rly to a ll
lin e a r c o m b in a tio n s o f su ch p ro d u c t v e c to rs. S u c h a
p ro d u c t o p e ra to r (o r m a trix ) is w e ll d e ¯ n ed a n d o n e
h a s

( A 1 ­ A 2 ­ ¢ ¢ ¢­ A k )(B 1 ­ B 2 ­ ¢ ¢ ¢­ B k ) = A 1 B 1 ­ A 2 B 2 ­

¢ ¢ ¢ ­ A k B k ; (A 1 ­ A 2 ­ ¢ ¢ ¢ ­ A k )y = A y
1 ­ A y

2 ­ ¢ ¢ ¢ ­ A y
k ;

A 1 ­ A 2 ­ ¢ ¢ ¢ ­ A i¡ 1 ­ (® A i + ¯ B i) ­ A i+ 1 ­ ¢ ¢ ¢ ­ A k

= ® A 1 ­ A 2 ­ ¢ ¢ ¢­ A k + ¯ A 1 ­ A 2 ­ ¢ ¢ ¢­ A i¡ 1 ­ B i ­ A i+ 1 ­
¢ ¢ ¢ ­ A k :

In p a rtic u la r, if e a ch A i is h e rm itia n so is th e ir p ro d u c t
A 1 ­ A 2 ­ ¢ ¢ ¢ ­ A k . S im ila rly if e a ch A i is u n ita ry so is
t h e ir p r o d u c t. It is a sim p le e x e rc ise to ch e ck th a t

T r A 1 ­ ¢ ¢ ¢ ­ A k = ¦ k
i= 1 T r A i:

If ½ i is a s ta te in H i 8 i th e n ½ 1 ­ ½ 2 ­ ¢ ¢ ¢ ­ ½ k is a sta te
in H 1 ­ H 2 ­ ¢ ¢ ¢ ­ H k w ith th e p ro p erty th a t fo r a n y
p ro d u c t o b se rv a b le A 1 ­ ¢ ¢ ¢ ­ A k its e x p e c ta tio n in th e
p ro d u c t sta te ½ 1 ­ ½ 2 ­ ¢ ¢ ¢ ­ ½ k is eq u a l to

T r (½ 1 ­ ½ 2 ­ ¢ ¢ ¢ ­ ½ k )(A 1 ­ A 2 ­ ¢ ¢ ¢ ­ A k )

= T r ½ 1 A 1 ­ ½ 2 A 2 ­ ¢ ¢ ¢ ­ ½ k A k

= ¦ k
i= 1 T r ½ i A i ;

w h ich is th e p r o d u c t o f th e e x p e c ta tio n o f A i in th e sta te
½ i a s i v a rie s fro m 1 t o k . N o te th a t a m ix tu re o f tw o
d istin c t p ro d u c t s ta te s is n o t a p ro d u c t s ta te .
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W e n o w c o m e d o w n to th e sp e c ia l c a se o f th e H ilb e rt
sp a c e H = C 2 o f d im en sio n 2 . W rit e

j0 i =

Ã
1

0

!
; j1 i =

Ã
0

1

!
: (2 :7 )

T h e k e t v e c to rs la b e lle d j0 i a n d j1 i co n stitu te a n o rth o -
n o rm a l b a sis fo r C 2 w h ic h is v ie w e d a s th e H ilb e rt sp a c e
o f a q u a n tu m sy ste m w ith tw o le v e ls d e n o te d 0 a n d 1 .
In p h y sic a l la n g u a g e 0 m a y d e n o te sp in u p a n d 1 sp in
d o w n fo r a tw o le v e l sp in sy ste m . If a 1 ; a 2 ; : : : ; a k is a
b in a ry se q u e n c e , i.e ., e a ch a i is e ith e r 0 o r 1 w e w rite

ja 1 a 2 ¢ ¢ ¢ a k i = ja 1 i ja 2 i ¢ ¢ ¢ ja k i = ja 1 i ­ ja 2 i ­ ¢ ¢ ¢ ­ ja k i :

(2 :8 )
A s w e ru n th ro u g h a ll th e w o rd s a 1 a 2 ¢ ¢ ¢ a k o f le n g th k

fro m th e b in a r y a lp h a b e t f 0 ; 1 g w e se e th a t (2 .8 ) ru n s
th ro u g h a n o rth o n o rm a l b a sis fo r H ­ ¢ ¢ ¢­ H = H ­ k

; th e
te n so r p ro d u c t b e in g k -fo ld . A s a lre a d y m e n t io n e d u n it
v e c to rs ca n b e id e n tī e d w ith p u re sta te s. T h u s w e h a v e
en cod ed th e se t o f a ll b in a ry w o rd s o f le n g th k a s a se t
o f p u re sta te s in a q u a n tu m sy ste m w h ich is a p ro d u c t
o f k e le m e n ta ry sy s te m s e a ch o f w h ich is d e sc rib e d b y
h = C 2 . A sta te in C 2 is c a lle d a o n e qu bit s ta te , w h e re
q u b it is a n a b b re v ia t io n fo r a q u a n tu m b in a ry d ig it. A
sta t e in H ­ k

is c a lled a k -q u b it sta te . T h u s th e p u re
sta t e ja 1 a 2 ¢ ¢ ¢ a k i is a k -q u b it s ta te o f th e p ro d u c t ty p e .
N o w c o n sid e r a k e t v e c to r o f th e fo rm

ju i =
X

a 1 ;a 2 ;¢¢¢;a k

® a 1 a 2 ¢¢¢a k ja 1 a 2 ¢ ¢ ¢ a k i (2 :9 )

w h e re X

a 1 ;a 2 ;¢¢¢;a k

j® a 1 a 2 ¢¢¢a k j2 = 1 (2 :1 0 )

a n d a 1 ; a 2 ; : : : ; a k v a ry o v e r f 0 ; 1 g . T h e n ju i d e ¯ n e s a
p u re sta te w h ich is n o t a p ro d u c t sta te . W e sa y th a t th e
sta t e ju i is en ta n gled . O n e o f th e in te re stin g q u e stio n s
o f o u r su b je c t is to d e ¯ n e a n a p p ro p ria te m e a su re o f t h is
en ta n gle m e n t.
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Figure 1. M o re g e n e ra lly , o n e c a n sp e a k o f a n a lp h a bet A w h ic h
is a ¯ n ite se t c o n ta in in g , sa y , N e lem e n ts. C o n sid e r
n o w th e H ilb e rt sp a c e C N w ith a n o rth o n o rm a l b a sis
f ja i; a 2 N g o f k e t v e c to rs in C N . T h e n (C N )­k is
th e k -fo ld te n so r p ro d u c t o f co p ie s o f C N w h ic h h a s th e
o rth o n o rm a l b a sis

ja 1 a 2 ¢ ¢ ¢ a k i = ja 1 ija 2 i ¢ ¢ ¢ ja k i = ja 1 i ­ ja 2 i ­ ¢ ¢ ¢ ­ ja k i;

a 1 ; a 2 ; ¢ ¢ ¢ a k v a ry in g in th e a lp h a b e t A . T h u s w o rd s o f
len g th k fro m th e a lp h a b e t A a re e n co d e d a s p u re sta te s
fro m a n o rt h o n o rm a l b a s is o f H ­ k

.

3 . Q u a n t u m C h a n n e ls w it h N o is e

A q u a n tu m c h a n n e l c a n b e v ie w e d a s a b o x w h ic h , fo r
e a ch in p u t sta te o f a q u a n tu m sy ste m , p ro d u c e s a n o u t-
p u t sta te o f a n o th e r q u a n tu m sy st e m . S e e F igu re 1 .

M a th e m a tic a lly sp e a k in g , fo r e a ch in p u t sta t e ½ o n a
H ilb e rt sp a c e H o n e h a s a n o u tp u t s ta te T ½ o n p ro b a b ly
so m e o t h e r H ilb e rt sp a c e H 0. F o r sim p lic ity w e a ss u m e
th a t H = H 0. T h u s th e ch a n n e l e ® e c ts a tra n sfo rm a t io n
T o n th e sp a c e o f a ll sta te s o f a q u a n tu m sy s tem . E a c h
tim e a s̀ig n a l' in th e fo rm o f a s ta t e ½ is fe d in to th e
ch a n n e l it is tra n sfo rm e d in to a n o u tp u t sta te T ½ b u t a t
d i® e re n t tim es th e tra n sfo rm a tio n s T m a y d i® e r! T h e
n a t u re o f c h a n n e l n o ise is a ssu m e d to b e su ch th a t T
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b e lo n g s to a w e ll-d e ¯ n e d c la ss o f tra n s fo rm a tio n s. In
g e n e ra l, th e tr a n sfo rm a tio n T m a y b e n o n lin e a r. S in c e
o u r su b je c t is in a sta te o f in fa n c y (ju s t ¯ v e y e a rs o ld !)
w e a ssu m e th a t th e tra n sfo rm a tio n T is a lw a y s à ± n e
lin e a r', i.e .,

T (p ½ 1 + q ½ 2 ) = p T ½ 1 + q T ½ 2 (3 :1 1 )

fo r a n y tw o sa te s ½ 1 ; ½ 2 o n H a n d p ; q a re n o n n e g a tiv e
sc a la rs sa tisfy in g p + q = 1 . A n ex a m p le o f su c h a
tra n sfo rm a tio n T is g iv e n b y

T ½ = U ½ U y; (3 :1 2 )

w h e re U is a u n ita ry o p er a to r. T h is is a n e x a m p le o f a
re v e rsib le tra n sfo rm a tio n in th e se n se th a t T h a s a n in -
v e rse g iv e n b y T ¡1 ½ = U y½ U . S u c h a T tra n s fo rm s p u re
sta t es in to p u re sta te s. P h y sic a lly sp e a k in g , th e sta te
½ u n d e rg o e s a S̀ c h rÄo d in g e r d y n a m ic s' fo r o n e u n it o f
tim e w ith U = e ¡ iH ; H b e in g a s elfa d jo in t m a trix . S u p -
p o se th e re is a b u n c h o f u n ita ry o p e ra to r s U 1 ; U 2 ; : : : ; U k

a n d o n e o f th e m is c h o s e n a t ra n d o m w ith p ro b a b ilitie s
p 1 ; p 2 ; : : : ;p k re sp ec t iv e ly a n d a p p lie d to a s ta te ½ . T h e n
o n e c a n sa y t h a t th e o u tp u t s ta te h a s th e stru c tu re

T ½ =
kX

j = 1

p j U j ½ U y
j :

S u ch a T n ee d n o t b e re v e rsib le . It c a n tra n sfo rm a
p u re s ta te in to a m ix e d sta t e. M o r e g e n e ra lly , o n e c a n
c o n sid e r tra n sfo r m a tio n s o f th e fo rm

T ½ =
kX

j = 1

L j ½ L y
j ; (3 :1 3 )

w h e re
kX

j = 1

L y
j L j = I : (3 :1 4 )
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-

in p u t sta te ½
C h a n n el -

o u tp u t sta te
X

i

L i½ L t
i; L i 2 A

6 n o ise w ith e rro r o p era to rs fro m A

Figure 2.

S in c e ½ is p o sitiv e s e m id e ¯ n ite e a c h L j ½ L y
j is p o sitiv e

s e m id e ¯ n ite a n d so is t h e ir su m . F u r th e rm o re ,

T r T ½ =
kX

j = 1

T r L j ½ L y
j

= T r (
kX

j = 1

L y
j L j )½

= T r ½

= 1 :

T h u s T ½ is a g a in a sta te . T ra n sfo rm a tio n s o f th e fo rm
( 3 .1 3 ) w ith th e re stric tio n (3 .1 4 ) o c c u r e x t e n siv e ly in t h e
p h y sic a l lite ra tu re a n d a re k n o w n a s co m p letely po sitive
m a p s. A p p a re n tly, o n e c a n b u ild (o r h o p e to b u ild ) d e -
v ic e s w h ich im p le m e n t tra n s fo rm a tio n s o f th is k in d . T h e
m a tric e s L j in (3 .1 3 ) a re sa id to co rru p t th e in p u t sta te
½ a n d a re th e re fo re c a lle d e rro r o pera to rs. T h e n o ise in
t h e ch a n n e l is sp e c ī e d b y d e m a rc a tin g a c la ss A o f m a -
t ric e s o p e ra tin g a s lin e a r o p e ra to rs in th e H ilb e r t sp a c e
H o f th e q u a n t u m sy s tem . It is u su a lly a ssu m e d th a t A
is a lso a lin e a r sp a c e , c a lle d th e sp a c e o f erro r o pe ra to rs
a ® e c tin g th e c h a n n e l. W e n o w sta te th e ba sic h ypo th esis
c o n c e rn in g th e o p e r a tio n o f th e c h a n n el in F ig u re 1 . S e e
F igu re 2 .
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X

j

L j ju ihu jL y
j is a s u m o f ra n k o n e p o sitiv e
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