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. 5 . § 1. INTRODUCTION , ‘
THE obizct of this paper is to investigate completely the congruerce proper-
ties of o (N),! the sum of the ‘a’th powers of the divisors of the positive
integer N. The two fundamentals theorems of this theory werc announced
bv me,? recently in the ¢ Mathematics Student’. They are

TueoremM A—If k> 2, (k, I) =21 then a nccessary condition that
afkm+ )= 0(mod k) for every 1 > 0 is

[ = — | (mod k) (1)

THEOREM B.—If k> 2, (k, I=1 and [ = — 1 (mod k) then a necessary
and sufficient condition that o (km-- ) = 0 (mod k) for every m > O is

¥ = 1 (mod k) (2)

for every X prime to k.

Thus the problem of congruence properties of o, (N) is solved if we
are able 10 solve the two binomial congruences

I = — 1 (mod k)
N = 1(mod k)
for cvery x prime o k.

These congruences of ¢, (N} have not, as far as [ know, been noticed
before in mathematical literature. Mr. Hansraj Gupta,® to whom these
results were communicated, has published proofs of thesc. Here I show
that these results are natural consequences of Dirichlet’s thcorem on the
infinitude of primes in an arithmetical progression.

* The Contents of this paper formed part of 2 M.Sc. thesis of the Madras Universily
(1946). )

* The arguments of the paper hold good even if N is negative provided we Jefing
J ¢ Ny2 £ .00 .
o,N) a5 & e ¥ (3-) ’ : "a’ may be also negative and then oy (N) = N4 ¢_g (N).

¢ Mathematics Student, 1943.
3 Mathematics Studen, 1943,
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It is shown in the sequel that the moduli & for which congruences of
o, (N) exist belong to a set of numbers called by me, sigma numbers.  Also
if kis a sigma number it is shown that ‘a® has a least valuc %A all the
other values of ‘@’ being got by multiplying this least value by an odd
number. The converse problem of determining the value of k when ‘o’
is given is difficult. [ give in this paper only scme empirical solutions of
this problem reserving detailed discussions for a future occasion,

[ wish to express my thanks to Dr. Vaidyanathaswamy, Reader in
Mathematics, Madras University, for his heip in the preparation of this
paper. '

§2. ON THE Group R (k)

We shall begin by deriving some simple results in the theory of the
group R (k) of prime residue classes 'mod .
With Hecke* we shall call this group R(k). It is well known that if
p is an odd prime and a is any integer greater than zero then R (%) is cyclic;
R (2%) 18 cyclic if a==1 or 2 butif & > 3 then itis a direct product of two cyclic
groups of orders 2 and 2%2 represented respectively by (1,~ 1) (mod 2¢9)
and (1, 5, 5%....) (mod 2%). If k=2%p*. ...p* then R (k) itself is the
direct product of R (2%), R(p*).... R(p,*). The exponent® of R (k) is
the least common multiple (I.c.m.) of the orders of all elements of R () and
it is equal toA = A (k) where
ME) =lem. [2,2%% d(p®),....op%] {33 |
=lem. [o(n,®),....0 (pf“' ] _ if a2 3
where ¢ (n) is Euler’s totient functign. .
 From the definition of exponent it is evident that A is the least value
of ¥ such that
X = 1(mod %)
for every x in R (k) i.e., every x prime 10 &.

Consider now the congruence

.\:é = — | (mod k). 14)
This implies the congruences
A
x?= — 1(mod 2%) 5)
= —~ 1 (mod p&) (1= 1,....1) (6)

+ E. Hecke, Theorie der Algebraischen Zahlen, Leipzig, p. s1et seq,
5 A, A, Albert. Modern Higher Algebra, p. 130. '
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The congwenceq (6) can be aailaﬁcd if and only- xf 1s an odd multiple of

& p, ) o‘b(pz %),.... which means that p;— 1, p,— 1,. ... must all contain
the same even elementary block factor.® We shall call such primes p similar

primes. Taking (5) we see that 52\ must be odd and x = =~ 1 (mod 2). Further

since % involves ¢ ( p®)....etc., we see that if a >2 then a < 3 and all the

odd-prime factors of k must be of the form 4n—1. Hence the imporiant
TreoREM 1.—The necessary and sufficient condition that the congruence

A
x?= — 1 (mod k)
is qolvable is

(1) If & is odd ot twice an odd number then all the odd pnmc factors of
k are similar,

(i) If k is divisible by 4 then it should not be dmsnbk bv 16 and all the
odd prune factors of k must be of the form 4n— 1. |

. We sh‘dl call these numbers, the ‘sigma numbers’. It is seen that any
qalutmn of the congruence when it exists. is of the form

' 'x:—:t‘(modps")(sml,.... r)

= — [ (mod 29)

where ¢, is any quadric non-rc31due (mod D). The number of solution is

95()

thus 7= where? |
t=rifa=0orI
=gt lif as 2
=r+2ifa >3,
k being equal to 2% p,*. .. .p,%".
. § 3. PARITY OF o, (N).

Before proving the fundamental theorems A and B we shall consider
the parity of 0, (N) fe., the oddness or evenness of ¢, (N). We shall also
prove some simpie elementary congruernces of o, (N).

THEOREM 2.—0, (N) = 1 (mod 2) : M
if and only if the complete odd block factor of N is a perfect square,

8bis a block factor of N if (b, ) = 1. It is an elementary block factor if it is &
prime power. C

" H, Weber, Lehrbich der Algebra, Bd. 2, T Chapter,
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~ Proof.-— ' ‘
0,(N)== 2 8 = 5 ' (mod2)
N 8N
8 odd
Thus o, (N) has the same parity as thc number of odd dwmms of N.  But
if N-w=2%p2 . .ps then the number of odd leHOl‘s of Nis (1 -+ a'a)

(I4+a)....(1 +a). This is odd if and only f ~ is a perfect square.

~ Since x* = 1(mod k) for every x prime to Jc we casily deduce that.
o,(N)=og(N)(mod k)  (k, N)= 1 " (8)
if a=b(mod A). : ‘
In particular if b= 0 then
on(N)=d(N)(mod k). (N, k=1 (9)
d(N) being the number of divisors of N.

§4. PROOF OF THEOREMS A AND B
We shall make use of the following theorem of Dirichlet in pmvmg
our theorems. o : '

Dirichlet's theorem—If [ < k and (k, [)=1 then there arc an 1nﬁmty
of values of m for which km+ Iis a prime number.

Proof of theorem A.—Consider the series of numbers [, k4 [, 2k-- 1, . .
and the corresponding series of numbers o, (), o, (k--10),.... If all the
numbers of the second series are divisible by & then whcnever km+l is a
prime, o, (km-- 1) is also divisible by k. For then ‘ '

o (km=+ )= 14 (km+ 1) = 1+ [* = 0(mod k).2

Proof of theorem B.—To prove this we require the following:

Lemma—If k>2, (k,)=1, I°* = —-1ymod k) and x* = (1mod k)
for cvery x prime to k then km+ 1 is not a perfect square for any value of
m> 0. "

For if § and 8! be two conjugate divisors of km-- [ then 881 = [(mod k)

and
(38Y)” =1 = — 1(mod k)

But if § = &t thcn l=38% -~(801)‘z =["= -1 (mod k) wluch is dbsurd
since k> 2 ‘

We sball now prove theorem B. L SRS

$ This Condition though necessary is not sufficient. For if k=35 and a=3 txen
B = — 1 (mod 35) has sol‘butlons 19, 24, 34, o3 (335 19), o3 (2:35424), o, (35+34) =0
(mod. 35).
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The condition is sufficient. For if § and 8t be any two conjugate
divisors of km- [ then
8% (8% 4 81%) = §2%-1 (88Y)° = O (mod k)
Thus 3¢ + o = 0(mod k) for cvery two conjugate divisors of k41 ard
km+ I has an even number of divisors.
The condition is necessary.
Let us choose a prime p not dividing k. Then there is a prime ¢ (in
fact an infinity of them) such that
pg = I(mod k).
Now let o,1pg) = 0(mod k). Then
- o, {pg) =(1+pH (14 g = 1+ p* +q° -+ (pgV
= p*+ ¢* (mod k).
Multiplying by p* which does not divide k, we gct
p**=1(mod k)
But p is any prime not dividing & and in cvery prime residue class there are
an infinity of such primes. Thus the necessity of the condition.

Thus the theory of congruences of o, (N) is reduced to'a study: of the
bimomial congruences ,

= — 1(mod k) ' (10)

- ¥ = | (mod k) (11)

for cvery x prime to k. ' o

§5. SoLuTION OF “THE CONGRUENCES

From (11) it is evident that 2¢ must be a multiple of A== X (k), the expo-
nent of the group of prime residue classes mod k. Let 2a-- s-A where s
is an integer. Then (10) shows that s is an odd number. Now k > 2 and
hence A is even and greater than I. Let s = 26 -- 1. Then |

26+ 13 A A X
~l=1 2 =P/ = P (mod k).
A
so that (10) implies the congruerce 2 = — | (mod k).

y - A . . '
The least value of ‘ ¢° is thus 5 and k is a sigma number. Thus

THEOREM 3.—If o, thkm + ) = 0(mod k) for (k, I)== 1 then
() kis a sigma number
(i} *2 is an odd multiple of 2,
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It may be remarked tbat Mr. Hansraj Gupta in his paper does rot get all
the values of k and arrives at the wrong conclusion that & cannotl contain
odd prime factors of the form 4n+ 1. We shall give some examples illus-
trating the above theory.
() Kk =3-7=2l. A21)=6. Solutions of = —[(mod?2l) arc
5, 17, 20. Thus m > 0.
aa(2lm—|~ 5), o3 (21m417), oy (21m + 20) = 0 (mod 21).
(i) k= 287 =156 A(56)=6. Solutions of [*= —1(mod 56) arc
- 31,47,55. .

0, (56m+ 31), a5 (56m-+ 47), 05 (56m + 55) = O (mod 56).
§ 6., DETERMINATION OF & WHEN ‘¢’ 15 GIVEN

We have so far been concerned ‘with the determination of *«”’ and ¢/’
when k is given. We shall now take the converse problem. Given ‘@’
what are the congruences or what -are the possible values of k. It way

observed that k is a sigma number; alsc ‘¢’ is an add multiple of % so that

Qe is an odd- multiple of - A Let us denote by N(f) the number of solutions®

in slgtm numbers of
| 1= A (x)

(hen it is casily secn that the number of k’s for a given ¢’ is given by

N (%)

where 8 runs through all odd divisors of 2a.  The solution of this problem is

very difficult. But if 2¢ is the even clementary block factor of 2a then each

one of the prime factors of & must be such that p— I contains 2 2¢ as the even
clementary block factor. Let us take some important examples.

(i) Let 2 be an cdd number. Then the number of vaJues of k 15
20
2 N(5)
b \9 |
If a= 15 then solutions in signia numbers should be found of

D=2 A (x), 6=-A(x); 10 = A(x), 30 A().

The solutions are

3 7:11 - 3-7-31
' 7-31 SEVEI VEX]
11 11-31 3%-7-11

o For solution of similar Problems see another paper by the author.
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k)| 3¢.31 , - 321131
32 3211 32731
3-7 32.7 371131
311 3711 32.7-11-31
3-31 3-11:31 ‘

together with these multiplied by 2, 4 and 8. Also 4 and 8 are sotutions so
that there are 94 solutjons.

(i) Let a=2%; since this cannot be an odd muftiple of any numbez
we must find a sigma number & such that A(k)==2%"1. This means that
2et1 4 | is a prime number. Obviously this must be a Fermat prime.

(iii) Let S (a) denote the set of numbers k for which congruence properlics
of o, (N) with k as modulus exist. If ‘@’ is odd and b any diviscr of ‘@’ then

’ S cS(a)
Since unity divides every odd number
S(1) =S(a).

Thus the set S(1) consists of sigma numbers & for which congruence
properties of o, (N) exist whatever odd number &k is. We now prove the

TueoreM 4.—The set S (1) consists of the numbers 3, 4, 6, 8, 12 and 24
only.

Proof.—The only solations of A(x)=2 are x==3, 4, 6, 8, 12 and 24.

In this case there is only one value of I namely — I (mod k) so that we
have the

THEOREM 510.—If k=13, 4, 6, 8, 12 or 24 then
o, (km—1)= 0 (mod k), 71 > 70 (13)
whatever .odd number k is.
A companion to this theorem would be.
THEOREM 6.—If (1, k)=1land k=<3, 4,6, 8, 12 or 24 then
o, (1) = 4(n) (mod k) . (14)
: (n) being the number of divisors of n and ¢ ¢° any even number.

§7. We have so far been concerned with congruences of the type
2 (kni-+ [) = 0 (mod k), (k, 1) > 1. "We shall now prove the
Theorem.~If (k, [)=1 and g > 0 thete are no values of & for which

o, (km-+- 1= g(mod k 5
for every m > 0. g( ) (15)

¢ K. G. Ramanathan, Mathematics Student, 1943, 33-35,
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Proof —1t 15 evident from the proof of theorem A that
: " =g—1l(mod k). -
Let us choosc two primes p and ¢ not dividing g such that
| pg = [(mod k).
Then ¢, (pg) = g (mod k) implies

. g = L+ p°+ ¢4 (pg)® (mod k).
showing that p + ¢* = 0 (mod %).

Multiplying by p* which does not divide & we get
p¥=1—g(mod k). - (16)

It 15 casily seen from the group property of the residue classes as well as.

Dirichlet’s theorem that this congruence cannot hold good unless g= 0.

§. In this last article I shall state a congruence property of Ramanujen’
function 7 (n).11 Proof is published elsewhere 12

Ramanujan’s function = (n) is defined by

Z’ T X=x[1-0( ~x3....]% | ’ (17)
THEOREM 818 —7 (n) = 1oy (1) (mod D . - (18)
This implies Rdmanujans congruence that |
(1) = 0(mod 7)

if n=0,35 6 (mod7). Foroyln)=0(mod7) if nis a quadratic non-
residue of 7. More generally

THEOREM 9.0, _ 1 (n) =0 (mod p) | - (19)
\ 2

if nis a quadratic non-residue of the odd prime p. Thisisa particular case of

THEOREM 10.—If p ¥ n then opq(n) = ( )(mod p) : (20)
— dp \P .

(g)'bgi-ng the Legendres-quadratic residue symbol.

11 See G. H. Hardy, ‘Ramanujan,’ Cambridge, 1940, p. 169. Ramanujan has stated such

congruences only for the moduli 5 and® 691, viz.,
(W) = no(n) (mod 5)
r(n) = o5 (n) (mod 691).

12 Proofs of theorems 8, 9 and 10 can be found in my Paper to be published in the
Journal of the Indian Mathematical Society, 1945.

13 Theorem § is substantially equivalent to theorem 1 of J. R. Wilton, Proc. Lond Math,
Soe., 1931, p. 1-11.
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