SOME PROPERTIES OF RECTILINEAR
CONGRUENCES

By C. N. SRINIVASIENGAR
 (Professor of Mathematics, Engineering College, Bangzalore)

Received July 16, 1940

1. AMONG the ruled surfaces passing through a given ray of a rectilinear con-
gruence, there are two ruled surfaces characterized by the property that the
parameter of distribution is a maximum or a minimum. These surfaces
have been called mean ruled surfaces (‘surfaces of distribution’ by some
writers). The central point of the ray with respect to either of these surfaces
coincides with the middle point of the ray, the corresponding central planes
are at right angles, being in fact the bisectors of the angles between the
principal planes, and the sum of the parameters of distribution for the two
mean surfaces is twice the parameter of distribution for either of the princi-
pal surfaces.?

The object of this paper is to obtain a neat generalization of these and
of some other results.

Taking any direction dv/du on the director surface, the distance from the
director surface of the central point of the surface corresponding to the
direction chosen is given by

_adw®+ (b+ b)) dudv+ c dv? )
edui? ¥ 2fdudv+ gdv?®

the notation being the same as in Weatherburn. If we choose the middle
surface of the congruence as the director surface, and if the parameters are
chosen so that the principal surfaces correspond to the parametric curves,
we have

¥ =

f= O, b‘!" b'=0, ag+ Ce = O, (2)
The equation (1) can now be written
(a+er)du*+ (c+ gr) dv?:= 0. 3)

1 Vide Weatherburn, Differential Geometry, Vol. I, Art. 99, where these and other properties
referred to in this paper are proved.
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The parameter of distribution corresponding to a given dv/du, referred to the
above choice of parameters, is given by

b gy m
r= g +2(8) s (“)
where m= dvldu.

For a given value of r on a given ray, equation (3) gives two values of m,
say my and m,. Let the corresponding parameters of distribution be called
p1 and p,. Then we have,

D1t po— (%z 2a (55)% (e+r};1’nlg + e-i—n;ﬂgz)

=0, sincem,;+ m,=0.

Hence, ‘ DiF = ~?1b—,1, = constant.

(eg)
If ¢ is the angle between the central plane for the surface corresponding to’
a given dv/du and the central plane for one of the mean surfaces, the para-

meter of distribution p for the surface is

| p=picos® ¢+ Bysin*¢ ©)

where B, and B, are the parameters of distribution for the mean surfaces.
Hence if

p1= By cos? ¢+ B, sin® §,
we get

Py= By sin® ¢+ B, cos? 4.
Hence if ¢ is the angle corresponding to the value p,, the angle corresponding
to p, must be 90° + 4. But we can discriminate between these values and
reject 90°+ ¢, by using the result?

r= BB gin g, (6

for if we write 90°+ ¢ in place of ¢, the sign of r is reversed, i.e., we get a
point on the other side of the middle point at the same distance.

We collect together these results as follows:

TueEOREM.® There are two surfaces through a given ray which have their
central point on the ray at a given point. The sum of the parameters of

2 Vide Blaschke, Differentialgeometrie, Band 1, p. 208.

8 The first part of the theorem was first proved by Delgleize (Memoires de la Societe Royale
des Sciences de Liege, 1931, 16, 1-9), and Ram Behari has proved the same by a somewhzt differ-
ent procedure, Jowrn. Indian Math, Soc., (2), 1936, 2, 92.
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distribution for these two surfaces is a constant, as the point is varied. [7
the central plane for one of the mean surfuces makes an angle ¢ with the

central plane for one of these two surfaces, it makes the angle 90 - & with
central plane for the other.

If the point is taken at either limit point, the two surfuaces coincde,
and hence the above-mentioned angle becomes 457 for o principal surfive
If the point is taken at either focal point, onc¢ of the surfaces is a develops
able, so that at such a point p; is zero while p,- B, | A..

2. The elimination of m between (3) and (4) leads after simplitication,
and the use of the equation ag-- ce==0, in (2), to

- b at o o\
We enunciate this as follows:

THEOREM. If we take two points A and B equidistant from the middie
point of a ray on either side, the parameters of distribution Jor ahe pair of
surfaces which have their central point at A are cqual to those for the surkices
which have their central point at B.

e

3. Some formulae.
We easily obtain

/e— 1/gm
Vet vVem’

whence from (4), we get

tan ¢ =

b
pP— VeT :g cos 2¢
. + ,8 = Py
l.e., p— ﬁj.._.z == éLAz<~ cos 2¢,

From this and from (6), we get
_ _ Bt By
r= + (p ~—2~——2) tan 2. (74

At a focal point i
point, one of the values of p is zero, and Iet the corresponding

¢ be denoted by a. Then we know that

tana::f: —-;-:.—/8_1. 3
| \/ P, (%)

Using (8) in either (7
: or (6), we ger ; > . ; ;
middle point qs numericall)(; )eQual ng \tf—-—ﬁ ’;Zs'tg‘”cc o focal point from z}‘;;;
1 Pe-




Some Properiies of Rectilinear Congruences 353

The result given by (8) can be generalized in two ways.t

(a) We have
P1_ By cos? 4+ B,sin? ¢ .
P By sin® ¢+ B, cos? ¢

Hence

S

tan2 g P02 D1y
$ PBi—pfBy

Using B, = p, + p,— B,, we obtain

_Bi=p_B—p,
tan® ¢ = Bi—p, B:— D, (10

The equation (8) is a particular case of (10) wherein p; =0, p,= B, + B,.

(b) Another generalization is the following equation, which is easily
verified ; :

——2)1 =tan (a— ¢) tan (« + ¢) (11)

where o is given by (8).
Next, using (10) in (6), we obtain
r=+ v(8,—p) (Bi—py)
=+ v(8,— py) (Be— p2) (12)
which is a generalization of (9).
Also, (10) and (12) give
rtan¢=/91—p1=_p2—ﬂ2. (13)

Finally, if O, F, L denote the middle point, a focal point, and a limit
point respectively, we have

OL= =%, OF= - g4,

4 _ (ﬁl_g_@z)z.

Py
Using these in the equation of § 2, we get

p=(OL*— OF%} & (OL2— Op2)} (14)
where P s any point on the ray, and where (OL?— OF2)} has a fixed sign,
viz., the sign of b.

4 One other generalization is given by K. Ogura, vide Ram Behari's paper in Journ. Indian
Math. Soc., 1938, 3, 110, Ogura’s paper is not accessible to me.




