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Introduction

THE problem of the diffraction of light by supersonic waves has been rigor-
ously investigated by Raman and Nath in their papers (R.N., IV and V)
and later by N. S. N. Nath (N.I.). = The starting point for the rigorous treat-
ment is the wave equation for the propagation of a plane wave in a quasi-
homogeneous medium. Working the solution by the help of fourier analysis,
the emerging wave is decomposed into a number of orders governed by an
infinite set of differential equations. Three methods of attack have been
tried to obtain expressions for the amplitudes of the diffracted orders. The
first one is the usual method of series and has been adopted by N. S: N,
Nath (N.I.). He has calculated for the first few orders, the terms occurring
in the power series, and squared them to obtain expressions for the inten-
sities of the several orders. The second method of using Bessel-functions
though implicit in the first, simplifies the solution considerably. ‘This has
been tried by Van Cittert. The basis of the third method consists in neglect-
ing higher orders and solving the simultaneous differential equations thus
obtained. This method bas been tried by Van Cittert and recently by N. S. N.
Nath for the case of normal incidence. The numerical evaluation of the
intensities of the diffracted orders for the cases of normal and oblique
incidences is a problem of great interest and the present investigation has
been undertaken with that object in view. In the present paper, the
mathematical formalism of the three methods is developed in great detail,
with an appendix indicating the method followed in simplification, and
summation processes. In the second part of the paper detailed calculations
will be published and a discussion of the results on a comparative basis will
be given.

Notation
o = Refractive index of the medium in the undisturbed state.
u = maximum variation of the refractive index from p,.

A = Wave-length of incident light.
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M = Wave-length of sound wave.
vX = Frequency of the sound wave.

In all the signs of summation ‘2", it is understood that all like terms
are to be counted once only unless it is stated to the contrary.

1. The Series Method

The equation governing the propagation of a light wave in a quasi-
homogeneous medium is given by

%, % )]0
(Here # is the wave-function and p (v, y, 2, ¢) the refractive index of the
medium, C the velocity of light). This equation after considerable simplifi-

cation and reduction leads to the following difference-differential equation.
(Ref. N.I)

|
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28— (s ) =Co i N
(¢ being the amplitude of the nth diffracted order and C, =1 p (n* + an)
where p = }—Ji%—x—z and ap = —2na sin ¢, to the first powers of ¢.)
The initial intensity being 1, we have
PARARES!
|4, P <L

We are therefore justified in solving the equation by the help of power series.

Let us consider equation (1). Putting

th, = <§>” 1 {E’ Ay r fq asin N. I.

5] In 1y J?
it is found to lead to the following recurrence relations.
( Ao, 1= 0
Ay —nh, =0
m+ DA, —nhyy = 1C, (@)

120 + 1) Ao,r _g {A‘l,f'-l "Al,i'—l} =0
(n +7v + I) Aﬂ,r+1 — Ay 1
1

+ I‘(’m\) An}+ Lr-17= 3 Cn A,y (forr > 1) (2“)
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Aaz,ozAu-—l,ozAn——z,O: """ =Ay o =1
A, =1 foralln >0.
(n -+ 1) Aﬂ, 1 sz—l, 1 = %‘Cn
nAn-l, 1 — (n — 1) Ay-2 1 =3Cuo1
2A1,1‘“A0,1='-12‘C1-
On adding, we have

2 C,
(% + 1) An, 1 =1 2’
e
1:.6., A.,z, 1 = 2(;1’ _{11)* forn >1
ZC_,
72
A"'?Z. 1=(—1) 2{77&—3—1) )
For » = 1, we have from (2 4)
1
(% +2> Aﬂ, 2 — W A” - 12 + ’?(%tl:--l) A?z +1, 0 — ‘1")“ Cn Aﬂ, 1-

Multiplying both sides by (» + 1) we have

('I/L +2) (77’ +1) Aﬂ,2 _(77’ +1) W“An-'l,z +i A;z—i—l,o =%"sz (77’ + 1
S

C?Z Iz 1

m+2)n+DA,,—n+NnA,,_;, =

4 4
R C,S 1
z)gAI,g'_f.)"l Ao,g—‘%rl—”l}
On adding, we get
(1 4+ 2) (72--{—I)A,,,g_,::Ao,g—F-li%CrS; - Z
1
1z n 1
1308 —(G+3)
" “EP dm+1) T4+ (m+2)7 T }
(=1yA_, 3= — b ! Fe(Zc
T T i 1) Tim D)+ ”C ”)J

For 7 = 2, the difference equation (2 a) becomes

1
m An-&- 1, 1 = %‘CﬂAn 2.

(n + 3) A1z,3 “‘77'A-1:—1,3 +

@
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| 1 1 ;
3) A _1 | )
(1 43) A a =1 Ay 0= C{ 4(n+1)+4(n+1)(n+2)217c’cf}
1 n+t
s C,

S8 1) (n+2)
Multiplying both sides of the equation by (n +1) (n + 2) we get
(% —|- 3) (W’ +2) (% + ]) Au 3 (7’& "I’ 9) (77’ Jr 1) n An—l. 3 =

19 1 A e et

§ 7;+1+ ij.( 4 4 ,(

(n+3)(n+2)(n +1)A,Z’3

__6A4,,3-—an-§i+ Z‘C fZCLhcﬁﬂm—{—?)}
1

1 n - n n n )
- ¥ - ; A I [
8 J-IJ Cﬂ?Cﬂ {J Cn - 8 {C -1 + (71/ {‘ ‘i) Z C,- T C.’l‘+ l.j

1

]
Aﬂ 3 = 1
) 8(m +1)(n +2) (n +3)
— G 44 Sy + G ] + 215, 1C,CC |
all like terms to be w ntten once onlvs Foo(9)
72 — 1 e e
(=1 A-ns =3 W+ 1) (# +2)#m +3)

{~[c1+(n+4)z’?c._,.+c_(7,+1)]+§r,s,zc_,.c..scﬁ} |
1 1

For 7 == 3, we have from (2 a)

. 1
(n +4) Au,4 nAh,- Le T T 1l % ‘I‘ 1) A;1+1. 2 =45Cy An, 3

('ﬂ + 4) An, g— N An— 1,4 —
1 s_— 1 ' " 1 n+1 1
N Ty Ty ¢ S 40k

m+1)(n+2)(m+3)n+4HA,  —nm+1)(m+2)(#+3) -1,

1 1 "2“ S,

—{-i% C, {ZH’C) CJCZ« - [C— 1+ ('}‘Z + 4) Sy +Cyt IJ}
, .
(n 4+ )(%—I—Q)(%*f—?))(%‘{“‘ﬂ 7, 4

1 n n+1

_ iy 1
24A04+16 (r +3) 1612(21:(:8 C[_l—}—(n—l—i)S”—i—Cn-H]J

+ = 2¢, zc zc z:'c
161
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nn ) 4 gl - {—?-’ + Lo, e +2(2 s
A 8 16 AR )

n n \ 1 n
+ o {c_ S8 48, 1200 1} tpnannc e,

(all like terms are to be written once only)

1
T 16 m A+ ) (e +2) (n+3) (n + 4 { t

-+ C- 1S7.' + (72' -+ ) ZC/'Cs -+ C//'}-l Yt 1+2Cr C;'+1
1 1
- [Zl’z Cr C.v Cz‘ Cu:!} ;
1
Consider the expression

Cz—:L + C- 1S71. + (72' + 6)2%(:7(:; + C;z-i— 1S7z+ 1 +2C; Cr+1

—C2, +C_ S, + (1 +6) {zc + 2 c, Cs}—}—C,“ LGy +Cy - +Cy)
7:{:3
+C271.+1 '{“%‘:Cn Cyz+1

=C2—1 +C~1S-u + (% "FG)EJC;L’ "{‘C271+1 +(1Z +7)2CnCu—1
1 1

n

+(% +6) Z C-Cs —I—-C,,+1(C1+C2 + .- +Crz—1 +2Cn)-

1

R EE
=C2—1+(”+G\.2C +C%tq + (71-—{—7)5(:,;._1(:”—!—(% -+ 6) 2' ch.r
t 1 rek s
P o~ 9:*:1
+C—1(C1+C2+ ' +Cﬂ) +Cu+1 (C1+C2 + - ‘I‘Cn—l +2C;;)
§ 1

A

mE T3 (n + 1) (v +2)
1 Ce
_16(n-+1)(1z—1—2)(%—{-3)(71-(—4){ ot

+C*1Sn + (77' + 6)§Cr2 + C2n+1 + (% + 7)§C72Cu—1
1 1

+(7'L +6) '12 CrC:+C7z+1(C1+C2 + ot +Cﬁ"1 +2Cn)}

T (2 (4 £¢,C.¢C, (6)
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Proceeding as before, we have,
(n+1) (n +2) (n +3) (n +4) A, ,
= 12080 =3 D +4) (5 £9) (n +3) A

.1 7+l 3
+"}’TIZC71A”»4(M'+1)(" +2) (2 +3) (n +4)
=,.-32\{013+<:_1 (Cy4+Coy) —Cy —Coy)

(IO 4+ (0 +5) Sy +Coed] + 2 0,0
1

L)

Lo
.—L\ﬂb »—M:;

—

(n +3) (n +4)C,
)Z n {C2—1 +Coi Sy + (0 + 6) 2°C, S, + Cpra1Su4y +§Cu Cnn)}
32 1 : 1

o : fc,, {zc , c[c,,}-

Now cons1der the expression
Cop +C+6(Coy +C)) +0Coy +2(n +5) 5S4, +2C,1
i 1

n { .
IS LET

1

n n+1 Lo 6___ 3?,+4‘
RCTSN  ELLELEES

CopgCo+6(Coy+Cy) +nC-y +21'(" +5) Spi1 T2 Chay

+ 5 (0t )Z(”ft_@- C,
1

n+2 n +

S LNE (R L DA A +5 0 2§-ch
+5)(n+6
- "'0'{‘C71‘*°+ %+ ){C-ITCn-rl}T{(% )2( )

Ay s (1) (n+2) 0+ 3) (n 4 4)

_ 3} iv C C‘(. C[ Cn Czl

MQ@ +mﬂfq+cﬂ§@&} )
1

n ntl n n n
e+ E( 000 T2t G ECS) G G iSe

1



428 K. Nagabhushana Rao

n n 1
‘i" ch (?Cﬂ Cn+1)} + g‘f {C— 2 "{_ C1z+ 2 'I' ('}’L "I' 6\’ (C— 1 + Cn+ 1)

1

+[EEREEN L1 ]s,)

&

We shall now consider the general equation and effect some simplification
The general difference equation is given by

1
nw+t 1, r—2— % Cn Aﬂ, r—l(" = ])' (2 a)

(7 + 7/) Ay, —n A,y + I‘O{_F’D

To solve this, we multiply both sides of the equation by

(mn +1) n +2) -+ (m +7 —1).
S+ +2) (A, D) 2) (4 — 1A, ,
=3m41)@m+2) - +7r—1D)ChA,, 1 —Fn+2)(n+3)

(n4+7r—1)A,0 , —o
Tet(wn + 1N (n +2)--- w4+ nA,, =

— 1 1
U?l, 7 U?l -1, 7 'E’z— ng U7l, =1 "4’ U?z-i- 1, »r— 2
— 1
- 5

U?z—-1, ro Un -2, r

--------------------------------------------------------------------

in its solution.

— 1 — 1
Ul,?‘ ——UO,I' 2 ClUl- =1 4U2, r—2

On adding, we have

Un. ;.=U0,7,+12—<21,'C,ZU% 7‘—1—"%21’1U7z+ 1, -2 (8)

I'(n 47 4+ 1)
But Un, y T T ('ﬂ, + 1) Au, r

F(%—}—y_{—l)An,r::F(y_l‘l)AO,r

I'in +1)
5 I'(n +7) I'n +7—1) )
-+ ‘? {% C;z An, r "‘lj’ﬁm(“;z + 1”5 - %;Mf“(;,;*:]__“l‘j_ Aﬂ_{_ 1, 5 — 25
1 o '(n +7)CrA, -
:I‘(7+1)A0.?‘ _{—F(’n+1}‘?{ 5 1

e

_I'(n +7—1) A,QL_L_,._Q}
4

_I'r+1 I'(n 4- 1)

An, F I’(% +7’—}— 1) AO,?‘
: 1 2 (I'(n +1CoA, -y TI'in+7-—1), :
frEani U e £ Baaa} )

o
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We shall now express the coefficients A ,, , in terms of #, »and a.

znc
A, ip n(n £ 1) (2n +1) L
"1 (%+1) 2{ 6 +5 (”+)}(n+1)
o (2n +1
Ay =1p {@’( ?;%'““* +Z %} (10)
Allzz—p(,l'{‘a) A—11~—~-1——P-(1-—a)
Ao = ¢ (5 +3) A, , = 36 (5 — 3a)
ip
By oy =] (T +3) Aoy, = =21 =3
Ay =ip3+a) Ay = 1p(3 —aq)
Ag . = ;f’ (55 + 150) Aogy == (55 —150)
B0 =4 (13 +3) A= 218 -3
A, =;P (35 + Ta) A, , = —3:”-(35 — Ta)
. (34 . /34 ‘
AS 1 -—-'I:p<3 + 2a> A-s' 1= ?/p (“g“ -_ 2&)
Ag 1 .-:-ff (57 + 9a) Ay y = P57 — )
Ay, 1= (35 + 5a) Ayyy=—2£ (35 —ba)
Mo = =g+ Lo Fric.C
2"y 2 4(% +1) 4(%+1) (%-[—2) 1 PNy g
-t
T 4 (n+ 1)
R (A1) @n 1) 22 +3) (6n = 1) (n +2)
8(%+1)(n+2){ 130

-%g-nz(n-i-l) (n +2) + a? nin 1) 1”{9-2) (3”+1)}

1 PP (m(2n+1) 21 +3) (5n —1)
Ay omm o 5 {_ | T 4+ 2 5 n* (n +1)

+ % n (3n + 1)); B ’ (11)

e e o o o
S e ,

B e
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Ao = —5 =L (1 +ap —Ala=—p —E (1 —ap
Aoy = — 75 — b (31 + 240 + Tat) Ay = — o —P(21 — 2o +Tad
Aus = — 15 = b5 (147 + 1200 + 2503 — A = — g — 5 (147 — 120a + 256 |
Ayy = — 516 - 1P20 (627 + 400a -+ 6502) Ay, =— 510» 1520 (627 — 4000 + 650 |
Bas = — gy — 55 (143 475 0t 1002 CAL, ., = —-_,31—4 % (143 — T5a + 10a?)
By o = —-glg _ ’{% (377 + 168a + 19a?) Ay, — -5% ’;6 (377 — 168a + 19a)
Bos = — g5 — f‘g (2023 + 294a + TTa2) N %(7073 — 994a + T7e2)
Mgy = — 516 — g(—) (3899 + 1440a + 12502) Ay, = — ;6 _ 66 (3899 — 14400 + 1250%)
Ay = — 25}6 — 40 _ (1463 + 13500 + 105a%)  —A_g 5 = — '4?1"0 — £ (1463 — 1350a + 105a?)
Buos = — gy — B3 (7889 4+ 22000 + 15502 Auos = — g5 — Z’é (7889 — 22000 + 1553
Moo =G T E Ry = (G0 O H 9 EC]
+ffC, C, Ct}
ip ‘ n(n -+ 2) (n + 3)
8+ (mn+2)(n ‘3){“[ 2 ¢
L (7z+1)(f~ii—)(.,n+)+(n+2>]
J—%z[{"( e e
L9 {n (n+1)(2n +1) gn’* + 61 — 3n + 1) (12)
Ot 1R 2 — 1) + S (1) @ 1) (300 4 30— 1)
f  (n + 1) +3{”(” *’1)6(2” +1) + el +1)1
{ (n + 1) (2n —}—lg)(&zz +3n —1) n %nz (n + 1)
+ 2 % (n 4 1)6(2n + l)J}
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110 + 6o +p2 (1 - a)?‘}

f
{
A, = 1%)6{(40 +200) 4+ p* (85 + 14la + 7902 +15a3}
1p f
{

Mgy = — gh [(115 +450) + p* (1408 1 16620 + 6640 + 9oa3)}
Aus=— e {( 06 + 84a) + p* (11440 + 105702 + 3304e? + 3505)|
As g =— 223%8 {(532 + 140a) + p? (61490 + 468300 -+ 1205402 + 1050&3)}
Ag s = — 4‘;63“2" {(960 + 216a) 4 p* (251498 + 1631700 4 3574202 +2646a3)}
Bos =~ b {(1605 +315a) + g2 (906200 + 4752980 -+ 5130808 + 588007)|
| ! |

AL, , = 480 {(40 — 20a) + p* (85 — 14la + 790> — 15a3 )}
Aoy, = j_g(_) {(115 — 45) + p* (1408 — 1662 + 664a* — 90 o)

— P {1966 — 84a) - _ '
A,"‘j' 3 1680 l(266 84a) + p? (11440 10570a + 33040 — 350 a )}
Aoy, = "2%%-8 ({532 — 1400) +* (51450 — 468300 +12054a° — 1050)|
Aogy=—2 {(960——916a) (251498 — 1631700 +3574263 — 264605)|
Aopo = gib (1605 — B150) 44 (906200 — 4752980 4913080~ 58800@)}

The expressions for the amplitudes of the diffracted orders are as below :

9
( i, denotes the amplitude of the nth order, £ = ‘—W}’f&) .

_q & P (1 )l 1 P (}_A+V__3cﬁ)}
¢°“‘1“1"2'Z+{64+ 190 &+ {192 T
L P Al ir@?jgi)} .

9304 7680 93040
o (T0 4 p2(120 4 1400%) + p* (1 4 10a? —]—5a4)} o

P { 98. 5040
L { L, T4 5a (463 + 97002 + 63a)

" 147456 184320 97-(40320)

p8(1 + 15a? + 150t + af) L
T 77 (40320) f e
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p 1 4a) o (34t a) o (10+60) £ )
‘/"=§+Zf (lsjL e - { P48 "'}f _’1 384 }f

L (10 +, (33-{—40a+15a)+p(1+a}§5+Zp{70+30a

. 3840

£s 1
p? (120 + 214a + 13002 + 300%) + p* (1 + 0)5} 16080 T {141 —+

p* (17 + 15a —r15a“) i p (463 + 1072a + 95’76a —l—“371a) n P (1 +a) }57
180 5040 5040 27
e  wp(d+3 f 2(21 + 240 —l—7a2)} .
b= G 2EER p AR jé
s

—ip {(40 + 20a) + p? (85 -+ 14la - T9a® + 15a3)}§8710

4 {15 + p? (340 + 320a + 8002)

&,
-+ p4 (34:1 + 738(1 + 604:0.2 -I— 222(1.3 -{— 31&4)} 4:“6'0'86 et

2 (147 + 1200 - 25a2)) ¢5

& 14 +
2 o] 120 J 39

—;..L. LT A (1 P
bs =g+ ggr— & gt

(84 + 36a + p? (627 + 400a + 65{12)} £¢
P 720 64
£ (21 + p? (2002+1470a+280a2) + p* (130134 19910a -+ 1156602+ 302403+ 301at) }
l

5040

& 1p (a + 3) (6 -+ p* (627 + 4000 + 65a4)
T Y A o} e

p? (11440 + 105700 + 3304a® -+ 3a0a3)} .
645120

lD

2 €
i {( 66 + 84a) +

by = £  ip(55 4+ 15a) (1 + p* (286 + 150 + 120a2)) &
5 73840 T 64.720 { 132160 S

_;p {1360 + 140a + 2 (61490 + 46830a + 12054a? + 1050a° )} .

( 7.8

_ & ip(13 +30) 8 -+ o2 (5278 + 23524 -+ 2664%))
¥ = Toos T 3sig0 - & "L S y &
. (960 --216a -+ p* (251498 + 1555700 + 357422 + 2646)]
1P{ 5579 & +
g = £ Lo (140 £38a) 4y O 44 (12138 4 47040 46207
U 288 B 2°19 & -

o (5 fea g s ),

i
i
|
{
i
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. Pt (m (2n + 1Y (20 + 3) (5w — 1)
“[4(n+1)+ { ’ 20 = gt )

ad

:)

'IS% (3n + 1 ” £

—ip (n- HZ) (n+3) (71,-r1)(¢t+‘7)(777»+5)
8 (k1) (142 (1+3) H o t” +n+9
Prlr D) e +1) o
51l g grbay]
+2[’? (v +1) (27 + U,._g@“ 4,, 9”3 %”-', Y ot et 1)? 2nt4 )

2

+on ) n ) B0t k3~ 4 T o 1]

L3 [% (n + 1)6(2 n+1) _{_ 7+ ])J [n (_”‘i,l) (2n »18(2 (3n% -+ 3n 1)

; *(n + 1) -Fgfn (n+ 1) (2n+1)m SRR

¢ i (l —a) (3+p4(1 } s o (10—ba+p? (I —a®

f- 2+ 8"’"5”1"“_“§ { T
L1045 (33 — 40a + 15at) + gt 1 —a\"‘} .

{ 3840

, 9 a\ 5 56 ‘

— 20190 — 9 2 3y L Ad _ S, _ 2 :

+ 1p {70 30 a 4 p? (120 — 2140 + 130a® — 30a%) + p* (1 — a) } 16080 8
(L AT =5 4156 (463 — 1072 + 9566 — 371 o)

{144 ' 180 5040 ]

PP —a)f e
TR0 S 9

53 ip(5—3a) ; 4 4 p*(21 — 240 +Ta?)

bor = I { 384 jé
—1p {(40 — 20a) + p? (85 — 14la + T9a* — 154%) } ?“)‘8550
+ {15 - 6% (340 — 3200 + 80a%) + p* (341 — 738 + 604a? — 22247 + 31a4)}

56
16080 T

_& | ip (14 — 6a) 1 p*(147 —120a —i—25a2)} &

4‘—3‘“ P 8 {24+ 120 3

. (84 — 36a + p* (627 — 400a + 65a2)} £
—zp{ 720 64

£ (214 p?(2002—14700-+28002)+ p* (13013—19910a -+ 11566a*~3024a+ 301at) |
%5 | 5040 J
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J _3% LB (3 @) g5 {6+p (§9740—0§goa +§5a)} &

_ip {(i@_: 84a) + p* (1134%4;13857911 + 330402 — 350&)} oo
v :38% L (5;5;0—8015@ £ {1 + p? (286 ;)1165()(1 -+ ]zoan 7

—1ip R 58
£ ip(13 —3a) (8 g (528 — 2862 4 26e)) 4,
boe =050 T 92160 T INTY
(60— 216 + p* (251498 — 1555700 -+ 3574262 — 26467}y
e { ' 2919
o (U0 = 280) 4 |9 gt (12138 — 4T0Ma + 4020) | 4y
‘!’—7 = 571 L - ,,Mésf,‘.,g&",_ ¢ 90 |9 o f

b, = (— 1) ( 5)75 E_ {1 + 1p [%~(%~- + 1')6('27'41"'_*_' b _ ;% (n - 1):, 3

1 Pm@n+1)@2n+3) (n—1) o«
[ in+1) { 720 g+ )

+qgn (Bn +1 }']

ip [ n(n +2) (n +3)
8 +1)(n +2)(n +3) { o
n (1 )(n f;sz) Cn+5) 4, +2)} + _gf {[n_(n_ + »125 (27 4 1)
5l + 1\]3 +g [% (n + 1) (2n + 1)4&3%47 4 6m3 — 3n 4 1)

a
P
2
2”2 (n + 12202 +2n —1) + ?On (n +1) (2% + 1) (3n* + 3n — 1)
n(n+1) 2n +1) — % +1)]

2

(1360 — 1400 + p? (61490 — 46830_a + 12054a® — 10500 )} &

[\

]

——%En?(n +1)2] +3[

6
1) @n+1) Bt 43n—1)  a @ |
[’fﬁ?ﬁf 1 "“-C.)lg(')” tn—l) ) SR CREY (L’n—l-l)}” £

2. Bessel Function Method

Let us consider equation (1)

T (1)

i )
Putting '!’p = Ip +? @y, p+n J-p+m where Ju = Jn (\6)»
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we have the following recurrence relations
(@9, 1 =0, ag,=0
’ﬂo.n+1“‘“o,n-1=._{“+1,n"’a—x,n} (13)
(ppt1 = G-, =G
Wp, ptnt1 —Op=1,pin T @t 1, ptn — Gy piny =Cps 44 (13 a)
From (13 a), we have, by changing p to p —1,. -1, and adding,

B ]
Qp prnt1 =Qon+y — Apt1, p4p + 01, 4 +2Cp (“p.ern)- !
1 ’ o
: ST,
=R p-1 ~Rp+ 1, ptn T A1, ‘f‘ZCp(“p,ern)- J!
1
B pr1 = 0p-1p =C;
b
8 pr1=2Cp (15)
1

P B p
Ap, pto ==.12 C, {? Cs } = .15' r 8'C, Cs (where like terms are written once only).

Ap p+s "8 C/' C.v~ (16)

= DMy

From (14) for n =2

P b P )’
Apopts = Qo 1~ Bpr, pto Ta-y ’l“?cp {21: CP% Cﬁj

p+! D o
tppra= = {0142 c,.} +icce (17

(Details regarding summation, etc., are given in the appendix.)
I'rom (14) for n = 3,
b
@p pra =hop TE-1,38 ~Bp1,pts +21Cz>“p. p+ s
D

p - »ptl D
s =5C,00 0, — f0ny +C, TG 100 +30Sm] 09
! 1 1 1

1

I'rom (14) forn =4, we have,

p
Uy pts =00 3 T -1, 4 ~ Bpt1,p44 +§Cp“m+4

| TR S T I ii‘gcy
== (C1+C~1) - {C'l "(C1+ —1+ —25 { Pt -1 " ;

pt

1
p p p 1 _ng, l
+he,tfe e, - [ceteafe+T00 426 S |
1 1

D P p+1
G pis -2 C,C,0C, G = [0 +Ct 2 G2 GG FEC.CC

"
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P p+1 P D . PR p+2
+2¢[Toe ]+ 2| fc, spﬂ]} + e 4+ .l
1 1

D D p+1
=3C,CGCC, G, — {C_ﬁ LC.23C, £, 2C,C + X CCG

1 1 1 1

+2.§CrCSC{+Zp}CPC1§+1[C1 +C2+' © ‘+Cp—1+2Cp+Cp+1:|}
1 1

+2
Hlepe, £ (19)

Gp. pte :%Cq C)'C.\‘C/ Cz/Cm‘ - ‘-C~14 +C-—131£'Cr +C—‘1‘33‘Cr Cs

| i
p »+1 P
+CZC,C¢ + 2 C GG cy} + {(C_1 +Co) Sy +2Cy Sy
1 1 :

p P p+1
TR S (ede, T e,

SAARI L NORNES ! .} (20)

We have from the equation

Bon+1 —@o n-1= — {1, 5 — G-y, n
the following relations

fay =0

ag o =0

o3 =—{C; +C- 3}

a4 = —{C-» +C4 43 (21)

{40,5 = —{C-*+C3 +{C-; +C-; +C; +C5}
@y =—{C.*+CH +{C-; +C)2 + (C}z +Cy)? + (C, +Cy)3
@gr =~ (CP+Cof) +BCA+C- ) +(C-2 + C?)

£ 200, +Coy 42 (GG, +CotCy)

+3(C2C, +C_2C,) —{C_, +C_, +C_, +C; +C, +Cy

In the expression for a, ,,.,, the leading and the last terms are
— % - 22 -1
Qg a1 = —{C¥ 1+C—1” IR }

(=1 {2 cy

The order of this term for large # is governed by the first term
(Cl?.n -1 C__l?.n - 1)
C12”"1 + C._ 121;- 1 — (ip)z”‘l{(l -+ a)27z— 1 + (1 _ a)2ﬂ—l}'
=20p)" 1 {1+ —1)Coa® + (20 — 1) Cyat + - - - .}
If |a| <1 only one of the terms need be considered.
The expressions for the amplitudes in terms of Bessel functions have

been given in a previous paper,* by the author and here the expression for
¢, only will be given ;
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Ppp A1) 20+ 1) (p +2) (20 +3) (5p — a \
¥ ;pw ) (p+2) 69 + 1)} Jpes

T
b= {P“ ‘g--%)/(“?+)+1+ p(ﬁ+d)]
(2p

- L8 +n)
)

+ 1)

6
Ly 2(P(P + 1) (2P +1) (3P +6p° —3p +1
o 49

FOR DT URER 2 — 1)+ (D) (2 1) (B 3 — )

rp s
gp (p + )(’zﬁ%g@# P LS ap
= Cpp 0+ | Tera )

3. Closed Expression Method

We obtain closed expressions for the amplitudes of the diffracted orders,
by neglecting higher orders.
The difference-differential equation is

dl‘bﬂ (‘l’u 1 '/’u-l‘ 1) =C, lpn- (1) |

Neglecting higher orders than the first on either side of the central order, we
have to solve the following simultaneous differential equations.

R

d 0

d'/;» (o —¢hy) =0 (23)
) _

df - 4’0 - Clll‘l

J
et (), (),

(i?“’ﬂ)&o =
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The boundary conditions of the problem are
{g[;,, 0) =0 formn==0

Po(0) =L With the further conditions
difg . (d“sbo)
=0and (%Yo =1
(df goo ag JE€ =0 :
We have 2D —-C.; 1 0 S =0.
—1 2D 1
0 =1 2D-C

a e . .
S =2 A, e, wheres (8, 0,, 8,) are the roots of the equation
t

8D3 - 4:D2(C1 + C"l) + 2 D (2 +C1C_1) — (Cl “,L C"l) =O.
Putting D =1 8, this equation simplifies to

3 _ 2 pP(l—o®) —2)  p _
R j oty =0 (24)
whose roots are now 6,, 6, and 6,
When p =1, this equation becomes
. 1 + a?
B -6 -6 (4—_) —f—i =0 (34 a)

The roots of this equation are all real. It can easily be seen that one
of the roots always lies between 0 and 1.

. '- . - - ..—“1—»'
Ist approximation to the root between 0 and 1. (1 T az)

A 44X —8
I i = Y08 £ 8X = T2 where 1 4 o® = A,

The expressions for the amplitudes Sy, S; and S_; are

C a R
8o =2 A, oi0i€
1
C, ¢
3 5 &
o A i0.€ 2
S %’ (2i6. —C, e + ay e
C
A _ 3 A). L 19ré 2~ E
e i B
3 3
where a; = RO A’ and ap = — 2% __‘4_._‘617_ _—
i
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Making use of the boundary conditions, we have
r 3

ZA, =1

1

{ZA6 =0
1

3
LA 02 =] =4
1

Solving for A,, A, A, from these relations, we have

{A, (0= s ? b, 4 )} 7, s, t taking the values 1 to 3.
1
To find the value of AIE .ﬂﬁA—C‘ where C =C,; ,0r C_,.
A I Sl . T
IR I R AT AT A
1 )

= — - e e e e e l — 2 o — '_),79,_,-— [
(0, o = o) 5 00 (B 60 (260, C) 218, ~ O
2 ( "93\{C2*91C(9 +9) “(49263)}
5 - 93)(C —2Ch, -6, —40,90,)
+2 8,0, (6, — 85) (C* —2iCH, + 6, — 16, 0,)
=1 {C2 (0, —0;) —2CT (0,2 — 02) —420,0,(0, — 0,)}
FCRT 0,8, (6, — B) — 2CE 6, 6, (B2 — 62) — 45 02 0,2 (6, — 6,)
3
=210, —0,) +{—CHI(6, — 8,) +2CII (8, —0,). .5110,.
- ATT (8, — 6,)- 56,6

3
1

=—-C+C(C-y +Cy) —C-, Gy
=0 whenC = C+1OIC_ .
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The expressions for amplitudes are as below :

3 .
SO - .E A}- 6!0,15
1
Q. - : _ A" @Brf he —_ ']-;' + 9 Hi D6
S; = 98, ¢, e >,  where A, = (6, — 0,) (6, — 8) (26)
3 — = A"”__ 10r§
SR e ca
3
Io=|Se|2=2A2L23A A cos (6, — 8,) ¢
3
=(ZA,) —-22A, A, (1 — cos 6, —0, &)
1
=1—-4XA, A, sin® (9’7~—; 9") £
[ 3 —
I, =1 -—~4:Z,’ A, A, sin® (0’—9@) £.
2 A A, . 6. — 46
—_— . . 2 A S 9
I, | 42,'(20,—~1+a)(’0—-1+ )sm( 5 )f »(ﬂ)
. 3 A, A ., (0. — 8,
T T e, 1 o g, e s () ¢

Appendix

n n n
Interpretation of expressions of the form X c,x¢C,2¢, -
i 1 1

for n =1, C,2
24 22, C12 "]""C-_).z +C1 C2
7L:3, CgJ—C)g'*"C2+C1C2+C2C3+C3C1"‘

EC”ZC”ZCu -ch :2 sz bn}
1 1 1
vZ'C” JZC CJ’

:2 P C;‘ Cj Ct'
1




Dijfraction of Light by Supersonic Waves—1 441

£1,5,1C, GG,
1

(for n=1 C

| n =2 C*+0C?4C,2C, +C,2C,.

1 n =3, C34C2%+Cs%+C2C +C2C, +C2C, + G2,
+ G Cy +C52C, + C, G, G

%gfq%gig
1

n

_¥e, {zc,,[zc c] ~fecoe,

1

zc,,zc,,):c c 3¢, =3¢, C ¢ CC,

Generally,
E‘Cni‘C”E‘Cﬂg‘Cn v:.’Z’Cﬂ ———'E‘Al, Ag]r.A,.C)\lc)\o--.C)\ ‘
1 1 1 1 1 1 - (28)

p—

r times

where the terms under the sign of summation are to be counted once only.

n
In the course of the work we require the sums of X #? for various values
1

ofp(p=12,34,---8). For this purpose the well-known formula derived
from Euler's summation formula has been employed.

Z,‘;]‘M— _7.1_? ,|_W)+pn1‘) 1 _ ]5(?—-1) (P ~>'}2f' 3

1 p+1 12 720
—1 R L
P 30248 b —3) ( n,,
_p-10 -0 —-[_3> P8 =020 - (29)
Lo =020 =3 (PGG ‘-t)lgﬁ =50 -0 =108,
_691-p(p—1) (p—2) (p—3) (p—4) (p—5) (p—6) (p —T7) (A —8) (1 —9) (p —10)
9730 |12
X nl-1 L ...
{j,, z’i_(%t_l)., %72 _n(n +1é(2% +1) %;”73: {ﬁ_%f;})}z,
s n(n 1) (@ +1) (302 +3n — 1)
%,7 _n(n n - 1 # ’
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7o wim +1)2(2n% 4 20— 1)
Lrt= 12
n 9 4 3 __
21:76 _nn + 1) (2n + 1)1(132% +6n3 —3n + 1) (30)
Fo M A+ 1)2(5nt A 607 +at —dn 4 2)
~ = 94 R
d n®  n® 2 2 n
Irt=Tg +y Ty Wty g
_nn+1)(2n +1) (5n8 4 1505 4 5n* — 150% — n? + 9n — 3)
7 "t s it LA
C,=1ip(* + ar)
?c,. —ip {* (o + 125(2” D m ) (31)
ZCr= —p St ta)t = —prS (A 4 207 4 a?s?)
1 1 1
3 €2 = — g2 {n (n +1)(2n 1) (3% 4+ 31 — 1)
1 30
(32)

) 1) (2
+% n2(n +1)2 +a2 " ( +~)6( s +-1~>}

37(3,.3 = —1p? ¥ (** + a)®

1 1

= — ip3 {%1’6—%—341%75-}—3(12%?4 —i—a")?rs}

z’t'cra — ~ip3{n (n +1) (27 +1) f;f“ + 613 — 31 + 1)

1

2
+ 21@2 (n +1)2(2n%2421n — 1) + %0 n (n+1) (2n +1) (312431 —1)

+ “g n2(n +1)2} (33)

=pt 2 (7 + dar” 4 6a?r® + 4a¥ 5+ at )
1




Diffraction of Light by Supersonic Waves—1/ 443

-

I = 4{30 (n+1) (2%-}-1)(%2-}—3%»1)—]—3 2 (n41)%(2n2+2n —1)

+-,l—,-n(n +1) (20 + 1) (3n* + 623 — 3n + 1)

—l—%"ﬂ(” +1)2(3n* 4+ 6n% —n® —dn + 2) (34)

woowd 2 7T o 2 . )
T Ty TR T T g™ )

2 +1 2
= {[” D )
1) (2n +1) 3% + 30 — 1 0

A1) (20 4]
A >6 ( @._.-._)]}

9

;__g_"{ae?"_'_@__iﬂ)[ non+1) +2(2n +1)J

I+ 1 1) (2 :
+ 5 ne +1)2[1 : ”“U] prl ) et )[5n(2n~+3n +1)

+ 6 (302 + 30 — 1)]}

=—%—2{§»‘gn(n+1)( +2) (31 1) +§n2n + 120 +2)

LA+ 1) +3) (o~ 1),
180

0.2

s GG = ——pz{———-n(n +1) (i +2) (3 + 1)

24
2) (2n41) (20 +3) (Bn —1
+ %”2(” +1)2(n +2) +"7’(”‘+1)(”+ ) ( 7;2‘0)( n+3) (bn )}

Cor +Cus1 + ('n +4c) Su

=ip {1 Y | | +4)[ (’_’WJc,l)G{’ZLWF.l_).

+5n(n +1)]}

—ip {n3+2n PR R) (2”’6+1) (n +4) + n (n+1) (0 +4) +m}
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(,2_4_?( +3),  n@+D) f’_b_gj_)(?an—}-5 +n 4t >} (36)

=¢p{ 2
L. +n51C,.=17p{1 _a_}_("-.—{'l),(‘ '2 )(2n+3) L (n 1) (n _[__2)}
=1p {(%j—“ll(n 8 2) @n + )+1 +%-n(n —E—3)} 37)

To find the value of 35t C, C, C;, we make use of the following relation :
1
65C,CC =(EC)° +2 2" ¢ +3(5¢) (EC2)
1 1 1
; g (Rl £ ),(’n +1)
65¢,¢¢ = —ip J[ .

+
,)[ {n +1) (2n +1) (3n* +640% —3n 4
+ Tt T 4{.) T

Q-‘

(n + 1)]3

5"
1)

im0+ — 1) + %—; nn+1)2n +1) (3n2 +3n — 1)

3".
+ % n? (n -+ 1)2:}

n (n41) (2n+1) (3n*+3n—1)
it

9
+3 [77’__91._','[.'h_1é(-_,7’7’ + 1) + %n (n +1 180
+ _‘Oj‘n2 (11 + 1)2 L q2 771»(,”'__—%_1_2)_@71 J’__l)]} (38)

Similarly to find, Srat C,.C,C, C,, we use the following relation
1

24 5C,CCC =FC)H +65C +850,8 - 5C +3(2C2e
1 1 1 1 1 1

+6ZC2 (ZC) (39)
1 1

All the quantities on the R.H.S. being known, the expression can be

summed up.

EC“forn =1.9...

(1 +4a 4+ 602 -+ 4a® + ot

957 + 5l6a - 390a2 + 13207 + 17as ‘

P* X | 6818 + 9264 + 4764a> - 1114a - 98 ¢ (40)
72354 - T4800a + 29340a? - 5200a’ -+ 354as l

| 462979 - 3872920 + 82060a% + 17700a® + 9798 |

The values of }5'1 C,, f? C,%, .. are tabulated below forn =1, 2, 3, 4, -. -
1 1




Diffraction of Light by Supersonic Waves—1 445

Iz, 5o
LI L
w (1 +a —p¥l +a)
ip (0 4+ 3a) —p¥Ba® + 18a + 17)
ip(14 +6a) — p2 (14a® 4 72a + 98)

30 + 10a

(
(
(
(91 —+2la) —
1p (140 4 28a) —
ip (204 + 36a) —
ip (285 -+ 450
ip (385 + B%)
ZI,: r, s C, C:

e 1)
— p(Tat + 24a +21)

— p%(25a 4 1200 + 147)
— p?(65a® 4 400a -+ 627)

— p?(140a? + 10500 + 2002)

p2 (266a2 -+ 2352 o+ 5278)

p*(462a 4 4704a + 12138)

(75002 + 86400 + 25194)
(115502 + 14850 a + 48279)
(17

0502 -+ 24200a + 86779)

‘2.
9
9

p
- p*
—p

n+1

C,+2C
1

) — p?(30a* + 200 o + 354)
55 -+ 15a) — p *(55a2 + 450a + 979)
o (91a? -+ 882 -+ 2275)
P (140t + 1568 + 4676)
()04a~ +2592a + 8772)
85 +45a — p*(385a?+6050a +25333)

- b
[

zp3(1 + a)?
0% (9a® + bla? + 99a + 65)

- lp (3603 + 2940% 4 828a + T94)
— i3 (100® -+ 10624 + 3900 - 4890)
——‘Lp (225a% + 29372 + 13275a +20515)
- (441a3 + 6825a% + 366030 -+ 67171)
03 (754a3 4 13028a? + 81024a -+ 184820)
(1796a + 2613602 + 185328a +44694)

f" rsit C)‘ G C
!

1p*(1 + a)®

03 (85 + 14la + 792 + 154%)

(90&3 + 66402 -+ 16620 + 1408)

03 (35008 + 330402 + 105700 + 11440)
(1050a3 + 12054a? + 46830a + 61490)
0% (26464 + 3574202 + 163170a -+ 251498)
0% (5880a% -+ 91308a2 + 4725984 -+ 906200)

Cogt Cpay + (1 +4)S,

tp (6a + 10)
1p (20a + 40)
ip (45a + 115)
tp (84a 4+ 266)
ip (140a + 532)
ip (216a + 960)
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In conclusion, it is my greatest pleasure to record my respectful thanks
to Professor Sir C. V. Raman for suggesting the present investigation and
for valuable guidance and criticism in the course of the work.

Summary

The three methods (Series, Bessel-function and Closed Expression)
which have been used for dealing with the problem of the diffraction of light
by supersonic waves have been worked out in detail and the amplitude
expressions for the diffracted orders are written i exfenso. In the case of
the third method, the intensity expressions assume a simple form.
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