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Abstract
1. Ler a rectilinear congruence be defined by
E=x+tX,n=y+ 1Y, {=z+ 1L
where x, v, z, X, Y, Z are functions of two variables u and v.
Denoting Sannia’s two quadratic forms?
Edu®+ 2 Fdudv+ Gdv? and 8du®+ 2 8'dudv + 8" dv?,
by f and ¢ respectively, we know that the equations of (i) the surfaces

whose spherical representations are minimal lines, (if) developable surfaces,
and (i) surfaces of distribution,® are respectively

f=0, 6=0,T(f.$)=02

The object of this paper is to obtain analytically a property of the
spherical representations of the distributive ruled surfaces through a line
of a normal rectilinear congruence.

2. When the congruence is normal, the focal planes are at right angles
and hence the two quadratic forms f and ¢ are harmonic, so that

Eé"+ G3—2F8 =0.
This relation can also be written in the form f— f"= 0 where f stands for

ZX,x, and f’ for ZX,x;, the subscripts 1 and 2 denoting differentiation with
regard to u and v respectively.

We have
| (81'__ §~_> _ 2Fé& —E8"— Gé& 1
VEG—F\bu v EG— gz (1)
where v (= ZXx,) and ' (= 2Xx,) are given by
—y VEG=E=08,—8/= I8+ (I~ AV¥+ A (2)
and ‘\/EG F;___ 8 " __ 8 + F/r5+ (AI/ F/ 8! AISH (3)

where the letters F r,r, A, A', A" have their usual meanings.’®
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Let the curves on the sphere which represent the surfaces of distribution
be taken as the parametric curves, then

- i~ | Edu+ Fdv Fdu+ Gdv | __
I/, %)= 8du -+ 8'dv 8du+ 8"dv |
must be the same as dudv = 0, and therefore we have
§=0, F=0. 4
Also since the congruence is normal, we have
8')/, 8'), . ’ ” . 5
57— 55 =03 2F8 —E8"—G8=0 ©)
so that (1) is satisfied identically, and (2), (3), (5) become, making use of (4),
S — IS + A8 =0 (6)
81” 4+ s — A’S”z 0 (7)
E8"4+GS8 =0 (8)
, GE, —FG; E, . _ —FE,—EE,+2EF,  E, .
But I"= sg5G—F% = 28° & = 2(EG-FH) ~ 2G°
e T FG,— GG, +2GF, _ _ Gy | A = EG,—FE, _ G1:
2 (EG— F? 2E’ 2(EG—F3) 2G°
(6) reduces to 8y — (%—%— §G : %—2 =0,
and (7) reduces to 8," — (%—{— % : %i= 0. .

;=0 and’5,”"= 0 from (8).

Hence § is a function of u# only and &” is a function of » only. But

b E
-8—7, = — G from (8).
E a function of u only

G ~ a function of v only

32 E . .
SSo log (G)=O, which shows that the pgrametrlc curves are

isometric.
Hence we get the theorem:

The curves on the sphere representing the distributive ruled surfaces
through a line of a normal rectilinear congruence are isometric.
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