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1. INTRODUCTION

WE consider 2n-dimensional real manifold V., of differentiability class
C"1, there exists in V,, a vector valued linear function F such that

X+ X = 0, for arbitrary vector field X, (1.1a)
where
Xast: B (X). (1.15)

Then F is said to give an almost complex structure to V., and V., is called
an almost complex manifold.

Agreement (1.1); All the equations which follow hold for arbitrary
vector fields X, Y,Z, T, W, ..., etc.

Let the almost complex manifold V,, be also endowed with the Hermitian
metric g:

g(X,Y) =g(X,Y), (1.2)
then Vo, is called an almost Hermite manifold.
Let us put
'F (X, )%t g (X, Y). (1.3)

Then from (1.1 4), (1.2) and (1.3), we have

FX,V)=—gXY)=¢g(X,Y) ="F(X,Y), (1.4 a)

F(X,Y)=g(XY)=—"F(XY),
F(X,Y) = — F(Y, X). (1.40)
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suppose Dy IS 4 Riemannian connexion satisfying:
DxY DX = [X, YL
1Dyl iY. Z) = O
Lot K #e the curvature tensor of Van w.r.t. Dy given by
KiN.Y.Z) = DxDZ — DyDxZ — Dix,v1 £-
Lot Ric e the Ricel tensor of Vg, given by

Ric Y. £y (CKI(Y. Z)

and
RiciY.Z) = Ric(Z,Y).
Let us put
Riciy. Z)2 g (r(Y), Z)
and

RetCiir).
anerz R i~ the scalar curvature.
in an aimost Hermite manifold Van, we have
DoF Xy = — (DF)(X).
W2 wnew that manifeld V., is a birecurrent manifold if

DDxRGZ T W) = a(X, Y)K(Z, T, W) + (DpeK) (Z, T,
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The projective curvature tensor *W, the conformal curvature tensor V,
the conharmonic curvature tensor L, the concircular curvature tensor C are

given by [2]
WE LW =KEZTW - (Cn *1::“1") [Z Ric (T, W)
— T Ric (Z, W)], (1.14)

V(ZT,W) =K(ZT,W— 2—@«‘:1) [Z Ric (T, W)

— TRic(Z, W) + +(Z) g(T, W)

—r (1) g(Z, W)] + 2"(2“,;[;;_‘%"(;5“:‘1’5

X [Zg (T, W) — Tg (Z, W)], (1.15)

L(Z, T,W) =K(ZT,W)— 2@'_ iy [£ Ric (T, W)

— TRic(Z, W) + r(Z) g (T, W)

— (D) g (@ W), (1.16)
CETW) =K@EZTW =y 08 Zg(T,W)
— Tg(Z, W)], (1.17)

respectively.
2. BAsic FORMULAS
We can make use of the following result (Ricci identities) wherever

necessary,
(DyDxF) (Z) — (DxDyF) (Z) — (D, x1 F) (Z)

== K(Y.X,Z) — K(Y, X, Z), (2.1)
(DyDY'F)(Z, T) — (DxDyF)(Z, T) — (Dy,xq'F) (Z, T)
— — 'F(K(Y,X,2),T) — 'F(Z, K(Y, X, T)). (2.2)

(DyDx P) (Z, T, W) — (DxDyP) (Z, T, W) — (Dyy,x; P) (£, T, W)
=K (Y, X,P(Z, T, W)) — P(K (Y, X, 2), T, W)
—P(Z,K(Y,X.T), W) —P(Z, T,K(Y, X, W). (2.3)
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where P is any one of the curvature tensors K, *W, V, L or C.
(DyDyRic) (Z. T) — (DxDyRic) (Z, T) — (Dv,xn Ri0) (£, T)
— - Ric (K (Y, X. ), T) - Ric (Z, K (Y, X, D). 2.4

(DyDyr) (Z) — (DxDy) () — Dy, 7) (£)
=K (Y, X.r(2)) — r (K (Y, X, D)

3. DEFINITIONS

Let P. a vector valued trilinear function be any one ?f the cur_vatu{‘c
tensors K. *W, V, L or C. Then the almost Hermite manifold V., is said

to be

(i) Birecurrent in P (first order and second kind recurrent) if

(DyDyP) (Z, T, W) = (DxP) ((DyF) (Z), T, W) — (DpyxP) (Z, T, W)
— (DyP) (D«F) (2), T, W) + P ((DyDxF) (2), T, W))

=a(X,Y) P(Z, T, W) + P ((DpexF) (£), T, W). 3.D
() (1, 2) birecurrent in P 1if:

(DyDxP) (Z, T, W) + (DxP) (DyF) (Z), T, W) — (DpexP) (Z, T, W)
~— (DyP) (Z, (DyF) (T), W) + (DyP) ((DxF) (2), T, W)
— P ((DpwxF) (Z), T, W) + P (DyD«F) (2), T, W)
— P ((DxF) (Z), (DyF) (T), W) + (DyP) (Z, (D<F) (T), W)
— P (1DyF) (2). (DxF) (T), W) — P (Z, (DpxF) (T), W)
—P(Z.(DDF) (D), W) =a (X, Y) P(Z, T, W). (3.2

On interchanging X and Y in (3.2) and subtracting the resulting equation
thus obtained from (3.2). we have

(D“,'D:\‘p} lz. T. “ﬂ‘ - (D]\Dgp) (2~ Ta W) + P ((DYDXF) (Z)

— Dy, xF) (Z) — (DxDyF) (2), T, W)
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+ P (Z, (DyDgF) (T) — (Dyy, xoF) (T) — (DxDF) (T), W)
=AX Y)PZ T, W)+ (Dy,uP) Z T, W),

where

A, V)2 a(X,Y) — a(Y, X).
(iii) (1, 3) birecurrent in P if
(DyDxP) (Z, T, W) — (DxDyP) (Z, T, W) + P ((DyD\F) ()
— (D, xF) (Z) — (DxDyF) (2), T, W)
+ P(Z, T, (DyDxF) (W) — (Dyy. ;) (W) —(DxDyF) (W))
=AX,Y)PEZ T, W) + (Dy,gP) (Z, T, W). (3.3)
(iv) (1, 2, 3) birecurrent in P if
(DyDxP) Z, T, W) — (DxDyP) (Z, T, W) + P ((D,D4F) (2)
— (Dy,xF) (Z) —(DxDyF) (2). T, W)
+ P (Z, (DyDxF) (T) — (Dry,x,F) (T) — (DxDyF) (T), W)
+- P(Z, T, (DyDxF) (W) — (Diy, xF) (W) — (DxDyF) (W))
=AX Y)PZT, W) + Dy,xP) Z T,W). (3.4)
(v) (1, 2, 3, 4) birecurrent in P if
(DyDyx 'P) (Z, T, W, U) — (DxDy'P) (Z, T, W, U)
— (Dyy,x'P) (Z, T, W, 0) + 'P (DyD<F) (2)
— (DxDyF) (2), T, W, U) — 'P(Dpy,xF (2, T, W, U)
+ P (Z, (DyD<F) (T) — (DxDyF) (T), W, T)

— 'P(Z, (Dyy,xF) (1), W, T) + 'P (Z, T, (DyDxF) (W)
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—(DDyF) (W), U) — 'P(Z, T. (D, uF) (W), U)
— 'P(Z, T, W.(DyDyF) (U) — (DDyF) (U))

—P(Z.T. W, (D, wF) (W) = A, Y) P(Z, T, W, O,
(3.5 a)

where

PIZ, T, W, U)ek g (P(Z, T, W), U). (3.55)

We can similarly define (3), (4). (1, 4). (2,3), (2, 4), (3, 4),(1, 2,4), (1. 3. 4),
(2, 3, 4) birecurrence in P.

Definizions (3.1 b).—Vsy is said to be generalized (1), (1,2), (I, 3),
(1. 2. 2y and (1. 2, 3, 4) birecurrent symmetric if A (X, Y) =0, i.e., a(X, Y)
=aiY. Xt in (3.1), (3.2), (3.3), (3.4) or (3.54a).

Theoremn (3.1).—For an almost Hermite manifold V,,, we have

(DyDF) (Z) — (DDyF) (Z) = — (DyDF (Z) — (D5, DyF) (2).

3.1
Proof.—We have
(D¢DF)(Z) — (DyDyF) (Z) — (Dyy, 1 F) (Z)
=KI(Y,X,Z) - K(Y, X, 2). G.l1a
Barring Z in (3.1 4). we have
{DyDyF)(Z) . (D DyF) (Z) — (Dgy, 1 F) (2)
=—KI(Y.X.Z) - K(Y, X, 2). (3.1 5)

Barring (3.1 A) throughout and comparing this with (3.1 4), we have

\DsDuF)Z) ~ (DNDF) (2) — (B 5 B (2)

= DsDsF)(Z) — (D{DF) (Z) — (Dyy, 4, F) (2). (3.1¢)
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Barring (3.1 ¢) throughout, we get

- (DyDgF) (Z) — (DyDyF) (Z) — (D, 1 F) (2)
= — [(DyDyF) (Z) — (DyD\F) (Z) — (D, F) (D)) (3.14)
We know from (1.11) that
(DyF)(Z) = — (DyF) (2). (3.1¢)

From (3.14) and (3.1 ¢), we get

(D\DyF) (Z) — (DyDyF) (Z) = — [(DyD4F) (2) — (DyDyF) (D)),
(3.11)

which proves the statement.

Theorem (3.2).—The necessary and sufficient condition that an almost
Hermite manifold V., be (1) birecurrent in K, (K5I) is:

(DyDyK) (Z, T, W) — (DyDK) (Z, T, W) + K ((DyD,F)(Z)
— (Dpy, xiF) ()= (D4DyF) (Z), T, W)
=AX, Y)K(Z,T,W) + (Dyy, xK) (Z, T, W) (3.24)
or

(DyDyRic) (Z, W) — (DiDyRic) (Z, W) +- Ric ((DyDF) (2)
— (Dy,xF) (2) — (DyDyF) (Z), W)

= A (X, Y) Ric (Z, W) 4 (Dyy, wRic) (Z, W), (3.2b)
or
(DyDRic) (Z, W) — (D,DyRic) (Z, W) — Ric (DD, F) (2)

—~ Dy, ) (@) — (DDSF) (2), W)
= A(X,Y) Ric(Z, W) + (Dyy,x Ri0) Z, W), (3.20)

or
(DyDyr) (Z) ~ (DyDyr) (Z) + r (DyDF) (Z) — (DyDyF) (2))
~ 1 (D, P (@) =AX,Y)r(Z) + Dy, 1 ), (3.24)
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(DyDyr) (Z) — (DyDyr) (Z) — r ((DyDF) (Z) — (DxDyF) (2))

- F ((D{Y, x1 F) (Z)) =A(X,Y) r(Z) + (D[y, x17)(Z), (3.2¢e)

(DyDyR) — (DyDyR) + C;* (r (DyD,F — DDyF) — (Dy. F))
= A (X, Y)R +(D[Y,XI R). (3-2f)

Proof—(3.2 a) follows from the definition (3.1). Contracting (3.2 a),

we get (3.22) to (3.21). Using theorem (3.1) in (3.2 ¢) and contracting,

we

get (3.2 1).

Theoren (3.3).—The necessary and sufficient condition that an almost

Hermite manifold V., be (1) projective birecurrent (WK5I) is:

A (Xa Y)* W (Zs T: W) + (D[Y, X1 *W) (Z’ T: W)
—*W ((D[Y, x1 F) (2), T, W)

= (DyDyK) (Z, T, W) — (D, DyK) (Z, T, W)
—K ((DYDXF) ) — (DxDyF) (2), T, w)

~ @1 PP @) — (D,DyF) (2)) Rie (1, w)
* Z ((DyDyRic) (T, W) — (DyD,Ric) (T W))

— T {(DsDyRic) (Z, W) — (DxDyRic) (Z, W)
+ Ric ((DyD,F) (z) — (DyxDyF) (z), W) (3.3)

—The Weyl curvature fensor is given by (Mishra, 1965).

Z, T, W (2n_1__1)[2Ric(T,W)

— T Ric(Z, w)]. (3.3 a)
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From (3.3 @), we have
(D *W) (Z, T, W) + *W ((DF) (2), T, W)

= (DK)(Z, T, W) + K ((DxF) (Z), T, W)

~ (n . 1y (DxF) (2) Ric (T, W) + Z (D,Ric) (T, W)

— T ((DxRic) (Z, W)) -+ Ric ((DF) (2), W)],

and

+ (Dy*W) ((DxF) (2), T, W) + *W ((DyDyF) (Z), T, W)

— (DyDK) (Z, T, W) + (DK) ((DvF) (Z), T, W)
+ (DyK) ((D4F) (2), T, W) + K ((DyDyF) (2), T, W)

1
T (2n—1)
+ (DyF) (2) (DyRic) (T, W) + ((DyF) (2)) (DyRic) (T, W)

[(DyDF) (2) Ric (T, W)

+ Z (DyDgRic) (T, W) — T {(DyDyRic) (Z, W)
+ (DyRic) ((DyF) (Z), W) + (DyRic) ((DgF) (Z), W)
+ Ric ((DyDyF) (Z), W)}]. (3.3 b)

Let the manifold be (1) projective birecurrent and then interchanging
X and Y and subtracting the resulting equation from (3.3 b), we get

A (Xa Y)* W (za T> W) ”l_ (D [y, X1 *W) (z: Ta W)
4 *W ((Dyy, 51 F) (2), T, W)

== (DYDXK) (za Ta W) - (DXDYK) (zn T9 W)
+ K ((DyDyF) (Z) — (DsDyF) (Z)), T, W)

B (;);n!; 1y L((DyDyF) (2) — (DxDyF) (2)) (Rie T, W)
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+ Z ((DyDgRic) (T, W) — (DDyRic) (T, W))

— T {(DyDRic) (Z, W) — (DyD,Ric) (Z, W)
-+ Ric (((DyDyF) (2) — (DxDyF) (2)), W)1]. (3.3¢)

which proves the statement.

Theorem (3 .4).—The necessary and sufficient condition that the almost
Hermite manifold V,, be generalized symmetric in *W of the first order
and second kind is:

(DYDXK) (Za T: W) - (DXD&K) (]Za T> W) - (D [V, X] K) (z: T> W)
+ K (((DyDyF) (Z) — (Dry, x; F) (Z) — (DyDyF) (2)), T, W)

o 1
2n —

1) [(( DVDXF) (Z) - (D[Y, X] F) (Z)

— (DDyF) (2)) Ric (T, W) + Z ((DyDRic) (T, W)
— (Dyy,x3 Ric) (T, W) — (DyDRic) (T, W))

— T {(DyDyRic) (Z, W) — (Dyy, x; Ric) (Z, W)

— (DyDyRic) (Z, W) + Ric ((DyDyF) (Z) — (Dyy, x; F) (Z)
— (DxDyF) (Z), W)}] = 0. (3.4)

Proof.—Now using the fact that V., is said to be generalized symmetric
in *W of the first order and second if A (X,Y) =0. Hence, from Theorem
(3.3), we get the result.

Theorem (3.5).—In order that KAl be WKAI, we must have

Z Ric (((DyDyF) (T) — (DyDyF) (T) — (D (v« F) (1)), W)
+ ((DyDyF) (Z) — (Dyy, x5 F) (Z) — (DyDyF) (2))
X Ric (T, W) = Q.

Proof.—From Theorem (3.2 a) and (3 .3), we have

AXY) (*W(Z, T. W) — K(Z, T, W))

— - (Zn‘“{f‘f) [(DyDF) (2) — (DyDF) (z)
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— (Dyy,x1 ) (Z)) Rie (T, W) + Z ((DyDyRic) (T, W)
— (DgDyRic) (T, W) - (Dyy,x; Ric) (T, W))

~ T{(DyDgRic) (Z, W) -- (D,DyRic) (Z, W)

S o
+ I
) &
|
- H
: 4
it
T
S
Lo
}'3 .
1 L]

— (Dyy,x Ric) (Z, W) | Ric (DyDyF) (2)
~ (DyDyF) (Z) — (Dyy, 3 F)(Z)), W)}]. (3.50)

Substituting the value of *W Z, T, W)— Kz, T, W) from (3.34) in
(3.54) and using Th(3.24) and (3.2 ¢), we have

[Z ((1DyDyRic) (T, W) ~ (DyDyRic) (T, W) — (Dyy,; Ric) (T, W))
— Ric (DyDxF) (T)— (Dy,x F) (T) - (D, DyF) (T), W)
— T (DyDyRic) (Z, W) — Dyy y; Ric) (Z, W)

— (DyDyRic) (Z, W) 4- Ric (DyDF) (Z)
~ (DyDyF) (Z) -- (Dyy,x; F) (2), W)
= ((DyDF) (Z) - (DyDyF) (Z) — (Dyy, 51 F) (Z)) Ric (T, W)

+ Z ((DyDyRic) (T, W) - (DDyRic) (T, W)
— (D, x Ri¢) (T, W)) — T {(D,DyRic) (Z, W)

— (DyDyRic) (Z, W) — (Dyy x; Ric) (Z, W)
+ Ric ((DyDyF) (Z) — (DyDyF) (Z) — (Dyy,x; F)(Z), W)}]
I.e.,
~ Z Ric (DyDF) (T) = (DyDyF) (T) - - (D, F) (T)), W)
((DYDXF) (Z) ~ (DyDyF) (Z) = (Dygy, x; F) (2)) Ric (T, W),
which proves the statement.

Theorem (3.6).—If an almost Hermite manifold is a projective bire-
current manifold of the first order and a Ricci birecurrent manifold for the
same recurrence parameter, then it is a birecurrent manifold of the first
order provided
(DyDyF) (Z) Ric (T, W) - (DyF) (Z) (DyRic) (T, W)
— (DpyxF) (Z) Ric (T, W) + (DyF) (Z) (DyRic) (T, W) = 0. o
(3.6)
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or
((D;DyF) (Z) — (DyDyF) (2) — (Dyy,x F) () Ric (T, W) = 0.

Proof.—We have

(DD *W) (Z, T, W) + (D *W) ((DyF) (2), T, W)
+ (Dy*W) (DyF) (Z), T, W) -+ *W ((DyDyF) (2), T, W)
= (DyDyK) (Z, T, W) 4+ (D4K) ((DyF) (2), T, W)
+ (DyK) (DyF) (2), T, W) + K ((DyDxF) (2), T, W)

_ @n{,l) [(DyDF) (Z) Ric (T, W)
— (D4F) (Z) (DyRic) (T, W) + (DyF) (Z) (D¢Ric) (T, W)

+ Z (DyDRic) (T, W) — T {(DyDxRic) (Z, W)
— (DxRic) ((DyF) (Z), W) + (DyRic) (DxF) (Z), W)
— Ric (DyDxF) (2), W)}]. | (3.6

Let the manifold be (1) projective birecurrent and Ricci-birecurrent for
the same recurrence parameter, then we have:

a(X.Y) (*W @ T. W) + iy (Z Ric (T, W) — T Ric Z, W)))

— (DpyxK) (Z, T, W) + K (Dp,xF) (Z), T, W)
= (DyDxK) (Z, T, W) + (DxK) ((DyF) (2), T, W)
— (DyK) ((D«F) (2), T, W) + K ((DyDxF) (), T, W)
— =) {(D«DF) (2) Ric (T, W)
— (DnyxF) (Z) Ric (T, W) + (DxF) (Z) (DyRic) (T, W)

+ (DyF) (Z) (DgRic) (T, W) — T ((DxRic) (DyF) (2), W)

+ (DyRic) (DxF) (), W) + Ric (DyDxF) (Z), W)}.
(3.6 5)

T T e S e
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Using (3.6) and (3.3 a), we get

(DyDxK) (Z, T, W) 4 (DxK) ((DyF) (2), T, W)
— K (Do) (2), T, W) + (DyK) (DxF) (D), T, W)
+ K ((DyDxF) (@), T. W) S :

= a (X, Y) K (Z, T, W) + (Dp.xK) (Z, T, W) (3-6 )

i.e., An almost Hermite manifold is (1) birecurrent manifold which proves
the statement.

Similarly we can prove that if an almost Hermite manifold is (1) bire-
eurrent manifold and either Ricci birecurrent or (1) projective birecurrent
then it is also either (1) projective birecurrent or Ricci birecurrent manifold
provided (3 .6) is satisfied.

Note (1.1).—Theorem (3.2) to (3.6) can be put in an alternative form
by making use of Ricci identities (2.1) to (2.5).

Note (1.2).—We can also prove theorems for the curvature tensors
V, L and C similarly as theorem 3.3 to 3.6, for the. projective curvature
tensor - *W. .

Note (1.3).—If we put (DxF) (Y) =0 or (Dqu) (Y 4} ——0 then all
the results holds good in a Kihler manifold.
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