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RIBAUCOUR CONGRUENCES' are the congruences formed by lines through
points on one surface parallel to the normals to another surface, the two
surfaces corresponding with orthogonality of linear elements. The latter
surface is called the director surface and the former one is the surface of
reference. The object of this paper is to obtain several properties of
Ribaucour congruences.

1. Suppose S, is the surface of reference, the co-ordinates of any point
on it being (x;, ¥4, zy) and S is the director surface, the co-ordinates of any
point on it being (x, y, 2)

then Zdx-dx; = 0?
0X bxl X 0Xy__ bx bxl bx 0%y _
of du 0; 2 W 0; 2 +2 dW =0 (1-1)
let the last of these equations be replaced by
X bxl bx _Bﬁ . i
o = ¢H; Z' S = éH (1-2)

Then if X, Y, Z are the direction cosines of the normal to S; E, F, G,
D, D’, D’ are the fundamental coefficients of the first and the second order
and K is the total curvature of S,

, bqﬁ bc/) » b</> , bgb
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0Xy du W 0Xy w oY _
X =—Txm— *X% = —xm (1-3)
where
02X 2 o X b¢
axl_D("S'S'J”X o) D( " (1-4)
W KH
and
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and similar expressions for y, and z;.
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Hence for the congruence of lines parallel to the normals to S, the coeffi-
cients e, f, f', g of Kummer’s form are given by

x; X

e =221 = (DF— Dg) (1-6)
fern X _pa_ D”M )
prezaX_ppns)l (1-8)

%@.%Z(D'Q—D”g)% (1-9)

where &, 3’, & are the fundamental coefficients of the first order of the
spherical representation of S.

Solving the equations (1-6) and (1-8) and the equations (1-7) and
(1-9) we get

=5 o (1-10)
,m8g~gf__c7f,~cg’e .
D —_ "“'"q’s‘"'j{.""""” - '""?’:7—‘[.“"“ (1 11)
n__ F 8 — ,9’
The asymptotic lines on the director surface are given by
Ddu? 4 2D’ dudv + D"dv? = 0 (1-13)

or using the equations (1-10), (1-11) and (1-12) we get®
(8f'— Fe) du+ (68— Ge+ Ff'— Ff) dudv+ (Fg— Sf) dv®=0 (1-14)
But this is also the equation of developable surfaces through the line of

the congruence. Hence the developable surfaces through a line of the congru-
ence of Ribaucour cut the director surface in asymptotic lines.

The lines of curvature on the director surface are given by
(ED'— FD) du® + (ED" —GD) dudv + (FD" — GD") dv?* =0  (1-15)
But |

1 4 7
E =5 [4D?— 25DD' + £D7] (1-16)
F= ,1.., [¢DD’ — DD’ — &D'? + ¢D'D’] (1-17)

G=_5 [CQD'2 —25D'D" + D" (1-18)



2 (DF—D'8)du+([Dg—D"8)dr (Dg—D"8)du+2(D'g—D"F)dv

2 (ED'—FD) du+(ED"—GD)do  (ED"—GD) du-+2 (FD'—GD’) dv
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Writing down these values of E, F, G in (1-15) we get |
(FD — D) du? + (¢D — 8D") dudv + (gD’ — FD") dv? = 0 (1'19)
Using the equations (1:6), (1-7), (1-8) and (1-9) equation (1-19) becomes
edu®* + (f+ f) dudv 4+ gdv® = 0 (1-20)
As in a congruence of Ribaucour the surface of reference is a middle
surface, the equation (1-20)is the equation of the surfaces of distribution.*

Hence the surfaces of distribution through a line of a congruence of Ribaucour
cut the director surface in the lines of curvature.

- The equations of characteristic surfaces are given by®
ddu + d'dv o'du + 3"dv
edu+ 3 (f+f)dv $(f+ 1) du+ gdv

where §, &', 8" are the coefficients of Sannia’s second fundamental quadratic

form. Using the equations (1-10), (1-11) and (1-12) we get |
Ddu + D'dv D'du + D"dv

edu + 3 (f+ f) dv (/4 ) du + gdu

With the help of equations (1-6), (1-7), (1-8) and (1-9) equation (1-22)

becomes

Ddu + D’dv D'du + D"dv

=0 (1-21)

=0 (1-22)

or from the equations (1-16), (1-17) or (1-18) equation (1-23) becomes
Ddu + D’dv D'du + D"dv

But equation (1-24) is the equation of characteristic lines® of the director
surface, hence the characteristic surfaces of a congruence of Ribaucour cut
the director surface in characteristic lines.

Hence the developable surfaces, surfaces of distribution and characteristic
surfaces through a line of a congruence of Ribaucour cut the director surface
in asymptotic lines, lines of curvature and characteristic lines respectively.

From the above we see that if the spherical representations of develop-
able surfaces, surfaces of distribution or characteristic surfaces are para-
metric, the spherical representations of asymptotic lines, lines of curvature
or characteristic lines of director surface at the corresponding point are
also parametrig, " o

‘ —0(-2) |

—0 (124 |
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Hence the spherical representations of developable surfaces, surfaces of
distribution and characteristic surfaces through a line of the congruence of
Ribaucour correspond to the spherical representations of asymptotic lines,
lines of curvature and characteristic lines of the director surface at the corres-
ponding point.

It is to be noted that these three surfaces form a cycle in the sense
that the centrai planes corresponding to any one of these three surfaces
are the double planes of involution determined by the corresponding central
planes of the other two,” also if f = 0 and ¢ = 0 are the developable surfaces
and surfaces of distribution, then the repeated applications of forming the
Jacobian with these two forms lead to only these three surfaces. A corres-
ponding result holds for the three families of curves of the director surface.

2. From the equation (1-14) we see that the developable surfaces are
parametric if

8f — Fe=0 (2-1)
and- Fg—Lf=0 . (2-2)
or from the equations (1-10) and (1-12) we get
D=D"=0 \ (2-3)
Hence the equation (1-19) of the surfaces of distribution becomes
sdu* — ¢dv? =10 | (2-4)

Hence the central planes for the spherical representation of the surfaces
of distribution through a line of a rectilinear congruence of Ribaucour bisect
the angles between the central planes of the spherical representations of deve-
lopable surfaces.

Also from the equation (1-21) we see that the characteristic surfaces
are parametric if

| 8 =0,f+f=0 (2-5)
hence the equation (1-20) of the surfaces of distribution becomes
edu® + gdv? =0 (2-6)

In a congruence of Ribaucour the surface of reference is a middle
surface

eS+gs—F(f+f)=0 27
With the help of equations (2-5) and (2-7) equation (2-6) becomes
sdu? — gdvti=0

Therefore the central planes for the spherical representations of the st.r-
faces of distributjon through a line of a rectilinear congruence of Ribaucour
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bisect the angles between the central planes for the spherical representations
of the characteristic surfaces also.

3. Normal congruences of Ribaucour.—We know that the necessary
and sufficient condition for a normal rectilinear congruence is®
8" 4+ 88 -2 =0 (3D
With the help of equations (1:10), (1-11) and (1-12) equation (3-1)
becomes
&D" + ¢D — 25D =0 (3:2)
Suppose the surfaces whose spherical representations are minimal lines
are represented by the parametric curves on the unit sphere, then
6=6=0 (3-3)
With the help of equation (3-3) equation (3 -2) becomes
D'=0 (3 -4
as the fundamental coefficients of the first and second order for the director
surface are not proportional.

Hence the necessary and sufficient condition that the congruence of
Ribavcour be normal is that the surfaces whose spherical representations are
minimal lines correspond to the conjugate systems at the corresponding points
of the director surface.

4. Let the parametric curves on the director surface of a normal recti-
linear congruence be conjugate, then

D'=0 4-1)
The equation (3-2) becomes with the help of equation (4-1)
D DII
- ¢ (4-2)

Also the surfaces whose spherical representations on the unit sphere corres-

pond to the parametric curves on the director surface have their parameters
of distribution equal to
8/’ DII

6 D
P= ;g'='3"§'55 Py=— -

Hence, the two surfaces through a ray of a normal congruence of Ribaucour
which correspond to the conjugate lines on the director surface have their
parameters of distribution equal in magnitude but opposite in sign.

5. We shall now consider the normal congruences of Ribaucour in
which the surface of reference is an orthogonal surface,
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Here y =2X23 Z)x1

and "= XX =0

From the equations (1-3)

W

D/@%_Df?sézo
du )

From the two equations (5-3) and (5-4)

either DD"—-D? =0
or ¢ = constant.
If DDII . Drz 0
¥ _p¥
_oxn_ o w Py
then y=2X % = KO
\ D" ‘96 D’ D(]S
and .y' =X Xy _ — __?_Z.I-_.______
N/ KH

become indeterminate.

Hence ¢ = constant = C (say).
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(5-1)

(5-2)

(5-3)

-4

(5-5)
(5-6)

The necessary and sufficient condition that the congruences of Ribaucour
should have the surface of reference as an orthogonal surface is that the

Bianchi’s characteristic function should be constant.

6. Suppose the surface S is referred to its lines of curvature, then

F=0,D'=0 (6-1)

With the help of equation (6-1), equations (1-6), (1-7), (1-8) and (1-9)
become ) )
(Db L D D Dyr

But since
| = 'H% (GDD’ — FDD" — FD'2 + FD'D"), 6-3)
using equations (6 1) in the equation (6-3) we get

F=0 (6-4)
Hence using the equation (6-4) in the equation (6-2)

e=g=0 65
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Since in a congruence of Ribaucour the surface of reference is the middle
surface, the equation (1-20) for the surfaces of distribution becomes

dv -du =0 (6-6)

Using the equations (6-1) and (3-2) we see that the condition of a
normal congruence of Ribaucour in which the lines of curvature at the corres-
ponding points of the director surface are parametric is

eD"+ D=0 (6-7)
" From the equations (1-10), (1-11) and (1-12) we get
8=D¢; 8’2D1¢; 8”3D/[¢‘ (68)
Also?®
—YH =8, — 8 —I'd+ (' — A)& + A" (6-9)

— 8}-” . 821 + :1//8 + (Alf . Fl) 8/ . A/Sl’ . (6.10)

where y (-=~ 2X %) and »’ (E 22X %) are given by the equations
(1-3), the subscripts 1, and 2 in 8, &', 8” denoting differentiations with regard
to ‘w’ and ‘v’ respectively. The letters I, I'', I'"; A, A’, A" have their
usual meanings.® |

With the help of equations (1-3) and (6:1) and (6-8) equations (6-9)
and (6-10) become;

w Ia /4
D=2 (D)~ I'Dp + AD'$ (6-11)
le bbj; 'a“b" (Dll¢) + I'IIID¢ . AIDI{¢ (6 . 12)
But
-T2t 28’ - 23[2 - = 28
I'rlr — _352—;931_*‘2;9,52:_:% A _f?gl géD”::gil
- 2H? 28’ 2H? 28

Equations (6-11) and (6-12) reduce to
2p_¢& (P . D ) 0

P 2 \& ya

Hence D is a function of ‘u’ only and D” is a function of ‘v’ only

. D _ afunction of ‘%’ only
" D”  afunction of “ v~ only

22 D
mhg D7=0 (6-13)

d

Q

0

R
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and D’ = 0. (6-14)

which shows that in a normal congruence of Ribaucour the lines of
curvature of the director surface are isothermal conjugate.

From the equations (6-4), (6-7) and (6-13) we see that

22 &
535108 5 =0
and ‘ F=10

in a normal congruence of Ribaucour the spherical representations
of the surfaces of distribution are isometric.

This can be proved alternately as follows :—
From the equation (3-2) we see that the surface S is minimal.

But the spherical representations of the lines of curvature on a minimal
surface are isometric and isothermal conjugate. Therefore the spherical
representations of the lines of curvature on the director surface are isometric
and isothermal conjugate.

Since the spherical representations of the lines of curvature of the director
surface correspond to the spherical representations of the surfaces of dis-
tribution, the spherical representations of the surfaces of distribution through
a line of a normal congruence of Ribaucour are both isometric and iso-
thermal conjugate.

To summarise :—

The spherical representations of the lines of curvature on the director surface
of a normal congruence of Ribaucour are isometric and isothermal conjugate. .

The spherical representations of the surfaces of distribution through a line
of a normal congruence of Ribaucour are also isometric and isothermal
conjugate.

We know that the spherical representations of asymptotic lines on a
minimal surface are isometric.

Hence the spherical representations of asymptotic lines on the director
surface of a normal congruence of Ribaucour are isometric.

As the spherical representations of asymptotic lines on the director
surface correspond to the spherical representations of developable surfaces
through a line of a congruence of Ribaucour we get the result:

The spherical representations of developable surfaces through a line of
a normal congruence of Ribaucour are also isometric.
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7. Isotropic congruences of Ribaucour—We shall find the condition
that the congruences of Ribaucour be isotropic.
Since in a congruence of Ribaucour the surface of reference is a middle
surface, we must have
e=f+f=g=0 (7-1)
using the equations (7-1) in the equations (1-6), (1-7), (1-8) and (1-9) we
have

D D D" 1
E=F "¢ X(Sa}’) (7-2)
where
&=D) F=D'A, £=D"A (7-3)
From the equations (1-16), (1-17) and (1-18) we have
D D ? 1
E ~ ¢D*—2%DD F+6D?2
D" _ D'&# 2 _
F — ¢DD'— gDD" — D+ &DD" —
D” Dug[.g
;9" ngz 2:?]) D" + 8D”o = )\USIHg the equatlon (7 3)
. D DI Dll A
“E-FT G~

hence the correspondmg points are umbilical.*?

Therefore the necessary and sufficient condition that the congruence of
Ribaucour be isotropic is that the corresponding points on the director surface
are umbilical, i.e., that the director surface is a sphere since a sphere is the
only real surface all of whose points are umbilics.

8. We shall now consider the case in which the characteristic function
¢ vanishes.

Putting ¢ = 0 in the equations (1-4) and (1-5)

0Xy iz .

au“‘su“saz—o | 8-1)
' oX; _ 0% .
and W w b'z) =0 8-2)

i.e., the surface of reference reduces to a point.

Hence the congruence of Ribaucour in which the characteristic function
is zero is a system of rays through a point.

From the equations (8-1) and (8-2) we see that
e =f=f’ = g o= 0 .
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Hence if in the congruence of Ribaucour the characteristic function
vanishes, then it is a normal isotropic congruence which is a sort of a converse
to the known result that the only normal isotropic congruence is a system of
rays through a point.

9. Pseudospherical congruences of Ribaucour.—We shall now find
the condition that the congruence of Ribaucour be pseudospherical.

We know that in a Pseudospherical congruence the mean parameter
1S constant!?

88" + £3 =278

e, - - NgrrTTT = = constant

or 6D" + fg]é)z——ng ¢ = constant from (1-10), (1-11) and
(1-12)

or p; + p ?,Q.ni@g where p, and p, are the principal radii of

curvature at the corresponding point of the director surface.

Hence if the congruence of Ribaucour is Pseudospherical then the sum of
the principal radii of curvature at the corresponding point of the director surface
varies inversely as Bianchi’s characteristic function.
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