UNIQUENESS OF THE INVARIANT MEAN ON
ABELIAN TOPOLOGICAL SEMIGROUPS

BY
INDAR S. LUTHAR

Let S be a topological semigroup(*) and let C(S) be the space of bounded
continuous real-valued functions x on S with

[l = Sup | x(o)] .
el

For each ¢ €S we define the left translation operator
I:: C(S) = C(S)
by
(lox) (1) = x(o7)
and the right translation operator
r.: C(S) — C(S)
by
(rox)(7) = x(10).
An element v&€ C(S)* is called a mean if

Il = 1 = w(e)

where e is the function which is identically one. An element » in C(S)* is
called left-invariant if /;*»=v» for every o in S and is called right-invariant if
r&v=v for every ¢ €S. We say that » is invariant if [}Yv=v=1ry for every ¢
in S. S is called amenable if there exists an invariant mean. It is known
that an Abelian topological semigroup is amenable.

In my earlier paper [2] I proved that a discrete Abelian semigroup has a
unique invariant mean if and only if it has a finite ideal. It is quite reasonable
to conjecture that in general an Abelian topological semigroup has a unique
invariant mean if and only if the semigroup has a compact ideal. In this
paper we prove the conjecture in certain special situations.

THEOREM 1(2). An abelian topological semigroup with a compact ideal has
a unique invariant mean.

Received by the editors April 11, 1961 and, in revised form, October 30, 1961.

(1) By a topological semigroup we mean a semigroup provided with a Hausdorff topology
in which the mapping (¢, 7)—o7r of SX.S into S is continuous.

(%) In the original manuscript this theorem was proved under the assumption that the semi-
group is normal. The author is grateful to the referee for suggesting a method for removing the
condition of normality.
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Proof. Let A be a compact ideal of S. If A;, - - -, A, be closed ideals of S,
each contained in A, then

A*=NA; DA - A,
=1
and so is nonempty. Thus the family § of all closed ideals of S contained in A
has the finite intersection property and so due to the compactness of A
A= N A =&
aeF

Thus 4 is an ideal. This 4 is obviously a minimal compact ideal of S. Take
any a€ 4. Then a4 is an ideal contained in 4 and so ¢4 =4 due to the
minimal character of 4. Therefore 4 is a group.

We now define a relation among the elements of A. We say that two
elements @ and @’ in A are equivalent if they cannot be separated by a con-
tinuous function on S, i.e., if x(a) =x(a’) for every x in C(.S). This is obviously
an equivalence relation. Let H be the set of elements of 4 which are equiv-
alent to the identity e of the group 4. We claim that H is a closed subgroup
of A and that the equivalence classes are simply the cosets of H in 4. That
H is closed follows from the fact that

H= N {a|a€ 4,x(a) = x(e)}.
z€C(8)
To prove the remaining assertion we proceed as follows:

For each ¢ €S, we define & by

6(s) = os; s ES.
If @ and b are equivalent then ab~! and e are equivalent, for
x(ab™) = (xo (b7)")(a) = (x0 (57)")(8) = x(e).

Conversely the equivalence of ab~! and e implies the equivalence of a and b,

since
x(a) = (xo0b)(ab™) = (x0b)(e) = x(d).

From this can be easily deduced the assertions made above.

We now form the quotient group 4/H. Each x in C(S) defines an % in
C(4/H). 1t is obvious that if %= %, then x; and x; agree on 4.

The set C= {a’cleC(S)} separates the points of A/H. Since A/H is
compact the set C is dense in C(4/H) by the Stone-Weierstrass Theorem.

Let » be any invariant mean on C(S). If zis in C(S) we define

[lell4 = Sup | 2(a)] .
a€A

If z,, AEA is a net of elements of C(S) such that ||z\||4—0 then »(z,)—0 for
|¥(20)| = |v(la2r) | =||laz]| =]|2)]| 4 Where @ is any fixed element of 4.
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These facts allow us to define invariant integration on A/H as follows:
Let yEC(4/H). We can choose %, in C such that #,—y. It is obvious that
l|x,,.—x,.||,1—>0 as m, n— and so v(xn—x,)—0 as m, n— o, Thus »(x,) is a
Cauchy sequence and so possesses a unique limit. This limit depends only
on y since for any other sequence z, converging to y we have
[ € — 2| — 0.

Thus ||, —2.|| 4—0 and so lim »(x,) =lim v(2,). We define
y = lim »(x,).
A/H n

That the integral is invariant follows from the fact that for any ¢ in A/H,
I3(%) = (lx)~ and that »(lx) =v(x). Since A/H is a compact Abelian group
the above integral coincides with the Haar integral on 4 /H. This proves the
uniqueness of ». Since Sis an Abelian semigroup we know that there is at least
one invariant mean on m(S) and so also on C(S). The proof of Theorem 1 is
now complete.

THEOREM 2. Let S and S’ be Abelian topological semigroups and let f: S—S’
be a continuous homomorphism of S onto S’. Let F: C(S")—C(S) be defined by

(Fx')(0) = &' (f(0)), ' € C(S"), 0 € S.

Then F* carries the set of invariant means on C(S) onto the set of invariant means
on C(S"). Consequently the existence of many invariant means on C(S’) tmplies
the existence of many invariant means on C(S).

Proof. Let u be an invariant mean on C(S). Then F*u is a positive linear
functional and since (F*u)(e’) =u(Fe')=pu(e) =1, we see that F*u is a mean
on C(S’). Let x’€C(S’) and let ¢ be an element of S. Then it can be easily
seen that

I(Fx') = F(l,%).
If ¢'E€S’ we may take ¢ &S such that fo=¢'. Then

(F*u)(lox) = p[Fer)] = ullo(Fx))
= u(Fr') = (F*u)(2).

Consequently F*u is an invariant mean on C(S’).
Suppose now that u’ is an invariant mean on C(S’). Let

Co= {Fx'| &' € C(S")}
and define wo on C, by
po(Fa') = u'(a).
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o is well-defined since Fis a 1-1 mapping. Since l,(Fx’) = F(lf,x") we conclude
that Cy is invariant under every /,. We next observe that u, is invariant on
Co under all the operators I,. This follows from the following calculation:

polle(Fx')] = wo[F(a2")] = 1 (o)
= W (') = po(F').

Thus we have a linear functional uo defined on an invariant subspace C, and
invariant under all the operators /,. We now use a theorem of Silverman [3]
to obtain an extension u of uo which is an invariant mean on C(S). It can be
easily verified that F*fu=pu’'.

It may be remarked that if S and S’ are completely regular spaces in
which the translations are uniformly continuous mappings (this condition is
satisfied if S and S’ are groups) and if f: S—S’ is uniformly continuous from
S onto S’ then the above method can be used to prove that the existence of
many invariant means on UC(S’), the space of bounded, real-valued uni-
formly continuous functions on S, implies the existence of many invariant
means on UC(S).

We say that an Abelian topological group G has the property P’ if there
exists a countable subgroup H and a symmetric neighborhood V of 0 such
that

() (V+V)NH= {0},

(ii) V is maximal among the symmetric neighborhoods of 0 which satisfy
@,

(iii) there exists a neighborhood W of 0 such that V+V+W meets H
at only finitely many points.

It may be observed that if G contains a countable discrete subgroup H
we can easily find, by an application of Zorn’s lemma, a symmetric neighbor-
hood V of 0 which satisfies (i) and (ii). Thus (iii) is the strong condition.

An Abelian topological group will be said to have property P if G or a
factor group of G has property P’. The property P is not very restrictive
since many groups which can at all be expected to possess this property do
possess it. Obviously an infinite discrete group G has the property P’ with
H any countable subgroup of G, V constructed by Zorn’s lemma and with
W=0. Next any subgroup G {0} of the additive group of real numbers
has the property P’. Without loss of generality we assume that 1EG and
we let H be the cyclic subgroup generated by 1. Then

V=1{z|-12<2<1/2,2EG} =W

satisfy (i), (ii) and (iii). Again any nonzero subgroup G of the additive group
of a normed linear space X has property P. For let 0#a&G. We can find a
linear functional f such that f(a) #0. Thus G would be mapped homomor-
phically onto a nonzero subgroup fG of the additive group of real numbers
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which, as we have shown, possesses P’. Thus G has P. Finally any locally com-
pact Abelian group G which is not compact has the property P. To prove
this we use the fact that G is isomorphic to R,XG; [4] where G is a group
which contains a compact subgroup H such that G,/H is discrete. If p#0
then R, the additive group of real numbers, is a homomorphic image of G
and so G has property P since R has property P’. If p=0, Gi/H must be in-
finite since otherwise G would be compact. Since Gi/H has P’ it follows that
G has P.

THEOREM 3. Let G be an Abelian topological group having property P, Then
there are many invariant means on C(G).

Proof. By virtue of Theorem 2 we may assume that G has P’. Thus there
exists a symmetric neighborhood V of 0 and a countable subgroup H such
that

@) (V+V)NH= {0},

(ii) V is maximal among the symmetric neighborhoods of 0 which satisfy
@,

(iii) there exists a neighborhood W such that (V4 V+W)NH is a finite
set.

We now take up the proof in several steps.

(a) It is obvious that if v+h=v"4+h', v, v EV; h, B EH, then v=v' and
h="h'. This is a consequence of (i).

(b) If g is not in

V+H
then 0#2g& H. To prove this we choose W’, a symmetric neighborhood of 0,
such that (g+W )NH+V)= and W+ W' CV. Then
V=g+W)UVVU(-g+W)

is a symmetric neighborhood of 0 which is larger than V. Consequently
V'+ V' must meet H. It follows therefore that 2g=1w{ +w/ +h=v+h. By
(a) this v is independent of W’ and since v& W'+ W’ for every sufficiently
small W’, it follows that v=0 (the group topology is Hausdorff). Thus
2g=h. If k=0, then

V*=VvVU (g+ W
will contradict the maximal character of V where W* is a symmetric neighbor-
hood of 0 such that
g+WHCWV+H: and W*4+ W*CV.

(c) Let G; be the set of elements gEG for which 2g=0. We claim that
either
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V+H=G
or G2 is a neighborhood of 0. To prove this take

gEV+H

and choose an open neighborhood U of 0 such that

e+ UNH+V)=J, U+UCV.
Take any € U. Then

gtu& V+H

and therefore 2g+2u=h. Since 2¢g="#’, it follows from (a) that 2u=0. Thus
G. contains U and our assertion is proved.

(d) We will now construct two subsets A and B of H which have the
following properties:

(i) given any finite subset {Ai, - - -, h,} of elements of H there exists an
hEH such that hy+k, - - -, h,+h are all in 4 and an &’ such that k;+4/,
-+, h,+h" are in B.

(i) (A+V+W)NB+V)=4.

(V4+V+W)NH is finite. Let its members be 2™, - - - | AW, Let us first
assume that H is finitely generated. Consequently, by the fundamental theo-
rem on finitely generated Abelian groups, there exist &y, - - -, by in H and a

finite subgroup ® of H such that every element & of H can be uniquely
written in the form

Ma+ - Nk + D \; integers, ¢ € ®.

We shall call Ay, « - -, \; the co-ordinates of 2. We define A4, to be ®. Suppose
that finite subsets A4, As, -+ -, 4, of H have been defined. Let u, be an
integer larger than the absolute value of every co-ordinate of every member
of the finite set

4
{h(i)+hI1§i§l,h€UAj}

J=1

and define 4,4 by

t
A= {h= Trdet o6 €05 [l oo M| S+ 100},

i=1

We let

A = U Azj_l and B = U Azj.

j=1 Jj=1
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It can be easily verified that conditions (i) and (ii) are satisfied.

Suppose now that H is not finitely generated. Since H is countable, we
enumerate the elements of H as 2V, - - - | h®, . . . where D, - - - | kD are
the members of H which are in V+V+W. We define sets 4;, A, - - -
A, - - -, not necessarily finite, in the following manner.

Let A, be the subgroup generated by AV, - - - | k®, Suppose 4y, 4, - - -,
A, have been defined in such a way that U?_, 4; is a finitely generated sub-
group H, of H. H, being not equal to H, let & be the first among A, - - . |
k™, . .. which is not in H, and let 4,41 consist of those elements of the sub-
group generated by H, and % which are not in H,,.

We now define

’

A = U Azj_l, B = U Azj.
j=1 i=1
It can again be easily verified that 4 and B have the properties (i) and (ii).

(e) We now prove a result which we will need in the next step.

Let Fpand F; be subsets of an Abelian topological group G such that there
exists a symmetric neighborhood W of 0 such that (Fo4+W)N\F,= &. Then
there exists x in C(G) such that x(g) = —1if gE F,and x(g) =1 if gE F\.

To prove this we first note that we can assume F, and F; to be closed,
for otherwise we replace Fo by Fo, F1 by Fy and W by W, ;3 where W5 stands
for any symmetric neighborhood of 0 such that Wys+ Wi+ Wi s CW.

Let now Vi=F]. We define Vi; to be Fo+ Wiy Then FoC V1/2CI71/2
C V1. Since (Fo+Wys)N\Vija= & = (V124 Wis) N\ Fy we can repeat the above
process with the pairs of closed sets (Fy, V5),) and (V12, F1) to get sets Visand
V3/s. We continue this process to get an open set V, for each ¢ of the form
(m/2"), 0<t =<1, such that

Fo C V;, I_/¢ C V1 and Vt C Vgl lft < t,.
We define y& C(G) as follows:
1if g& urv,

t

e = Inf ¢ otherwise.
geV,

Thus y(g) =0 if g& Fy and y(g) =1 if g€ F1. Then xE€ C(G) defined by
x(g) = 2y(g) — 1

satisfies our requirements.
(f) Suppose that

H+7V =aG.
By means of (ii) of (d) and the result proved in (e) we construct x,& C(G)
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such that x, takes the value —1 on 44V and the value 1 on B+ V. For
xEC(G), let

n

1
p(x) = Inf Sup— D x(o; + o)

Grreee@y o N jml

where the Inf is taken over all finite sequences of elements of G. If

Ul)"'yaneG=H+V

we can find g such thatoy+g, - - -, 0,+gareall in H+ V. So we may assume
that e, - -+, 0, are in H+ V. Let o;=h;+v;, 1 S:<n. It follows from (i) of
(d) that p(xe) and p(—=x,) are both larger than or equal to 1. Thus p(xo)
#~ —p(—x,) and so by Lemma 1 on page 37 of [2] we see that there are
many invariant means on C(G).

(f") Suppose that

H+V #G.

In this case G: is an open and closed subgroup of G and so G/G: is discrete.
If G/G, is infinite, there are many invariant means on G/G. [1] and hence
also on G. So assume that G/G: is finite. Let Vo= VN\G;, We=WNG; and
Hy,=HNG..

If possible let

Hy + V,y # Go.

Then there exists a nonempty set Uz, open in G: and so also in G, such that
UN\(Hz:+ V3) = . We claim that UsN\(H+ V) = & for otherwise there exists
u:E Us, hE H and v& V such that u=h+v. But then 0=2u4,=2h+29. Con-
sequently 2h=29=0, ie., h&H., and v& V. This however implies that
us& Hy+ Ve which is not true. Thus our claim is established. Since U. is
open it follows that

U:N\NHA+V)=.

This however contradicts (b). Therefore

H, +V,

must be equal to G..

Since G/G; is finite, H, must be infinite. Moreover (Vo+ Vo+ W) H,
is finite. Therefore we can construct a function ;& C(Gz) for which pa(x2)
and po(—x,) are =1 where p; has the obvious meaning. We now define

x€C(G) by
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x(o + g2) = x2(g2)

where o belongs to a fixed set of representatives mod G,. We can easily
satisfy ourselves that for this x, p(x) # —p(—x).
This completes the proof of the theorem.
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