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new prool of the formula

The main object of this note is to give a
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Professor Watson, i his note* on Taguerre {functions in (J.L.M.S., Vol. 8,
[933), alter pointing out that (1) Hille's (general case) and Wigert's (my
cuse) demonstration of the formula involved thl use of Infinite integrals
containing Dessel functions and that (2) Hardy's proof of the general case
was by use of Mcllin's iuversion formula, gives his own proof which involves
Saadselidz’s fortula in the theory of generalized hypergeometric functions,
My prool of (A) is clementary as it involves no knowledge of special func-
tions or transformations, It involves only (i) a very elementary knowledge
of Tunctions of a complex variable, (if) recurrence formula for ¢, and ¢,,, and
(iii) clementary Analysis for justifying term by term differentiation.
Besides the prool of (A), some other interesting formule that arise from parts
of the prool of (A) are also given.

2. Let gy, beasin I Then, I prove the following :

(A) Formula (A) of 1.
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Lond. Malh. Soe., 1933, 8, Part 3.]
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3 We shall here prove the particular case of (A) wheny = *.
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1t is known that —1—«7 =T "¢, (%) for 2] < |-
By integrating on 1t} =7 < 1, we obtain
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1= 7 142 smc/) (L7 -7*) 1 sin ¢ 427
Putting ;- - y2— 27 cos 91— = cos 6 = 1 72— 2rsin ¢’
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1 becomes E-<~_m~—'«5»~- (41a-7~5“‘ql’ dp == ~—:T—-——~< u—ry Lo -—7’~%~) (3-2)
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where I, (2) = Jo (12)
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Hence X ¢,° 177 = {275 Lo 1'“_:7;;) (3-4)

Putting »* =1t we obtain the particular case of (A) whenx =Y.
4. We shall here prove two lemmas.
Lemma 1. If B, (%, ) = x ¢, (%) b, (¥) — — vy, (¥) -, (x), then
JB "‘281;—1 + (v — )‘1671-'*1(5"’)-‘137&”1( ) =0 (4‘1)
Since 5y (%) =0 (e — P - 1)
B, (%, y) =4 {bn (%) b1 (y) — by () br—1 (%)}
and By — Bu—a = u-1 () o () (0 — 1) b2 ()3

-y (%) (o (V) 4+ =1 -2 ()} (4-2)
Since #e, (#-2) ¢ -2 = (O —1 —%) dp—1
By — Pu-1= " (v — ) Pn- L () -1 (W), thus proving 4-1 (4- 3)
Tlé;r;’f (& -+ )
Lewwna 2. 1 T (%, y) = ¢ by (%) () .2 then
F (x,y)1s a function of (xy) (4-4)
_.ﬂ.'.r.%;, (a:~]~y) .
dE el —7 =
Proof : — = (%) -pu (9) 7" + 7R F (xy) (4-5)
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and a similar formula for 55) )
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And x — L = Pyl AR o .

nax dx yby ZBH (%,y)i = 1_ 21 (X,y) (4: 6)
(,--lfi—,:i (@ty)

= ““1"_:"‘1;3'"“-{ Z[By—Bu-1 + (% =y) bu-y (%) b1 ()] ™}
=0 by Lemma L. (4-7)
Henee It (x, 9) is a function of xy (4-8)

[ Note. -Term by term differentiation is justilied since the differentiated series is
uniformly convergent in any (inite range of @ or y for » < lsince | ¢7z | < ¢é*], and
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5. We shall now prove (A).

By Lemma 2 I' (v, 9) =1 (vy) (5-1)
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Henee  If (x, y) = T (5-3)
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Henee Xy, (v) ¢ (y)1* = Ly (l — VW) (5-4)
and putting #* = £ we obtain (A).
6. We shall prove (B).
[~ .
Putting £ -+ bt 9r cos B the integral I, of (3-1), namely,
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(br¥  (ba)®
and I, r—f —{-[ =1, -+ I; (say).

0 (bx)‘l' ;
(b} *
D
I, = L VY ePdv = for large bx. (6-3)
V(bz) — 6 (ba)} Vb
0
¥ b
—(hp\ T dv T —ha)E
(pa)r (___4Y T (b)) .4
Ig<e f\/bx——vz 5 ¢ (6-4)
0
Hence I, = ﬁ.ﬁ_z:";) where (1 — 7) is small and x is fixed (6-5)
X
Vs
v
= e 1 -
and 1 ST (1 + ¢ (6-6)
8.2?
d f 0] 3 ‘l E ) 2 7/2” MY e eI ’ C' 7
and from (3-1) 2 ¢ 5 w1 =7 (6-7)
y—>1 — 0.
Hence by the well-known Tauberian theorem of I ittlewood we obtain
o Skt e e A
M T Ti VR x Ew e (6-8)
thus proving (B).
7. Proof of (C):
: x d
Since 7 dx ‘l’n = (}Sn — ¢n -1
x d . _ o 5 5 9
.%_ . ZE ¢)n = < ‘]Su (¢ﬂ _ Sbn - 1) == <,f>n“ _ CIS"n -1 -+ (‘lsﬂ. - ‘l’n - 1)"- (7 . ])

Integrating in (o, x) we obtain,

x 1 3 - i
,;2,' - 9177:2 = (1 + 7"7:) f ‘lsnz adx — f ‘lsnz ax —+ f ((/’n - ([S,‘ - 1)2 ax (7 ‘2)
0 0 0

Letl, =f ¢, dx. Then,
0

(n 4+ DT, —nl, - <z (7-3)
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IHence
n+1DI,<1y +x > b,° < x +ix Vo (1 + e) Vn (7-4)
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Hencee
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thus proving (C).




