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A NEW PROOF OF MEHLER’S FORMULA AND
OTHER THEOREMS ON HERMITIAN POLYNOMIALS

By XK. S. K. IJYENGAR
(Department of Mathematics, Centrul College, Dangalore)

R:zeivel Sepbambar 2, 1930

1. Many proofs of Mehler’s formula, namecly,
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have been given, which for the most part have been indirect and elaborate
as suggested by Prof. Watson in his Notes* in J.L.M.S. (1933). Of the three
proofs given by Prof. Watson in his Notes, the first one implies a knowledge
of certain results in the theory of Laguerre and Bessel functions, the second
a knowledge of the formula of Saalschutz for generalised hypergeometric
functions and the third, something of the theory of Fourier Transforms and
of absolutely convergent infinite integrals. I have here given a proof that
is different from all the known proofs of Mehler’s formula which involves
only a knowledge of (i) recurrence formula for H, (x), (ii) elementary
analysis of difierentiating a scries term by term. Hence I believe that the
proof given herein besides being new is the most elementary one.

Besides this, some interesting cqualities (given in 2) giving the order
of ¥, (x) for all » and x are derived by clementary methods.
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We shall prove the following results :

(A) afg) —4 [ i wedy =™ (i + i) =apy) e +
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* [Notes on Generating Functions of Polynomials, ‘‘Ilermite Polynomials, ™’

Jour. Muath. Soc., London, July 1933, Part 3.]
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(A") (A) obviously implies ¢,* < —¢** for all w and x

Vn +1
noL Ao e’
S = L0 (1) 40 (=
o 5= B o 4o (2)
(C) From (A) is deduced the known Fquation
o0 —x(l=t)
Ji? = — 1Lt
0 f Ya(l—1?)

D) T (v, 9 0) = S0 D, (%) - 4y, (v), itis proved that F is a
function of #* + 3* and Mehler's formula (as stated in the Introduction) is
then deduced from (C).

3. We shall first establish :

D+ ) e} = — dre= 7 5.1)
D + i) e} = due? - (39
Proof of (3-1): LetH, =(~1)*¢" D* (¢~ ) and K, = -~ =.
. gn.l;_z. V'
then D {yi e} =D{K;Hje >} =2K]¢-* H,{DH, -2 H,)
= —2K}e~* H, Hyy, (sinceDH, —22H, = ~H,,,) (3.3)
Similarly D {2, e~} = - 2K3_, - e~¥ . H,_, H,
= —4nKie-"H,_, - H, (3-4)
From (3-3) and (3-4) we obtain,
DL+ o) o) = =Ko H,{H,, , + 20 H,_ )
= —4Kpe ™ Hy - x(since B,y +20H, | =2 H,) (3-5)
thus establishing (3-1).
Writing (3-1) as D {(yi +2_.) e~ %} +4dx (P2 +92_,) e~ 2*
= dxe = '/’fx -1
and multiplying the Equation by ¢** we obtain after rcarrangement,
D (fa + 45 -0) ) =do - ¥ Y, (3-6)
thus proving 3- 2.

4, Proof of (A): Integrating (3-1) in (0, x) we obtain,

BE(O) F i (0) —em ¥ (P ) =4 [ yRe-+t x. gy

. I 1320 — 1
Since ‘pﬂn (0> = '""’"*‘”"’_(": 75‘ - ) =l and ‘/"2?1 + 1 (O) == 0

Hence

o) =™ (i F i) =4 [ e x e dn 1)
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Similarly by integrating (3-2) in (0, %) we obtain,

e (2 + ¥3) —ara A [ (¢-2)
0
Combining (4-1) and (4-2) we obtain (A).
5. Proofof (B): LetS, = 2 ¢2.
r=1
T'rom (3-1) we obtain,
£ DLW +4) e =D 38, + 4~ i)
= —4dxe-* S, (5-1)
e, D(e~*8,)+2 e-%8, ={D{e~% (Y2 — ¢} }.

The I.H.S. =¢~-*"DS,. Hence we have

DS, = et b DETR W~} = - x5

-t

Since §? = ~—
ﬁho A

Integrating (5-2) in (0, x) we obtain,

S0 =S O H305—HRO) - [ xe e e oy

=5, (0) +a+B+y \
By (A"} aand B are of order 0 ( ij;) (5-4)
ILetn ==2por 2p + 1, then

fo oL L83 1)
5,0 - Bg 0 = Fay =} g HEEY
LB rl)
v‘ﬁ% 2-4...2 1}
_2vp 1y b
o +0 ( V;B) Va
Von
=+ 0 (1)
Hence (5-3) becomes
Von &
Sn (x) == '"“;r“ + 0 (1) + 0 <W> (55)
thus proving (B).
6. Proofof (C): LetF (x, 1) = Zt’ Yz Since ¥ ~0( ’;;1)'

the series for T (¥, f) converges for { i < 1and all .
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Then
4o 40T ()} =2 (DI + 42, em = 1))
FPAS G = dx T CRE VA
—~3:° A ) e =)

l

—Z(@ o Awcem ) = — 4T (v ) (6:1)
term by term differentiation being justified since X (4x je~ =" - {7)
converges uniformly in any finite range for x, for | £ | < 1.

Integratmg (6-1) in (0, x), we obtain :

- 2x"’

F(x, ¢) =F (0,8) ¢ +¢

_ L@ =1 el ]
But F (0, ) = V%'Ll —]—,Zl' AR Sy == e
o T
Hence F (x, t) = g (6-2)
—x2 (1—-t)
1 s o 147
and 2 () =< (6-3)

thus proving (C).

7. Before proving (D) we shall prove the following two ILemmas :
Lemma I. Let H, (x) and K,, be as defined in 3 ; and let

Bn (xy) =K% - 1{y Ha () -Hy-1(x) —xH, (x) - H,_, (%)}
Then we shall prove the identity : '
B, y) — B, —a(®,y) =20 =2 K2, H,_(®H,_.,(y) (7-1)
Proof of (7-1): Now H,, (x) =2x - H, -, (x) —2 (n — 1) H, _ , (
Hence y H, (y) - H, -1 (x) =2* - H, -1 (¥) H, - 1 (%) —
- yH, () H, -, ()
xHﬂ (x) 71—1(3/)2‘2% 'Hn-l(x)'I‘Iﬂ—l(y)“

2(% _"1) % I“In—-ﬂ(x) - Hy oy (y) (73)
Hence f, (x, y) =2 (y2 - xz) Ki Hy-y ®)H, -, (.y) +
K%——l{xHﬁ—%(x)' Hﬂ~1(y> ~yE[ﬂ--f’-(y) Hn—l(x)} (7‘4)

Making another application of (7-2) to the second term on the right side of
(7-4), we have :

I<E—1{xH/z—2(x) : H'z*-l(y) —'yHn—-z(y) H)‘l*—l(x)}

= K’-;_l{y H7z~ 2 (y) Hn -3 (x) - X H?Z -2 (x) H:u— 3 (y)}= B,; -9 (x, y) (75)
Hence,

1871 (x: y) - Bn— 2 (X,y) =2 (y.?. - xZ) K::l—l Hﬂ— 1 (x) ‘ I{M -1 (y):
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thus establishing (7-1)

Lomva IT. Let Ty (1,9, 1) =o1-# 5 K2 H, (%) - H,(y) - t»
0

- _ F OF
we shall > liere =t —x =
¢ shall prove lere Y 5y —F » = 0 (7-6)
Proof of (T-6) :
Ay TN e
vy =R z, K:  H,_,(x)H,(y)tr — 1---2—2 F, (v,9,8) (T-7)
. dH,(x
since d;’ 2 =2 H,-,and K? . 2 =K2_ .
Stmilarly,
Ay e 9t
Qy et [22 Kn 1H7z (x)'H:—l(y)tﬂ—“T_F (xyt)( )
Ienee,
O o,
Yo Ty
T 2 (3~ - ¢
=e! 2 Bll (xy tﬂ*“w' l_tg T Fl(x’y:t)
“QM@
1 - 43
CEI A >{ (]‘ — 1 ) Zﬁn " — (yz "x2) & Kfz Hﬂ (%)'H” (y) 4 1}
- 2xypt
dl"tg o 'y
[ - {2 £ [ﬁﬂ 1811 -2 7" 2 K;l—T X -3’2 Hﬂ-— 1 (JC) ' Hn - l(y)]}
= by Lemma I [or (7-1)] (7-9)

term by term differentiation being permissible since the differentiated
series 1s uniformly convergent in any finite range of (x, y) for some f such
that | £ | < 1, by property A’

8. Pmuf of Mehler's formula (D) :

bIl _ ,b_’Ifl

Sinee by Lemma IT v Sy T b =0,
Iy =¢,(#* +57) (8-1)
and if ¥ (x, v, {) be defined asin 2 (D), then
_x2 + yi
Flogf) =Fp-e * =0+ 8-)
2txy

i.e., 24 iy, (x) -y, (y) =¢l-7 D, (x? + %)
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Putting x =y and applying (C) we obtain

sy (247 (LEE)

~g* (1= t)
o 1+t
CDI' (2 x2) e -2 27 = i.%..m.. S——
Vo (1 — 12
1 - g (1 + )
l.e. B, (9 1) = ey ¢ (1= 2)
’ (25 Vo (1 — )
Hence
1 1 -2~

thus proving (D).



