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1. Ler (H— t3+- + to oo) =2 b, x", k being a positive
et 1 0

integer and let b bpr=Bz,  Whenever ;‘ka,,,_, - S,/Bg,, converges to
0

r=o0
a limit say S as n—>oo, [ shall indicate that fact by the symbol S,—S (N, k)
as n—>co. (1-1)

The main object of this note is the proof of two theorems (I and II)
the first of these being a Tauberian theorem on mean convergence or
summability (N, k), the second being the summability (N, 1) of the Fourier
series of a summable (L) function f(x) at a point x, at which,
{(f Geo+ B)—f (x0)) Jog | 1 ])} =0 as h—0. From these two theorems,
which are new, it is noteworthy that the truth of the convergence criterion,
of Hardy and Littlewood (1932) of the Fourier series of a summable
function f () at a point x,, namely (1) {(.f (xo+ #)—f (x0)) log | A [} —0 as
h—>0 (2) the Fourier coefficients of f(x) or order n<A w3, (A>0, §>0), (1-2)
follows at once. Before proceeding further it should be noted that summability
(N, k) is more stringent than Cesaro means of any positive order, for it can
be established that (N, k) implies (C, ) when k£ >0 and r > 0, but not
conversely.

2. Statement of Theorems
TueoreM I If S,—S (N, k) k being a positive integer and
Sp—S,-1=10S,<Ar*(A>0, 1>p>0), then S, converges ordinarily
to S. , (2-1)
Note 1.—If =1, in view of the remark at the end of 1, the theorem
reduces itself to Cesaro-Tauber theorem.

Note 2.—As we should expect from Hardy-Littlewood’s paper,! we
should be able to prove that whenever S,—S (N, k), k being a positive
integer then S,—>S also by Valeron means (V, k;) of order k, where

=(p—n)*

I1<k<2ie, w/m ZS e M —>S as n—ro0, M= 2124, (2:2)

O1




82 K. S. K. Iyengar

then the Tauberian Theorem I follows. But the direct proof of Theorem I,
which is given here, apart from its intrinsic interest is much simpler than the

proof of the fact that (N, k) implies (V, k;) for k a positive integer and
1<k, < 2. However for completeness the fact of (N, k) implying (V, ky)
is stated as Theorem III, and the proof of this theorem under the title
“On the relation between summability by Norlund means of a certain
type and summability by Valeron Means,” will appear shortly in the
Journal of the Mysore University.

Teeorem I If F(x) be a periodic (2=) L integeble function and
((fxo+ =1 (xo)) log |A|}—>0 as h—0, then the Fourier series of f (x)
at x, is summable (N, 1) to f(xo)- (2-3)

Tueorem III.  If S,—S, (N, k) & being a positive integer then
S,—S, (V, k) 1<k, <2(forall such ky). (2-4)

3. Proof of Preliminary Lemmas

Lemma 1. Let by, and By, be as in (1-1), and oy, be defined by

(1—- z Uy xr) (? by, X')=1 (3-1)

r=1

then  (a) bpn= 21 %y Dt s (0) Bgu=1+ 2“7 %r Brn -y ]l
r= ' r=1 ’

@ bip=0 (122 @ a=0 (ssarrs) LG

(@) and (b) follow from the definition in (3-1) and (¢) can be deduced by

induction from b x*= > —)ii— ¢
b (1+§r+l)' (3-3)
Proof of (d) of (3-2)
(=9 Q=) (n—1—
Let V,(a)= ( Gl?z (n CL); we shall here establish by
induction that )
1
_ 1 k { 1
b= f V,_sa -da+o(W)- (3-4)

[k>1]

1
L = - .(1 - a')é -1 3 : :
et I f (1—-x)e ~_17‘:_:_1_.don; integrating directly and expanding
Q T
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(1—x)® and integrating term by term, we obtain

|r

I=

(log 1—- Xi*

co 1 __.__ak-l
Z]T_C_mzl [of v,,(a)-a-gm__:).l_ da}-x” (3-5)

Multiplying by (— x)*~ 1, we obtain from 3-5

( —x )k:k‘g‘l (._x>fé—1—7"( —x )7‘
logl—x r=1  Jk—r logl1—x

.l!_.l o0 k._.
, X 1— 1
+ (— DF-12 { I — ’il {Vn (a)'a'—-—( I (21 -da} x"+k"1} (3-6)
From 3-1 and 1-1 definitions we have
k
(m) =1—n=211ak:” x" ' (37)
so that for n > k we obtain from 3-6
Uy ™ C=1,m Y2, m1 T
2
1
_ 1 k+2 - — =1
PR 0 (Ve S w6y

0
It is easy to see that (3-4) is true for k= 1; assume it true for k=1, 2,
k—1, then from 3-8

i N TR O\ ik
akn:f Vn-—/e+1 IE__Z_B l/_c__3+"' Ik—l *a
o

—1)¢-1. .(l_a)k : .
(e ) det O () 09
1
[ V(ﬂ-)k+1- o da+0 (W) (3'10)
9
K 1
Now V <;[1—-r& andV k+1=Vﬂ-~k {l'}"O(—)}‘

Hence fv,, ey @ da——fV,, kakda—l-O{ fv o }

=f V,_patedat O (W) (3-11)
: |

R S g
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Hence f Voogahdat O (W) for k > 612
thus proving (3-4)
From (3-12) |
o1=0 () © (g )
=0 (W) thus proving (d) of (3-2) (3-13)
4. Lemma II

If S,—0 (N, k) where k is a positive integer and N= N, = [K-n?8]
where 0 > $ > 1, and K is a positive fixed number, then

[ £ barenSa- ,/2 bar 4] 025 n —>co @-1)

r=90

[Since in what follows k is a fixed integer, a,, b,, and B,, shall stand for
a4 n ba » and By, respectively and whenever x, and y, are of the same

order we shall indicate by x,= O (S,) (big O) and whenever 2% D Z. 50, we
7

indicate by x,=10 (y,) (little 0).] (3-2)
From 3-2 and the condition about N it is easy to deduce that
Zo by pin= 2 byin(by, 4:2)=0 (B »)=0 [(IOg nj A (4-3)

and we have therefore to prove b by x Sy-,=0(B,). 4-4

r=0
Let 2 b, S, - ,/B,=y,; then from relation (3:1) we obtain
" _
Sp=Byy,— Z @By s Vyor (45)

r=1

Substituting (4-5) in the Lh.s..of 4-4 we obtain

P bri.N Sn—r= P) Aﬂ,r'Br'yf | (46)
r=90 r=0
where Afz,r= bn—r+N"‘a1 bn-—r—1+N T Ou_y bN' (4'7)

We shall now consider r.h.s of 4-6 in three parts.
=Ny [n— N-€]

2 Ap,Boy,=2 4+ 2 + £ —ALBecC (4-8)

r=90 r=0 a1 +1 [ —Ni¢] +1

where ny is a conveniently chosen fixed integer.
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Since by (3:2) Z'|a,| converges, we have from (4-7) and (3-2)

14,1 <0 (1RO, @)

, . (log NY¥-1
Hnce  [CI<K: 2 AuBr< <k N-e X g o m 410

Consider now B. From 4-7 and 3-2 (a) we have

An,rz %—r+1bN—1+"'+an—r+N (4-11)
Since in B

k-

and N= [K-n8] from, (3-2)
0<5<1

log N—p+2)4-1
410 [A, .
we obiain from (4-11) | A, | < <K% I(N P+2) (q+p) log g+ P+

where g=n—1r.

K *F 1 -
S(logn)?® oy (g+p) (N=p+ 2) (4-12)
K,
STogr(N+g+9) 4-13)
sothat |B] < Maxofy, - KBy “E" 1

(n1+1 < r<n—NI-€) log N+2+¢

€ Max of y,-K,*B,.. , (4-14)
] nl+1<r
Consider now A. From (4-13) for fixed r as n—>oo we have
K4
lAn,rl < m (415)
so that for fixed r A, ,'B,=0(B,) (4-16)

so that from (4-10), (4-14) and (4-16) and hypothesis that y,—0 as
n—>oo (ic., 4-1) we obtain A+B+C=0(B,), thus proving 4-4 and
establishing Lemma IL. 4-17)

5. Proof of Theorem I

Without loss of generality we assume that
2b,_,S,/B,—>0, as i—>co. (5+1)
0

[A;c. in 4, a, b,, B, stand for a; 4, b , and B ,].
Suppose lim inf S,,= —b, b >0 | (5-2)

foa
”‘i r
e
L
.8
E;% )
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Then there exists a sequence mo<m<:::<m—oo such that S, < — b,

0< by<b. ’ (5-3)

Since 8S, < A-r* (0 < p < 1) it can be casily shown that - 4
S, < — by/2 when n, <n <7, + Ny (5:4)

where N,,=N= [31 A ]

s+ N
Now R TS A . .. (5-5)
re0 r=0 r=Entl .
From Lemma II Z=0(Bsm) (5-6)
By taking n=rn,, in view of 54
r=N+n b N~—1 b
Wehave Zo<‘"’g" ' §+1bn+N—-r= "“2—'1' pfobp’-: —Zl. BN—-l‘ (57)

Tn view of condition about N, it can be shewn that By > K;-Bux (5-8)

where K, is a positive constant.
Hence 2o/By iy € — —1223°K1-so that
[ 4 r

2b,.,S,

lim inf 5K, contradicting 51 (5°9)
”

Hence lim inf'S, = 0, the case of lim inf S,, = —eo being easily disposed of. (5-10)

similarly lim sup S, = 0, thus establishing Theorem I. (5-11)
6. Proof of Theorem II
Let S,= b (a, cos rx+ b, sin rx), a,, b,, being the Fourier coefficients |
0

of £(x), and ¥ (t)___:f(xﬁ' t)"‘f(’“o“ )= 21 (xy)- 6-1)

Then s, (e —f ()=, [ 0 i 2 a f +e(,9)

where 8 is so chosen that [¢ (£) log t|<e 0<t<3; € (n, §)—0 as n—>oo0 (6:2)

2
3 Sn~r(x0)/ T 1 _ 1 K () 4
Now 2 r+1 ,Eo r+1 f(x")_v—r—];f"b(t) sin #/2 dt
0

+emd)  (603)

where K., ()= 2 oﬁ%ﬁﬁ and L, = g—i- 64y
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We shall first prove that
X, (1) )
sin 12| S <L,2m+1in0<gKtg |
b (6°5)
and | K, ()] <K [log 1] in2 < <3< i

The first part follows from the fact that sin. pt l< p when p is an integer.

To prove the second part we note that

[ i) ek g
K,, (f) = Imaginary part of { —e > : }_
p=1

i

) —i (n+%s) ¢ oo
= Imaginary part of { +e (log (1- e”) + X m)}

p=n-+2 P
) ' —i (n3;) ¢
= Imaginary part of {e

P+ Pz)} (6-6)
Now |Py| = O {[log?[} when 0 €2 <3 < 1
K

and in —g €8 <1 P < —_0(1) so that second part of 6-5 is
estabhshed. | (6-7)
K, () nln 8 :
sin” t/2 dt= f T f
0 nfn
nln ]

(6-2) and (6-5) imply that <K-eL,and

/

; ;
”<K1 f.‘_‘_”_@g.?.g_’ldngg-eqogn

nln nfn

(6-3) and (6+8) implies that S, (xg)=>f (xo), (N, 1) thus estabhshmg
Theorem II.

- (6-9)
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