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Zusamme~fassung 

Die Stabil i t~tt  der  l a m i n a r e n  S t r S m u n g  zwischen zwei k o a x i a l e n  Kre i szy l indern ,  die 
d u r c h  R o t a t i o n  des i nne ren  Zyl inders  u n d  W i r k u n g  eines k o n s t a n t e n  D r u c k g r a d i e n t e n  in 
U m f a n g s r i c h t u n g  erzeugt  wird, wi rd  u n t e r s u c h t  m i t  Hilfe  eines N~iherungsver fahrens ,  
welches n u r  die b e k a n n t e n  S tab i l i t~ t sk r i t e r i en  ffir C o u e t t e - S t r 6 m u n g  zwischen zwei gegen-  
r o t i e r e n d e n  Zy l inde rn  u n d  Po i seu i l l e -S t rSmung  in e inem g e k r t i m m t e n  K a n a l  b e n u t z t .  Es  
e rg ib t  sich, dass  solch eine Me thode  k r i t i sche  W e r t e  ftir das  A u f t r e t e n  der  I n s t ab i l i tX t  
liefert,  die in  gu t e r  ~ b e r e i n s t i m m u n g  m i t  d e n e n  v o n  DI PRIMA [2] s ind u n d  dass  die Me tho -  
de eine zuf r i edens te l l ende  E r k l ~ r u n g  fiir die z iemlich u n e r w a r t e t e  AbhSmgigkei t  des 
T a y l o r - G S r t l e r - P a r a m e t e r s  u n d  der  k r i t i s c h e n  W e l l e n z a h l  v o n  tier GrSsse des a z i m u t a l e n  
D r u c k g r a d i e n t e n  gibt .  

(Received: March 1, 1963.) 

Similar Solutions of the Boundary Layer Equations 
for Power Law Fluids 

B y  JAGAT N. KAPUR and  I{AMESII C. SRIVASTAVA, K a n p u r ,  I n d i a  1) 

1. Introduction 

N o n - N e w t o n i a n  fluids are of g rea t  and  increas ing  i m p o r t a n c e  in c h e m i c a l  eng inee r ing  
a n d  t e c h n o l o g y  and  the i r  flow b e h a v i o u r  has  been  discussed b y  METZNER [1, 212), WILKIN- 
SON E31, BHATNAGAR E4~, 152APUR [5] and  others .  O u t  of these  t he  s imples t  and  m o s t  useful  
are the  power  law fluids for which  t he  rheological  e q u a t i o n  of s t a t e  b e t w e e n  s t ress  com- 
p o n e n t s  zi~ a n d  s t r a in  r a t e  c o m p o n e n t s  e~ is g iven  b y  

=13 n~l  
TiJ ~ # n~ l ~= glm e~n~ eij , (1) 

where  # a n d  n are t he  cons i s tency  and  flow b e h a v i o u r  indices  of t he  fluid.  The  b o u n d a r y  
layer  flows for such  fluids h a v e  been  discussed r ecen t ly  in a n u m b e r  of papers .  T h u s  BOGUE 
[6] used  t he  b o u n d a r y  layer  equa t ions  to  e x t e n d  SHILLERS [7] m e t h o d  for d iscuss ing  t he  
in le t  l e n g t h  for a c i rcular  p ipe  for a N e w t o n i a n  fluid, to  t he  case of power  law fluids. 
KAPUR a n d  GUPTA E8] h a v e  used a s imi lar  m e t h o d  for discussing t he  two d imens iona l  f low 
in t he  in le t  l e n g t h  of a s t r a i g h t  channel .  ACRIVOS, PATERSON, a n d  SHAH E9~ h a v e  i n t e g r a t e d  
t he  b o u n d a r y  layer  equa t ions  for a f la t  p la te .  KAPUR [10, 11] ha s  i n t e g r a t e d  b o u n d a r y  
layer  equa t i ons  for two d imens iona l  a n d  ax ia l ly  s y m m e t r i c  je ts  of incompress ib le  non -  
N e w t o n i a n  fluids.  

In  t he  p r e s e n t  paper ,  we h a v e  deve loped  t he  t h e o r y  for s imi la r  so lu t ions  of t he  b o u n d a r y  
layer  equa t i ons  on  the  same lines as is usua l ly  done  El2] for N e w t o n i a n  fluids. W e  o b t a i n  
in  th i s  m a n n e r  a genera l i sa t ion  of the  F a l k n e r  Skan  equa t ion .  I m p o r t a n t  p a r t i c u l a r  cases 
like the  b o u n d a r y  layer  flow along a wedge,  a long a f la t  p la te ,  in  a c o n v e r g e n t  c h a n n e l  
a n d  two d imens iona l  s t a g n a t i o n  p o i n t  flow h a v e  been  br ie f ly  discussed.  

2. The Basic Equation 

The  b o u n d a r y  layer  equa t ions  for t he  two  d imens iona l  f low of a power  law f luid  are :  

Ou Ou dU [ O ( O u _ n - 1 0 u ) ]  
H ~ + v ~ =  V~d~ +~  0~  Or 0y ' (2) 

1) Indian Institute of Technology. 
2) Numbers in brackets refer to References, page 388. 
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Ou Ov 
0x + ~ = O, (3) 

where  u and v are the  c o m p o n e n t s  of veloci ty  along and  perpendicu la r  to the  wall, U is 
the  free s t r eam velocity,  ~ is t he  dens i ty  of the  fluid and  v = 2 (n-l)/2./t/~. 

The con t inu i ty  equa t ion  is in tegra ted  b y  in t roduc ing  the  s t r e am funct ion  ~o(x, y) 
which  is such t h a t  

u = + Oy ' v Ox (4) 

The b o u n d a r y  layer equa t ions  t h e n  reduce to  

dU 0 [ 02~p n-1 0 ~ ]  o~o o ~  ov o~v _ u ~ + ~ ~r [ oy~ ~ ] "  (5) 
Oy Ox Oy Ox Oy 3 

We in t roduce  new variables  and  funct ions  

x y Rll(n+ 1) 
L ' L g(x) 

1(~,~) = ~o(x, y) RI/(n+:) 
c v(=) g(~) 

where  R is the  modif ied Reyno ld  n u m b e r  def ined b y  

L n 
R 

~, U "  -~ 

, (6 )  

, ( 7 )  

(8) 

1 L gn+l(x) (Uoo)n-2 U'. 
# = # u n _ :  (15) 

We choose U(x) and g(x) so t h a t  e and /3 are cons tants .  For  n = 1, E q u a t i o n  (13) 
reduces  to the  wel l -known Fa lkner  Skan equa t ion :  

/ "  + ~ / / "  + /3 (1 -- /,3) = 0 (16) 
wi th  

L g(x) d L g2(x) U'. (17) 
0 : -  Uoo dx [U g], /3- Uoo 

and  

and  L and  U ~  are reference leng th  and  ve loc i ty  respect ively,  and g(x) is a sui table  
scaling funct ion  to  be chosen later.  We get  

= __oy_ = u(,:)  o/  
oy ~ ,  (9) 

1 
v Ox - R~I(n+~) L / 22 0~: g(x) ~ ' 

Ou v' ol t7 [ ov L = oV g'(=) ] 
-b~- = ~ + -L o ~ - b ~ - -  o,? g(x) ' 

(11) 

2 5  = u(x) o~/ ~ (12) 
Oy 0~12 y 

Subs t i tu t ing  in (2) and  r emember ing  t h a t  for s imilar  solut ions / should  be i n d e p e n d e n t  
of ~, we get  af ter  considerable  simplif ication,  the  basic  equa t ion  

I / "  I n - : / " +  s t / " +  #(1- 1'~) = 0, (13) 
where  

L gn(x) (Uoo)n-z d 
= ~ U n-1 dx [U g3 , (14) 
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In  genera l  t he  ve loc i ty  c o m p o n e n t  u will increase  f rom i ts  zero va lue  a t  the  wal l  to  t h e  
va lue  U a t  t h e  edge of t h e  b o u n d a r y  layer  a n d  t h u s  in  th i s  case Ou/Oy would  be  n o n -  
negat ive .  F r o m  (6) and  (12) i t  would  t h e n  a p p e a r  t h a t  if g(x) can  be  chosen  to  be  a n o n -  
nega t ive  func t ion ,  we can  t a k e / "  to  be  non-nega t ive .  T h u s  we can  m a k e  t he  a s s u m p t i o n  
t h a t  f"  is a n o n - n e g a t i v e  func t ion  a n d  i n t e g r a t e :  

/ " n - 1 / "  q- ~ / t "  q- fl (1 - -  / ,2 ) = 0 (18) 

sub jec t  to  t h e  b o u n d a r y  cond i t ions  

�9 / = 0 ,  / =  0, 1 ' = 0 ;  ~ / =  oo, / ' =  1 .  (19) 

The  a s s u m p t i o n  m a d e  can  t h e n  be t e s t ed  aga i n s t  t he  so lu t ion  so ob ta ined .  

3. So lu t ion  for U(x) and g(x) 
F r o m  (14) a n d  (15) 

d n 
dx [g'~+:UZ-'~- [ ( n q -  1) a - -  {2n - 1) fl] 

L U~o -~ 

I n t e g r a t i n g  for t h e  case (n + 1) ~ -- (2n - 1) fl . O, we get  

gn+l(x) U 2-n(x) -- u [(n + 1) ~ -- (2n - 1)/~] ~r 
L U ~  -2 

Also f rom (14) and  (15) 

which  gives on  i n t e g r a t i o n  

(20) 

(21) 

U* g '  
- - -  ( 2 2 )  u (~ fl) = t~ g , 

(~_~_)o~-~ =l~gt~, (23) 

whe re  h is a d imens ion less  cons t an t .  
Solving for U(x) and  g(x) we get  

a n d  

r[{(n + 1)c~--(2n-1)fl}Lc~:]l l(n+l)x~l.  (25) [g(x)j 1 +  [fl(2 - n ) / ( ~ -  fl) (n+ l)] = k - ( 2 - n ) / ( n + l )  

F r o m  (14) and  (15) i t  is seen t h a t  t he  r e su l t  is i n d e p e n d e n t  of a n y  c o m m o n  fac to r  of c~ 
a n d  fl as i t  can  be  inc luded  in g. Therefore  as long as e . 0, we can  p u t  e = 1 w i t h o u t  loss 
of genera l i ty .  Also i n t r o d u c i n g  a new p a r a m e t e r  m def ined b y  

fl or fl = m (n + 1) 
( n +  1) -- (2u - 1) fl 1 q- m (2n - 1) (26) 

~vVe get  

m 

U 
U ~  

~ Y [  

Also f rom (6) and  (28) 

1 + m (2n - 1) 

l q -  m (2n -- 1) L 

I + m (2n - 1) U z - "  ]1/,~+: (29) 
n (n + 1) 7 ;  j " 

ZAMP 14/25 
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4. Particular Cases 
Case I: Flow Past  a Wedge 

If  the  angle  of the  wedge is ~ O, the  p o t e n t i a l  flow is g iven  b y  

U ( * )  = e x ~ 1 7 6  = c x m  

F r o m  (26) a n d  (30) 

(30)  

0 /3 
m 2 -  0 - ( n +  1 ) - ( 2 n -  1)/3 (31) 

o r  

(n + 1)0 0 = 2/3 (32) 
/3= 2 + 2 ( ~ - 1 ) 0  ' ( n + l ) - 2 ( n - 1 ) f l  

Also we h a v e  f rom (29), (28), (6), (9), (10), and (16) 

[ 1 + ~ , ( 2 n - 1 ) ~ ] , I ( , , + , )  (2 ,a)_,/n+l ( 3 3 }  
q = Y  n ( n +  1) 

*p(x,y) = [1  n ( n 4 -  1) vc2n_XJ1/(n+l) x(l+m(2n_l)/(l+n ) (34) 
q T m ( 2 n -  1) 

u = c xm l ( n ) ,  (35)  

[ ~ ( n +  1) _ ]1/.+1 
7) - -  n + 1 1 1- m (2n - 1) v c 2n 1 xm (2n-1)-n/n+l 

X [{m ( 2 n - -  1 ) +  1 } / +  {m(2 - ~) - 1} ~ ~ - ] ,  (36) 

/ , , n - l / , , , + / / , , +  ( n +  1) 0 
2 + 2 ( n - -  1) 0 (1 -- /,,o) = 0 . (37) 

I n t e g r a t i o n  of (37) s ub j ec t  to  (19) would  give /(~) a n d  0//0~ a n d  t h e n  (35) and  (36) 
would give u and  v. W e  can  discuss the  flow b o t h  in acce le ra t ing  flow (m > 0) a n d  de- 
ce le ra t ing  flow (m < 0). 

Case [ I :  Two Dimensional Stagnation Point  Flow 

I n  the  above  analysis ,  we p u t  m = / 3  = 0 = 1, t h e n  we get  

n = Y \ n + l (  ~ 7 i  , w = 

u = ~ x l  ('D, 
O/ i 

n + l  
/ , ,n-1 / , .  + i t,, q_ - ~ n  (1 - -  / '~)  = O .  ( 4 0 )  

W e  t h u s  get  t he  s t a g n a t i o n  p o i n t  b o u n d a r y  layer,  t h o u g h  u n l i k e  the  N e w t o n i a n  case, 
th i s  m a y  no t  sa t i s fy  the  comple te  equa t i ons  of mot ion .  

Case I I I :  Flow Past a Flat Plate 

In  th i s  case we p u t  m = /3 = 0 = 0 t h e n  

U = e x  ~  Uoo (say). 
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Thi s  g ives  us  t h e  case  of  a f l a t  p l a t e  w i t h  zero  inc idence .  W e  g e t  

[ uL -n  ]ll(n+ 1) 
~/ = Y v n (n + 1) x- l l (n+l ) '  (41) 

~0(x, y) = [n (n + 1) v c~n - : ]  :l(n+:) x ll(l+n) I (42) 

u = Uoo/ (r/) (434) 

[ 0,] 1 o2n-1] ll(n+l) X n l tn+l )  / - -  ~'l v --  In ( n + l )  v (43b) 
n + l  

/ , , n - z / , , ,  + i = 0. (44) 

Case I V :  Flow in a Convergent Channel 
This  case  c o r r e s p o n d s  to  u = 0, /3 = 1. F r o m  (14) we  g e t  U g = e o n s t  a n d  f r o m  (15), 

U ( x )  oc X -112n-1, g ( x )  oc X 1 / 2 n - 1  (45) 

T h e  bas i c  d i f f e r e n t i a l  e q u a t i o n  b e c o m e s  

/ # n - 1  /it, + 1 - -  / ,2 = O. (46)  

M u l t i p l y i n g  b y / " ,  i n t e g r a t i n g  a n d  u s i n g  t h e  c o n d i t i o n  t h a t  as  F -% oo, / '  = 1, / "  = 0 ; 
we  g e t  

f . n + l  __ n -~- 1 3 (1 - - / ' )  (2 + / ' )  . (47) 

I n t e g r a t i n g  a g a i n  
]P 

( 3 ]1/<.+,)/" dl '  
~7 ~ t n + 1 ! ~ [(1 - / , ) 2  (2 + i , ) ]1 / ( .+1)  �9 (48) 

0 

Since  a t  ~ = 0 , / "  = 0. F u r t h e r  if n -~ 1 a s / '  --> 1, ~ w o u l d  t e n d  to  i n f i n i t y .  I f  ~ > 1 w h e n  
/ '  -% 1, ~ w o u l d  be  f i n i t e  a n d  a f t e r  t h a t / '  w o u l d  r e m a i n  1. 

W e  m a y  a lso  n o t e  t h a t  s ince  

c)u c)2/ R ll(n+l) c)2u oaf R 21(n+1) 1 
(49) 

Oy o~ 2 L g(x) ' Oy2 07~ L2 g~(x) U(x) " 

fo r  n ~ 1, we  shal l  r e q u i r e  b o t h  ["  a n d / ' "  t e n d  to  zero  in  s u c h  a w a y  t h a t / , , , - 1  / , ,  a lso  
t e n d s  to  zero  as n -% oo. I f  n > 1, we  n e e d  n o t  ins i s t  o n / "  t e n d i n g  to  zero.  

F r o m  (48) 
(/'+'*)/a 

( 3n-1  ]i/(n+l) f 
= \ ~ 1  I z -~1(~+~) (1 - z ) - ~ / ( n + l )  dz  (50) 

r 
o r  

~7~ ~ f - B(i'+~)la n ~ -  1 ' ~ - ~ -  1 - -  BeI3 n ~  1 '  n +  ' (51) 

w h e r e  t h e  i n c o m p l e t e  b e t a  f u n c t i o n  is d e f i n e d  b y  

B x (p, q) = / x p -1  (1 --  x) q-1  dx. (52) 

0 

(50) or  (51) ena b l e  us  t o  p l o t  u / U  as  a f u n c t i o n  of  r]. I f  n > 1, t h e  t a b l e s  of  i n c o m p l e t e  
b e t a  f u n c t i o n s  [131 c a n  be  used .  I f  0 < n % 1, n u m e r i c a l  i ~ t e g r a t i o n  h a s  t o  be  used .  
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The figure below gives u/U as a funct ion of ~ for a pseudo plastic fluid (n = 1/2), a 
Newtonian  fluid (n = 1) and  a d i l a tan t  fluid (n = 3/~). 

2~ 

0 0  - -  015 -10 115 - 210 215 3"0 

Figur 1 

Case V: (n + 1) e - ( 2 n -  1) f l = 0  
In  this case from (20) 

g~+l U2-n = cons t .  (53) 
Using (15), we get 

U(x) ~ e ~'~ , (54) 

where p is a positive or negat ive constant .  This flow is the same as for Newtonian  fluids 

Case VI: Exact and Asymptotic Solution 
The exact and  asymptot ic  solutions of (13), (18), (37), (40), and  (44) will be discussed 

in a subsequent  paper.  
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Z u s a m m e n [ a s s u n g  

Grenzsch i ch t en  in n i c h t - n e w t o n s c h e n  Medien  werden  ftir d e n  Fa i l  be rechne t ,  dass  die 
Geschwind igke i t  der  P o t e n t i a l s t r 6 m u n g ,  a u s g e h e n d  you  ei l lem S t a u p u n k t ,  s ich n a c h  
e inem Po tenzgese t z  en t l ang  der  Oberf l i iche ~indert. 

Als spezielle F~lle werden  b e h a n d e l t :  S t r 6 m u n g e n  1) an  e inem Keil, 2) e n t l a n g  e iner  
ebenen  P la t t e ,  3) in  e inem k o n v e r g e n t e n  Kana l ,  4) in  der  Niihe e iner  ebenen  Staul in ie .  

(Received: March 3, 1962.) 

V a r i a  - Misce l laneous  - D ive r s  

T h e o d o r  v o n  K f i r m f i n  

A m  7. Mai is t  Professor  Dr. TH. VON K2{RM2{N im 83. L e b e n s j a h r  in A a c h e n  ver-  
schieden.  Der  Tod  dieses <~Grand Old Man~> wird  den  wissenschaf t l i chen  M e c h a n i k e r n  
noch  e inma l  in E r i n n e r u n g  ru fen ,  wieviel  sie voN K~RMXN v e r d a n k e n .  

Seine A b h a n d l u n g e n  u n d  Vort r / ige  s ind in a n s p r e c h e n d e r  F o r m  gesammel t l ) ,  ein- 
gelei tet  d u t c h  ein V or w or t  seines F r e u n d e s  H. L. DRYDEN, das  gegen E n d e  den  t r e f f e n d e n  
Satz  en th i i l t :  <~No t e c h n i q u e  has  ye t  been  i n v e n t e d  wh ich  would  b r ing  a n  a d e q u a t e  ap-  
p rec ia t ion  of his  scient if ic  s t a t u r e  to  one who  does no t  k n o w  h i m  personally.>> 

~Vie is t  n u r  der  e igent i iml iche  Z a u b e r  se iner  Pers6n l icke i t  zu v e r s t e h e n  ? A u s g e s t a t t e t  
m i t  ungew6hn l i ch  t ie fen  K e n n t n i s s e n  in  M a t h e m a t i k  u n d  P h y s i k  u n d  e inem ausgezeich-  
n e t e n  Ged~ch tn i s  fiir F a k t e n  und  Pe r sonen  w a r  er  in  j eder  Diskuss ion  i m s t a n d e ,  d e n  
sp r i ngenden  P u n k t  r a sch  zu erfassen u n d  m i t  p~idagogischem Gesch ick  den  Z u h 6 r e r n  
da rzu legen  - sehr  of t  ohne  F o r m e l n  u n d  n i c h t  se l ten  in c h a r a k t e r i s t i s c h  gu tmi i t ig -wi t z ige r  
Form.  I rgendwie  s t a n d  er hoch  fiber Dingen,  die andere  al lzu e rns t  n a h m e n ,  in  k l a r e r  
E r k e n n t n i s  der  Schw achhe i t  unsere r  B e m f i h u n g e n  gegenfiber  de r  Une r sch6p f l i chke i t  de r  
N a t u r .  Fre i l ich  war  er ph i losoph i schen  B e t r a c h t u n g e n  im f ibl ichen Sti l  eher  abho ld ,  
die Wor t ewe i she i t  (wie GAUSS sich ausdr i ick te)  k o n n t e  i h m  kein  E r s a t z  sein ffir ehr l iche  
h a r t e  Arbei t .  ~ h n l i c h  wie sein F r e u n d  ALBERT EINSTEIN war  er zu t ie fs t  f iberzeugt  yon  e iner  
g rossa r t igen  H a r m o n i e  h i n t e r  all den  h e u t e  noch  u n v e r s t a n d e n e n  Dingen.  E r  erzi ihl te  
d a n n  gerne die Gesch ich te  v o n  e inem of fenbar  e twas  u n b e h o l f e n e n  m a t h e m a t i s c h e n  Kol-  
legen, der  den  Spruch :  <~Wir D e u t s c h e n  f f i rch ten  Got t ,  sons t  n i c h t s  in  der  Welt>> ffir sich 
a b w a n d e l t e  : <~Ich ff irchte G o t t  n ich t ,  sons t  alles in der  W e l t  ~. U n d  w e n n  a u c h  YON K-~-RM~N 
h ins i ch t l i ch  des Nachsa t ze s  sich r ech t  gu t  zu w e h r e n  wusste ,  g l aube  ich doch,  dass  er  
m i t  dem A n f a n g  v611ig einigging. J.  ACKERET 

3rd European Regional Conference on Electron Microscopy, Prague 1964 

This  Conference  on  E l e c t r o n  Microscopy,  o rgan ized  b y  t he  N a t i o n a l  C o m m i t t e e  for  
E l ec t ron  Microscopy of t h e  Czechos lovak  A c a d e m y  of Science u n d e r  t he  auspices  of t h e  
I n t e r n a t i o n a l  F e d e r a t i o n  of Societ ies for  E l e c t r o n  Microscopy,  will be  held  in P rague ,  
A u g u s t  26 th  to  S e p t e m b e r  3rd, 1964. 

F u r t h e r  i n f o r m a t i o n  a b o u t  t h e  Conference  will be  g iven  b y  Professor  JAN "WOLF, 
Organ iz ing  C o m m i t t e e  of t h e  3rd E u r o p e a n  Reg iona l  Conference  on  E l e c t r o n  Microscopy,  
A l b e r t o v  4, P r a g u e  2, Czechoslovakia .  

1) Collected Works o/ Theodore yon Kdrmdrb. 4 B~inde (Butterworths Scientific Publications; London 
1956). 

Einen guten Einblick in eiuige Arbeiten YON KiRMANS gibt auch sein Buch ,~Aerodynamics, Selected 
Topics in the Light of their Historical Development, (Cornell University Press; I thaca ,  1954). 


